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Abstract. Let S = (G, 0) be a signed graph of order n and size m
and let x1,X2,...,Xn be the eigenvalues of S. The energy of S is defined
n

as £(S) = ) Ix|. A connected signed graph is said to be bicyclic if
j=1
m =n+ 1. In this paper, we determine the bicyclic signed graphs with

first 20 minimal energies for all n > 30 and with first 16 minimal energies
for all 17 <n < 29.

1 Introduction

Let S = (G, 0) be a signed graph, where G = (V,E) is the underlying graph
of S and 0 : E — {—1,1} is the signing function (or signature). We represent
a positive edge by a plain line and a negative edge by a dotted line. The sign
of a signed cycle is defined as the product of signs of its edges. A signed cycle
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is said to be positive (resp., negative) if its sign is positive (resp., negative),
that is, it contains an even (resp., odd) number of negative edges. A signed
graph is said to be balanced if each of its cycle is positive and unbalanced,
otherwise. Throughout, by C;;, we denote a positive cycle of order n and by
C,, a negative cycle of order n. A connected signed graph of order n is said to
be unicyclic or bicyclic according as the number of its edges is respectively n
orn+1.

The adjacency matrix of a signed graph S with vertex set {vi,vy,...,vn}is
the n xn matrix A(S) = (ayj), where ay; = o(vi, v;) if v and vj are adjacent and
zero, otherwise. The adjacency matrix A(S) is real symmetric and so has real
eigenvalues. Let (S, x) denote the characteristic polynomial of the adjacency
matrix of S. The eigenvalues of A(S) are called the eigenvalues of S.

Gutman [7] defined the energy of a graph as the sum of the absolute val-
ues of eigenvalues of its adjacency matrix. Germina, Hameed and Zaslavsky
[6] extended this concept to signed graphs. The energy of a signed graph S
with eigenvalues x1,%3,...,X, is defined as £(S) = i Ixj|. Bhat and Pirzada

j=1
[2] characterized the unicyclic signed graphs with m;nimal energy. Bhat et al.
[4], characterized the bicyclic signed graphs with minimal and second mini-
mal energy. Similar problems for graphs, digraphs, signed graphs and signed
digraphs have been studied in [3, 5, 9, 10, 11, 13, 14, 15, 16, 17].

Let S be a signed graph with vertex set V. Switching S by a set X C V means
reversing the signs of all the edges between X and its complement. Two signed
graphs of the same order are said to be switching equivalent if one can be ob-
tained from the other by a switching. Switching equivalence is an equivalence
relation on the signings of a fixed graph. For more details about switching
see [4, 15]. An equivalence class is called a switching class. Switching a signed
graph does not change the sign of cycles (see [15]), switching equivalent signed
graphs have the same set of positive cycles, and they are either both balanced
or both unbalanced. Also, switching preserves the spectrum. So, as long as
spectra is concerned, we use a single signed graph for a switching class and
call that the representative of the switching class.

The rest of the paper is organized as follows. In section 2, we give some
definitions and state preliminary results, which will be used to prove our main
results. All the main results are in section 3. In that section, we compare en-
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ergy by using integral formula, Descartes’ rule of signs, by cut set deletion and
energy change techniques.

2 Preliminaries

In this section, we give some notations, definitions and state some of the
results which will be used in the sequel. A basic figure is a signed graph whose
components are signed cycles or edges or both.

Theorem 1 [1] If S is a signed graph with characteristic polynomial
P(S,x) = X"+ ar (S + - + an-1(S)x + an(S),

then
a(S) = Y (—1PL2El T s(x),
L% Xee(L)
for all k =1,2,...,n, where £ is the set of all basic figures L of S of order
k, p(L) denotes number of components of L, c(L) denotes the set of all cycles
of L and s(X) the sign of cycle X.

The following is the integral formula for the energy of signed graphs.

