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ON JACOBSTHAL AND JACOBSTHAL-LUCAS
HYBRID NUMBERS

ANETTA SZYNAL-LIANA, IWONA WELOCH

Abstract. The hybrid numbers are generalization of complex, hyperbolic and
dual numbers. In this paper we consider special kinds of hybrid numbers,
namely the Jacobsthal and the Jacobsthal-Lucas hybrid numbers and we give
some their properties.

1. Introduction

Let us consider the set K of hybrid numbers Z of the form
Z = a + bi + ce + dh,

where a,b,c,d € R and i, ¢, h are operators such that

(1.1) iZ=-1, =0, h?>=1
and
(1.2) ih=—hi=c+i.
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Let Z1 = a1 + bii+ c1€ + dih and Zs = as + bai + co€ + doh be any two
hybrid numbers. We define equality, addition, substraction and multiplication
by scalar in the following way:

Zy =75 only if a; = as, by =bs, ¢1 = ¢, dy = do (equality)

Zi+7Zy = (a1 +az2)+ (b1 + b2)i+ (c1 + c2)e + (d1 + d2)h (addition)

Zy —Zy = (a1 —az2) + (by — b2)i+ (c1 — c2)e + (d1 — d2)h (substraction)
sZy = say + sbii+ scie + sdih  (multiplication by scalar s € R).

Using equalities (|1.1) and ([L.2]) we define multiplication of hybrid numbers.
Moreover, by formulas ([1.1)) and (|1.2)) the product of any two hybrid operators
can be calculated. For example, to find ie we can multiply ih = €41 by i from

the left. We obtain i2h = ie+i2 and after calculation ie = 1 —h. If we proceed
in a similar way, we get the following multiplication table.

Table 1. The hybrid num-
bers multiplication

i [ e [ h ]

i —1 1—-h|e+i

el h+1 0 —€
—e—1i € 1

From the above rules the multiplication of hybrid numbers can be made
analogously as multiplications of algebraic expressions. Note that multiplica-
tion operation in the hybrid numbers is associative, but not commutative.

The conjugate of a hybrid number Z is defined by

Z—a+bi+ce+dh=a—bi— ce— dh.

The real number
C(2Z)=2Z=Z7ZZ=0a’+(b—c)>—*—d®=a’+b*—2bc— d’

is called the character of the hybrid number Z.

The hybrid numbers were introduced by Ozdemir in [5] as a generalization
of complex, hyperbolic and dual numbers.

A special kind of hybrid numbers, namely Horadam hybrid numbers, were
introduced and studied in [6]. For positive integer n, the nth Horadam number
W, is defined by the recurrence relation of the form W,, =p-W,,_1 —q- W, _»
with the initial values Wy, W7, where p, ¢ € Z and Wy, Wi € R. For Wy = 0,
Wi =1, p=1and ¢ = —2 we obtain the nth Jacobsthal number .J,. For
Wo =2, Wy =1, p=1and ¢ = —2 we have the nth Jacobsthal-Lucas
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number j,. In this paper we describe some properties of Jacobsthal hybrid
numbers and Jacobsthal-Lucas hybrid numbers.

2. The Jacobsthal and Jacobsthal-Lucas numbers

Let n > 0 be an integer. The nth Jacobsthal number .J,, is defined recur-
sively by

Jn = Jn,1 + 2Jn72

for n > 2 with J, =0, J; = 1.
Then the direct formula for nth Jacobsthal number has the form

(2.1) Ju= 52"~ (1)),

The equality (2.1]) also is named as the Binet formula for Jacobsthal numbers.
For n > 2 the nth Jacobsthal-Lucas number j, is defined also by the
second order linear recurrence relation

jn = jn—l + 2jn—2

with jo = 2, j1 = 1. The Binet formula for Jacobsthal-Lucas numbers has the
form

(2.2) Jn =2"+(-1)".
Jacobsthal sequence and Jacobsthal-Lucas sequence has the first few ele-
ments 0,1,1,3, 5,11,21,43,... and 2,1,5,7,17,31,65,127, ..., respectively.
The Jacobsthal numbers and Jacobsthal-Lucas numbers were introduced

in [2] and [3], respectively. In [3] many identities for .J,, and j, were given. We
list them as follow:

(2-3> Jn+1+Jn =3 (Jn—H + Jn) =3- 2n7
(24)  Jnt1 = Jn =3 (Jng1 — Jn) F4A(=1)"F =27 $2(-1)" T,
(2‘5) jn+r + jnfr =3 (Jn+r + Jnfr) + 4(_1>nir

— 2TL—7‘ (227’ + 1) + 2(_1)71—7"
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(26) jn—i—r - jn—r =3 (Jn+7‘ — Jn—'r) = Qn-r (227' _ 1) ,
(2.7) T+ Gn = 2Jnt1,
(28 Jnt2 + 2y = Jni1,
(2.9) 3, 4 jn = 2771,

- Jaog —1
(2.10) S = % 7

=0

n ,n 1
(2.11) i = J%

3. The Jacobsthal and Jacobsthal-Lucas hybrid numbers

Let n > 0 be an integer. The nth Jacobsthal hybrid number JH,, and nth
Jacobsthal-Lucas hybrid number jH,, are defined by

(3‘1) JH, = Jn+Jn+1i+Jn+2€+Jn+3ha
(3.2) JHp = jn + Jny1i + Jni2€ + jnysh,

respectively. From the above equalities we can write initial Jacobsthal and
Jacobsthal-Lucas hybrid numbers, namely

JHy =i+ €+ 3h,

JHy =141+ 3¢+ 5h,

JHy =14 3i+ 5¢ + 11h,

jHo =2 +1i+ 5e+ 7h,
jHy =1+ 5i+7e+ 17h,
jHy =5+ Ti+ 17¢ + 31h,

The Jacobsthal hybrid numbers were studied in [6]. In particular the char-
acter and the Binet formula of the Jacobsthal hybrid number were given.
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THEOREM 3.1 ([6]). Let n > 0 be an integer. Then
C(JHy) = —3J2 —10J2, | — 16J,Jp 1.

THEOREM 3.2 ([6]). Let n > 0 be an integer. Then

1 1
JH, = 52" (142 + de +8h) — o (=1)" (1 ~i+e—h).

For the Jacobsthal-Lucas hybrid numbers we can prove:
THEOREM 3.3. Let n > 0 be an integer. Then
C(jHn) = =3j5 = 10j741 = 16jnjns1.

PROOF. Let jny2 = jnt1 + 20n, Jnt3 = Jnt2 + 29nt1 = 3jnt1 + 2jn and
C(jHy,) = j2 + 211 — 2jn+1dnt2 — Joys- Then

C(jHn) = j2 + j211 = 2nt1 (ns1 + 2in) — Bins1 + 2jn)’
and by simple calculations the result follows. O
THEOREM 3.4. Let n > 0 be an integer. Then
(3.3) JH, =2"(1+2i4+4e+8h)+ (-1)"(1—i+e—h).

PROOF. Using the definition of Jacobsthal-Lucas hybrid number (3.2]) and
the Binet formula for the Jacobsthal-Lucas numbers (2.2) we have

an — (2n + (_1)n) + (2n+1 4 (_1)n+1) i
+ 2"+ (—D)"2) e+ (27 4+ (=1)"*) h
and after simple calculations we obtain ((3.3)). ([

In [6] the ordinary generating function for the Jacobsthal hybrid numbers
also was given.