Theorem 2 [2] Let S be a signed graph on n vertices with characteristic poly-
nomial P(S,x) =x" 4+ ar(S)x™ '+ -+ + an_1(S)x + an(S). Then

2 2

1] L3]

1 T | k 2k k 2k+1
&) =5 | log > (and$) | | L1 aa (s ) a

—00

In a signed graph S, if the even and odd coefficients respectively alternate
in sign, we have two cases to consider.
Case (i). (—1)*ax(S) > 0 and (—1)*ay.1(S) <0 for k > 0.
Case (ii). (—1)%ax(S) > 0 and (—1)*az1(S) > 0 for k > 0.
Put by (S) = |ax(S)|, then for a signed graph S with even and odd coefficients
alternating, above integral formula takes the form

2 2
00 13 5

[3]
1 1
_ 1 2% 2K+ .
E(S) 7 J 2108 k:obZk(S)X + k§_0b2k+1(5)x dx

—00
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Let S’ and S” be two signed graphs of same order with even and odd co-
efficients of their respective characteristic polynomials alternating in sign. If
bk (S’) = b (S”) and by 1(S’) = by 1(S”) for all k > 0, then it is clear that
E(S’) = E(S”). In this case, we write S’ ~ S”. Further, if by (S’) < by (S”)
and by 1(S’) < ba1(S”) for all k > 0, we write S’ < S” or S” = S'. If
b (S’) < ba(S”) and byi1(S') < bay1(S”) for all k > 0 and for some ko,
strict inequality holds in one of the two inequalities, then we write S’ < S” or
S” = §’. Clearly, < is a transitive relation on the coefficients. Thus, if S’ < S”,

we see that E(S’) < E(S”). Moreover, if S’ < S”, then E(S’) < E(S”).
Lemma 3 [4] Let e =uv be an edge of a signed graph S. Then

IP(S,X) = 1])(8 _{e}) X) - 11)(5 —{U.,\)}, X)

=2 3 WS- V@) - Y (S V(Z),x)

VASS Ze¥,

where €., and €, respectively denote the set of positive and negative cycles
containing the edge e =uv and by V(Z) we mean the vertex set of Z.

From this recurrence relation, it is easy to obtain the following lemma.

Lemma 4 IfS is a signed graph with even and odd coefficients alternating in
sign and if (u,Vv) is the pendent edge of S with pendent vertex v, then

bi(S) =by(S§ —v) +bi2(S—v—u).

It is well known that there are three classes of bicyclic signed graphs, which
are defined as follows.
(1). For positive integers p and q with p,q > 3 and 6 < p+q < n, we denote
by CCln,p, ql, the class of bicyclic signed graphs of order n and having two
vertex disjoint cycles of length p and q.
(2). For positive integers p and q with p,q >3 and 6 <p+q<n-+1, we
denote by oco(n,p, q), the class of bicyclic signed graphs of order n with two
cycles of lengths p and q such that these cycles have exactly one vertex in
common.
(3). For positive integers p, q and v with (p—r) > r, (q—1) > 1,p,q > 3,1 > 1
and 6 < p+q <n—r+1, we denote by 8(n,p,q,r), the class of bicyclic
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Figure 1: Three classes of bicyclic signed graphs

signed graphs on n vertices with three cycles; one has length p, and the other
has length q and two cycles share T edges so that the third cycle has p+q—2r
edges. For illustration, see Figure 1, where we have not shown non-cyclic edges
which can be present.

Lemma 5 [4] Let C be a cut set of a signed graph S. Then E(S — C) < £(S).
Moreover, if C is a single edge, then £(S — C) < £(S).

Given a signed star Sp on n vertices, let Sy, denote the collection of uni-
cyclic signed graphs on n vertices such that each element of Sy, is obtained
from S;, by adding a single signed edge between any two non adjacent vertices.
Then there are two switching classes in Sy, one containing unicyclic signed
graphs with positive cycle C;’ and other containing unicyclic signed graphs
with negative cycle C5. In Sy, if a unicyclic signed graph contains C;r, we
denote it by SLn and if it contains Cj, we denote it by S%l’n. We denote a
signed path on n vertices by Py,.

The following result characterizes unicyclic signed graphs with minimal en-

ergy [2].

Lemma 6 Among all unicyclic signed graphs with n > 3 wvertices, n # 4,5,
each signed graph in Snn has the minimal energy. Moreover, for n =4, C;
has the minimal energy. Further, for n = 5, the signed graph S as shown in
Figure 5 has the minimal energy.

Consider the graph K4 — e and nonnegative integer 0 < k < n — 4. Let

G(K4 — e, n, k) be the graph obtained from K4 — e by respectively identifying

k
nn+1

denote the collection of bicyclic signed graphs on n vertices obtained from

the centers of the stars Sy, 1 and S;,_y_3 to two vertices of degree 3. Let S
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Figure 2: Three switching classes in Sk

n,n+1

(n5k)

il

B n n+l1

n,n+

Figure 3: Two switching classes in Bn _—

G(K4 — e,n, k). There are three switching classes in S¥ We use SK ’n+1

n,n+1-
Sk el and Sn +.41 as representative of these three switching classes as shown
in Figure 2. Note that Sk nn1 is balanced, Sn ] contalns two negative cycles of

length 3 and a positive cycle of length 4 while as S®3 = has one positive cycle

n,n+1
of length 3, one negative cycle of lengths 3 and one negative cycle of length
4. The following result characterizes bicyclic signed graphs with minimal and

second minimal energy[4].

Lemma 7 Among all bicyclic signed graphs with n > 12 vertices, Sn T and
§02 T have minimal energy and S%3 T has the second minimal energy.
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3 Main results

Given a complete bipartite graph K; 3 and nonnegative integer 0 < k <n —5,

let G(K;3,1,k) be the graph obtained by respectively identifying the centers
k

n,n+
the collection of bipartite bicyclic signed graphs on n vertices obtained from

of the stars Syy1 and S;_x_4 to two vertices of degree 3. Let B 1 denote

G(Kz3,n,k). There are two switching classes in Blfm 41- We use Blflfn 41 and
Blﬁl 41 as representative of these two switching classes, for illustration, see
Figure 3. B‘;’fn 1 contains three positive cycles of length 4 and B]T‘Lfl

two negative cycles of length 4 and one positive cycle of length 4. With these

1 contains

notations, we have the following observation.

Lemma 8 (i) For all n 2 6 and 1<k <3, EBYY) < €871 =
5(551%&1)

(ii) For alln > 6 and k > 0, g(shfnﬂ)
1) Foralln>6 and k> 1, E(SK3 ) < E(BMH2).

— E(SK2 ) < £(SK3 ).

n,n+1 n,n+1

nyn+1 nyn+1

(
(iv) For allm >2k+12 and k> 1, EB*¥12) < &(BY!
(

n,n+1 n,n+1 ) :

v) For alln>12, £(8%3 )< S(B?{}LH).

n,n+1

Proof. (i). By Sach’s theorem, we have

PBE I, x) =x" " — (n+ 1)x* + [(k+2)(n — k—4) + 3k — 3]},
Y(SkT %) =x" = (4 Dx? —dx + [(k +2)(n — k —4) + 2k]}
and

P(SkZ %) =x" = (n+ DX +ax + [(k+2)(n —k —4) + 2k]}.

It is clear that BX Y < Skl ., S52  forall 1 <k <3and SKI ; ~ Sk

n,n+ nn+12 “nn+l n:n+1’
therefore
EBY ) < &Sk ) =E(Sk% ) foralln>6and 1 <k <3.

(ii). The characteristic polynomial of Sl‘l’; L for T =1,2,3 are given by
WS X) = X" — (4 1) = 4x + [(k+2) (n — k —4) + 2k]},

Y(SE2 %) =x"Hx = (n+ 1)x* +4x + [(k+2)(n —k —4) + 2k]}

and

P(S93 %) = X" — (o 1)x3 [k +2)(n— k —4) + 2k + 411,
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Clearly, Sn el ™~ Sk i and so 5(8TL nJr]) E(STl n+1) Therefore, to compare

the energy of Sn ] for v = 1,2 and Sk3 it is enough to compare the

nn-H

energy of S n 41 and Sn KD We see that even and odd coefficients of Sn ]

forr=1,2, 3 alternate in sign but coefficients are not quasi-order comparable
forr =1 or 2 and r = 3. We will compare energy using Coulson’s integral

formula by directly solving the integrals. We have S(Sl‘li ) =€ (Sl?1 1)