THEOREM 3.5 ([6]). The generating function for the Jacobsthal hybrid
number sequence {JHp} is

iJH o _ JHo+t(JH = JHo) _ (i+e+3h) + #(1+ 2¢ + 2h)
= 1—t—2¢ B 1—t—2t2 '
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THEOREM 3.6. The generating function for the Jacobsthal-Lucas hybrid
number sequence {jHy} is

in = jHo +t(jHy — jHo)
o A 1—t—2t2

(2 +1i+ 5e+ 7Th) + t(—1 + 4i + 2¢ + 10h)
1—t—2t2 '

PROOF. Assuming that the generating function of the Jacobsthal-Lucas

o0

hybrid number sequence {jH,} has the form G(t) = ) jH,t", we obtain
that "
(1—t—2t9G(t) = (1 —t —2t%) - (jHo + jH1t + jHt> +...)
= jHy + jHit + jHot? + ...+
— jHot — jH t* — jHot3 — .. .+
— 2jHyt? — 2jH t3 — 2jHot* + . ..
= jHo +t(jHy — jHo),

since jH,, = jH,_1+ 2jH,_o and the coefficients of t" for n > 2 are equal to
zero. Moreover, jHy = 2+i+5e+7h and jH; — JHy = —144i+2¢+10h. O

4. Properties of Jacobsthal and Jacobsthal-Lucas hybrid numbers

In this section we give some identities for Jacobsthal hybrid numbers and
Jacobsthal-Lucas hybrid numbers.

Using (2.3)—(2.4) and (3.1))—(3.2) it immediately follows

THEOREM 4.1. Let n > 0. Then
(i) JHpq1 + JH, =2"(1 + 2i + 4e + 8h),
(ii) jHnt1 +jH, = 3-2"(1 + 2i + 4e + 8h),
(iii) JHpq1 — JHy, = 1 [2"(1+2i + 4 + 8h) + 2(—1)"(1 —i+ e —h)],
(iv) jHp41 —jH, =2"(142i+4e+8h) — 2(—1)"(1 —i+ e — h).

In the same way, using (2.5)—(2.6)) and (3.1)—(3.2]), we can prove
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THEOREM 4.2. Letn >1r > 0. Then
(1) JHpgr + JHyop = 3 [2777 (22 + 1) (1 + 2i + 4e + 8h)
—2(=1)" (1 —i+e—h)]
(ii) jHntr + jHp—r =2"7" (22" +1) (1 + 2i + 4¢ + 8h)
+2(=1)""(1 —i+e—h)
(iii) JHpqr — JHp—p = £-2"77 (227 — 1) (1 + 2i + 4e + 8h),
(iv) jHpir — jHp—r = 277" (22" — 1) (1 + 2i + 4 + 8h).

Using (2.7)—(2.9) and (3.1)—(3.2) one can easily obtain

THEOREM 4.3. Letn > 0. Then
(i) JH, + jHy = 2JHy s,
(ll) JHn+2 +2JH, = an+17
(iii) 3JH, + jH, = 2""1(1 + 2i + 4¢ + 8h).

Now we give formulas for the sum of Jacobsthal hybrid numbers and
Jacobsthal-Lucas hybrid numbers.

THEOREM 4.4. Let n > 0. Then

L JH, 2 — JH;
JH = ————
() 3 74, —
n i Hyio — jH
(i) 3 jH = 2
=0

PRroOF. (i) Using (2.10) and (3.1 we have

ZJHZ:JH0+JH1+...+JHn
=0

= (J0+J1i+J26+J3h)+(J1+J2i+J36+J4h)
+...+(Jn+Jn+1i+Jn+2€+Jn+3h)
=(Jo+ 4.+ )+ (N + Tt A T+ Jo = Jo)i

+(J2+J3+...+Jn+2+J0+J1—Jo—Jl)E
+(J3+J4+...+Jn+3+JO+J1+JQ*JO*Jl*JQ)h
g2 =1 Japz =1, Juya—3  Juys—5
= 5 + 5 1+ 2 €+ 9
_ JHpi2— (1+1i+ 3¢+ 5h)
B 2

h

which ends the proof.
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(ii) Prooving analogously as above, using (2.11]) and (3.2]) the formula (ii)

follows, which ends the proof. ([

5. Concluding

In the literature there are some generalizations of Jacobsthal numbers.

In 7] Uygun defined (s,t)-Jacobsthal and (s, t)-Jacobsthal Lucas sequences.
Distinct properties of k-Jacobsthal and k-Jacobsthal Lucas numbers we can
found in [1], [4], [8]. Using these numbers we can define new types of hybrid
numbers and their properties can be studied.
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