1y e DR [k 2)(n =k —4) + 2+ 4l
_J n{]+(n+1)x2+[(k+2)(n—k—4)+2k]x4}2+16x6 x

Put
q(x)={T+Mm+1)x*+[(k+2)(n—k—4) + 2k + 4x*Y

and

Bi(x) ={1+ (n+1)x*+[(k+2)(n —k—4) + 2k]x*¥ + 16x°.

Since n > k +4, we get &1(x) —pB1(x) =8x* +8(n—1)x® +8[(k+2)(n —k —
4) + 2k 4+ 2]x3 > 0 for n > 6 and x > 0. Thus, S(Snn+1)>5(8nn+1)

(iii). The characteristic polynomial of B¥_"% and gk

o nm41 are given by

PBE 2, %) ="t — (n+ 1)x? + [(k+2)(n — k —4) + 3k + 5]}
and

P31 %) =Xt — o+ 1) + [(k+2)(n— k —4) + 2k + 4]},

Clearly, S&3 ;< B 12 for all k > 1 and therefore £(SK3, ) < (B 13) for
aln>6and k> 1.
(iv). Again, the characteristic polynomial of Bfl TJ +2] and Bk 4] are respec-

tively, given by
Y(BE %) = xHx — i+ 1%+ [(k+2)(n —k —4) + 3k + 5}
and

YBRL X)) =x"Hx = (n+ 1)x* + [(k+3)(n — k —5) + 3K]}.
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Clearly, B¥-12 < BK!

nn-H nn+

for all n > 2k + 12.
(v). The characteristic polynomial of Sn e and B?{’]n 41 are given by

, for all n > 2k +12. Therefore, £(BX 12) < £(B

nn-H nn+1)

PS40, %) = X" — (4 1)x? + 2(n —4) +4])

and
PBYL %) =x"Hx — (n+ 1)x + B(n —5)]).

Clearly, S?‘L%l—i—] =< Bn np for all n > 12 and therefore c‘,’(Sn n+]) < S(Bn n+1)

for all n > 12. O

Let Qn n+1
Then it is easy to see that there are two switching classes on the signings of

nn+1 Let Qn n+1 and an+
classes, where Q1 )| 41 contains Cr, CI, C+ and +1 eontarns C,, €, and

nn-H Let an-H’
respectively be the representatlve for these four

r=1,2,3 and H111,n+1 be the graphs as shown in Figure 4.
1 be the representative for these two switching

CJr There are four switching classes on the s1gn1ngs of
2 2
n,n—H’ nn-H and Qn n+1»
switching classes, where QN 1 contains C CJr and C;“, nn+] contains Cj,
C, and C5, anﬂ contains Cj, C4, C5; and anH contalns C;r, C, and
nn+1- Let Qn n+1o
n n 47 and Qn n +1 , respectively be the representative for these three switching

C There are three switching classes on the signings of Q3!

classes, where Qn i1 s the srgned graphs obtained from Q3!

nn+1- AISO Qn N+
from Qn n+1 by making one triangle negative and other triangle positive in

by making

nn+1»

both trlangles negative in Q3! 1 is the signed graph obtained

Qn nt1- There are three switching classes on the signings of H! We use

HT

n,n+ n,n+1
is balanced, Hn’n 41 has both triangles negative and Hn’n 41 has one positive

nn+1-
1 for 1 =1,2,3, as the representative for these switching classes. H!

triangle and one negative triangle. With these notations, we have the following
observation.

Lemma 9 (i) For alln > 10, S(BnnH) <&l nn+1) <8(Snn+])
(1) For allm > 10, &( nn+1) >5(Bnn+1)

(iii) For alln > 10, €(Snn+1) (anﬂ) &l nn+1) < &(B
(iv) For allm > 10, S(anﬂ) (anﬂ) E(B nn+1)

(V) For all n > 10 S(Bnn—H) (an—H) = (an+1) < g(an—H)
g(Hnn-H)

nn+1)
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QI,] QZJ Q3,1

7, n+1 n, n+1 n, n+1

1

n,n+1

Figure 4: Signed graphs =1,2,3 and H!

nn+1 n,n+1

(Vi) For alln > 10, E(H} 1) < E(H] ) = EHE 14).

n,n+1
(vit) For all n > 30, S(H}mH) g(HﬁnH) < 5(Bn1n+1)
Proof. (i). We have
Y(BLL 1, %) = x"Hx — (n+ 1)x? + (4n — 21)},

YQRL 1 x) =x"x = (n+ 1)x + (4n — 20)},
Y(Saninrx) =x"Hx" — (n 4+ 1)x* — 4x + (51 — 20)}.
It is easy to see that even and odd coefficients of sugned graphs Bn s Qll ]n .
and S2! mnt1 alternate in sign. Clearly, B! n+1 < nn+1 and

for all n > 10. Therefore, S(lelnﬂ) <&l ) < 8(Sn]TlH
(ii). We have

nnH = S YnH
) for all n > 10.

nn+1

P(B22 1, x) = X"t — (n+ 1)x% + (5n —21)),

Y(QRA 1, %) = x" O — (n 4 1)x* + (4n — 12)x? — (4n —20)}.

The signed graphs Bn ] and Ql{’zn 41 are not quasi-order comparable. There-
fore, consider the functions a(x) = x® — (n+1)x*+ (4n—12)x* — (4n—20) and
B2(x) = x*—(m+1)x*+(5n—21). It is easy to see that B2(2) > 0, p2(v/5) < 0,
Br(vVn—4) < 0 and Ba(vn—3) > 0 for all n > 10. Also, a(v2) = 0,
x(1) <0, ocz(%) >0, xp(vn—3) < 0and oa(vn—2) >0 for all n > 10.
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We observe that oo(x) = oo(—x) and By(x) = B2(—x). Therefore xy(x) has
three positive and three negative zeros and (3;(x) has two positive and two
negative zeros. Recall that the energy of signed graph is twice the sum of its
positive eigenvalues. Therefore, we have

E(QRh1) > 2(V2+ 1+ vVn—3) > 2(V5+ vn—3) > (B 11)

for all n > 10, which proves part (ii).
(iii). We have

Y(SE3 1, %) =x""Hxt — (n+ 1)x* + (4n — 16)},

Y(QEL %) =X — (n+ 1)x? — 2x + (4n — 16)},
Y(QZ3 1, %) = x"xt — (n+1)x + 2x + (4n — 16)},
P(BRA 1, %) = x"Hx — (n+ 1)x? + (4n — 13)).

Clearly, Sn3n+1 < QTfn-H and an 1~ QTZ1 w1 for all > 10. Therefore,
E(Snn+1) < &( nn-H) =& nn-H) for all n > 10. Thus, to prove the result,
it is enough to show that &( nn+1) < E(BLZTLH) for all n > 10. We see
that even and odd coefficients of Q> 1 and Bn e
coefficients are not quasi-order comparable. We will compare the energy using

1 alternate in sign but the

Coulson’s integral formula by directly solving the integrals. We have

(n+1)x2 + (4n —13)x*?

. N
EBrnn) ~E(Qunn) = Jl i+ (n+1)x2+(4n—16)x4}2+4x6dx'

Put az(x) ={1+ (n+ 1)x% + (4n — 13)x*}? and
Bz(x) = {1 + (n+ 1)x* + (4n — 16)x*"? + 4x°,

we get az(x) — B3(x) = 6x* + (6n + 2)x® + (24n — 87)x% > 0 for n > 10 and
x > 0. Thus, E(BL 1) > E(Q%] 1)
(iv). We have

Y(QZ21,%) =x"Ox® — (n+ 1)x* + 2 + (4n — 12)x* — 4x — (4n — 20)},

PQEL 1, %) =x"x® — (n+ 1" =23 + (4n — 12)x* + 4x — (4n — 20)}.
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Clearly, nn+1 for all n > 10 and therefore £( nn-H) = 8( 24 )

nn+1
n n+1) >
E(Biznﬂ) for all n > 10. The signed graphs B2 w1 and Qn 41 are not quasi-
order comparable. Consider the function o (x) = x® — (n+ 1)x* +2x3 + (4n —
12)x2—4x—(4n—20). Tt is easy to see that o (v/2) = 0, a4 (1) < 0, oq(%) >0,
ag(vn—4) < 0 and ay(y/n) > 0 for all n > 10. By Descartes’ rule of signs,

o4 (x) has three positive and three negative zeros. Therefore,

E(QX2) > 2(V2+1+vn—4) > 2(V5+ vn—3) > £(B2 ;)

nn-H

for all n > 10. Thus, to prove the result, it is enough to show that &(

for all n > 12. We verified the result directly for n = 10, 11. This proves part
(iv).
(v). We have

Y(BRE 1, %) =x"Hx! — (n+ 1)x* + (4n — 13)},

QY1 %) =x" 08 — (4 1) —dx? + (3n — 12)x + 2(n —4)},
1P(Qn’,n+1 X) =XV — (1) +4xE + (Bn—12)x —2(n—4)},
Q33 1, %) = X" 00 — (4 1)%° + (3n — 8)x — 2(n — 4)},
W(HS o X) =X — (n 4+ 1)x! + (2n — 51" — (n—5)}.

First, we will show that E(Qn n+1) < S(Qn n+1) We see that even and odd
coefficients of Qi,]n 41 and st ; alternate in sign but the coefficients are
not quasi-order comparable. We will compare energy using Coulson’s integral
formula by directly solving the integrals, and we have £ (Qn 1) — (Qn 1)

dx.

1y [+ DR+ Bn— 85 + (20— 8)P
G J PO M+ 1)+ Bn— 12X + {43 + (2n — 8)x5F

Put
os(x) = {1+ (n+1)x2+ Bn—8)x*P +{(2n — 8)x°Y

and
Bs(x) = {1+ (n+ 1)x? + (3n —12)x*)? + {4x® + (2n — 8)x°)?,

we get as5(x) —B5(x) = 8x* +8(n—1)x°+8(n—2)x% > 0 forn > 10 and x > 0.
Thus S(an-H) >5( nn-H)
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Next we will show that, £( nn-H) < EH nn-H) The signed graphs nn-H
and Hn’n 41 are not quasi-order comparable. Therefore, consider the functions
a(x) =x°—(Mm+1x3+ 3n—8)x —2(n—4) and Bg(x) =x° — (n+ 1)x* +

(2n —5)x? — (n —5). Tt is easy to see that ag(—2) = 0, xg(—vn —3) > 0,

ag(—y/n—3) < 0and Be(®2) <0, Be(=1) >0, Be(1) =0, Be(vn—1) <0
and Be(y/n) > 0. By Descartes’ rule of signs, «g(x) has three positive and two
negative zeros and fg(x) has three positive and three negative zeros. As the
energy of signed graph is twice the sum of its positive eigenvalues or —2 times
the sum of negative eigenvalues, therefore,

E(H3q) > z(“T_3 F14+vn—1)>22+ \/T?i) > E(Q33 1)

for all n > 14 We Veriﬁed the result directly for n = 10, 11 13.
Clearly, nn+1 ~ nn+1 for all n > 10 and therefore £(Q3 nn+1
for all n > 10. Thus, to prove the result, it is enough to show that £ (Q
E(BLZ 1) for all n > 10. The signed graphs B2 W1 and Q e
order comparable, therefore consider the functions oz (x) = x° — (n 4+ 1)x3 —
4x?4+(3n—12)x+2(n—4) and B7(x) = x*—(n+1)x*+(4n—13) and proceeding

) > E(BL2 ) for all n > 10.

nn+1

) = E(QA)

nn+1

n,n+1 ) >
are not quasi-

similarly as above, we can prove that £ (Qn S

This proves part (v).
(vi). We have

Y(H ey X) = X" — (n 4 1)x* — 4% + (2n — 5)%% + 4x — (n — 5)},

Y(HA gy %) = X" — (n 4+ 1)x* + 4% + (2n — 5)x* — 4x — (n — 5)},
P(H 41, %) = xOE — (n+ 1x* + (2n — 512 — (n —5)).

It is clear that H!
Therefore, £(
(vii). We have

~ HT21 n+1 and Hn n+1)Hi,n+1 - Hi‘nﬂ for all n > 10.
EMZ_ ) >EM3 ) for all n > 10.

n,n+1

nn+1) n,n+1 n,n+1

Y(BAL 1, %) =x"Hx — (n+ 1)x% + (50— 29)}.

for r = 1,2 and B!

n,n+1 n,n+
rable. Therefore consider the functions ag(x) = x® — (n + 1)x* —4x3 + (2n —

5)x% +4x — (n—5) and Pg(x) = x* — (N4 1)x% + (5n—29). Again, it is easy to

The signed graphs HT ; are not quasi-order compa-
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see that ag(—y/n) > 0 and ag(—v/n —2) < 0 for all n > 12. Also, —1 is a zero

of ag(x) with multiplicity 2 and [38(\/2) > 0, Bs(V5) < 0, Ps(vm—3) > 0
and Bg(v/n —4) < 0 for all n > 22. By Descartes’ rule of signs, «g(x) has three
negative and three positive zeros and Pg(x) has two positive and two negative
zeros. Therefore,

E(BnnJr]) \/>—|_v >22+f >5 nn+1)

for all n > 275. We can directly verify the result from n = 30 to 274. As
E(H! ) = E(H2 ), therefore E(Hnn-H) = E(H2 ) < E(B2! ) for all

nn+1 n,n+1 n,n+1 n,n+1

> 30. i

Combining Lemmas 8 and 9, we have the following result.

Corollary 10 (i) For all n > 30, we have

E(Snn+1) - g(snn+1) < 5(Snn+1) < E(B%]TLJH) < 5‘(SnnJﬂ) - S(Snn+1)

E(SE)

< g(B?iszr]) < 5(8111111+1) < &(Q} n+1) (Sn1n+1) 8(8121%%%) < 5(51213n+1)
an+1) - (an+1) < 8(81112n+1) (an+1) (anJr]) < g(anJr])

&(
(nnm E(ML ) = E(ME ) < E(BRL ) < E(S3L,) = £(832)
&(

B 3 ;% n,n+1
Sn n-H) g(BTf,n+1)'

(1) For all 17 <m < 29, we have
g(snn—H) = S(Snn-&-l) < 5(Snn+1) < g(Bgl]n-H
g(snn+1)
<E(BY ) < EBL) < EQuua) <ESRLL) =E(Sh 1) < E(S75) <

n,n+1

5( 2,1 )

n n+1

=£(Q% n+1) (Blﬁmﬂ) < 5(8121111+1
g(BZZ

nn+1)

) < g(snn-i-]) = g(s ’n-H) <

) < £(S>!

nn+1)

5(532

nn+1

) < £(S33

nn+1)

The following lemma [4] will be useful in the sequel.

Lemma 11 Let S’ and S” be two unicyclic signed graphs of order my, my > 6
and let n =my +my. Then, fort=1,2,

U St

ma,mz

E(S'US") > &(St,

my,my

) > E(Sh 66U SEg)

with equality if and only if m;, my € {6,n — 6}.
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Now, we have the following theorem.

Theorem 12 If S € CCn,p,ql, with n > 12 and p,q > 3, then E(S) >
E(B%2 ).

n,n+1

Proof. As S € CCn,p,q], with n > 12 and p,q > 3, therefore S has a
cut-edge say e, such that S —{e} is disconnected with two components, which
are unicyclic signed graphs, say S’ and S”. Let my; and m; respectively be
the number of vertices in S’ and S”. Without loss of generality, we assume
that my; > my. The following cases arise. (i) my, my > 6, (il) m; > 7 and
my > 5,(iii) my > 8 and my > 4,(iv) m; > 9 and my > 3.

Case (i). m;,m; > 6. By Lemmas 5, 6 and 11, we have

E(S)>E(S—e)=&(S'US")=E&(S)+E£(S")
> £(St )+ E(Shym,) = E(S; uSt

mi,my miy,mq ma,mp )

> E(Sh gn6USEg) =E(Sh 6n6USke)-

We see that 5(5&6) > 6. Consider the functions, ao(x) = x* — (n — 6)x? —
2x + (N —9) and Bo(x) = x* — (n + 1)x? + (5n — 21). Tt is easy to see that
ao(3) > 0, ao(1) < 0, awo(vn—7) < 0 and aw(v/n—4) > 0. Similarly,
Bo(2) > 0, Bo(v/5) < 0, Po(vn—4) < 0 and Bo(v/n —3) > 0. By Descartes’
rule of signs, both ao(x) and Bo(x) have two positive and two negative zeros.
Let the positive zeros of ao(x) and Bo(x) be x1, x2 and yi, Yz, respectively.
Therefore, we have 5(531—6,11—6 U 516)6.) >2(x1+x2)+6> 2(% +Vn—7)+6=
74+2yn—7>2(V5+vn—3) > 2(y1 +y2) = (B3 ,,) for all n > 12. This
completes the proof of case(i).

Case (ii). Proceeding similarly as in case (i), we can prove that £(S) >
E(S! )+ £(S), where S is the signed graph shown in Figure 5. Note that

n—5n—5

E(S) > 5.5. Therefore, we have

E(S) > E(S} 5n.5) +E(S) > 2(3+Vn—6)+55 = 65+2V/n—6 >
2(V5+vn—3) > E(BRA ) for all > 12.
Case (iii). Again, for n = 12, we proved the result directly. For n > 13, we
have

E(S) > E(Sh_yna) +E(CF) > z(% +vVn—5)+4=5+2y/n—>5
>2(V5+Vvn—3) > E(BRT ).
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S

Figure 5: Signed graphs S and T

Case (iv). Finally, we have

E(S) > E(S)_303) +E(C3) > 2(% +vVn—4)+4=5+2v/n—14
>2(V5+vn—3) > E(BA ),

for all n > 12. This completes the proof. ]

Recall that oo(n,p,q) is the class of bicyclic signed graphs on n vertices,
which have exactly two edge-disjoint cycles sharing a common vertex, which
we call the meet vertex. According to the sign and order of cycles in co(n, p, q),
we divide the class oco(n,p, q) into three main subclasses.

Subclass 1. According to the sign of C,(p is even) and Cq(q is odd).This
class is further divided into four subclasses:

(1.1) oo (n,p, q) : o(Cp) = 0(Cq) = +; (1.2) 02 (n,p,q) : o(Cp) = + and
G(Cq) =

(1.3) 50B(n, p, q) : 0(Cp) = — and 0(Cq) = +; (14) 00™(n,p,q) : 0(C;) =
G(Cq) =

Subclass 2. According to the sign of C,(p is odd) and C4(q is odd). Also,
this class is further divided into four subclasses:

(2.1) 0o®'(n,p, q) : o(Cp) = o(Cq) = +; (2.2) 0o (n,p, q) : 0(Cp) = + and
G(Cq) =

(2.3) 0o®(n,p,q) : 0(Cp) = — and o(Cq) = +; (2.4) oo (n,p, q) : o(Cp) =
G(Cq) =

Subclass 3. According to the sign of C,(p is even) and C4(q is even). This
class is further divided into four subclasses:

(3.1) 0¥ (n,p, q) : 0(Cp) = 0(Cq) = + (32) 00™(n,p,q) : 0(Cy) = + and
G(Cq) =
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(3.3) 00®3(n,p,q) : 0(Cp) = — and o(Cq) = +; (3.4) 00**(n,p,q) : 0(Cp) =
G(Cq) =

For an underlying graph G and the corresponding signed graph S;; = (G, 0y;) €
ooV (n,p,q) (i =1,2,3 and j = 1,2,3,4), we can easily obtain A¢(Aq,,) =
“M(Aoy,) 5 A(Acy5) = —A(Ac L), Ad(Aoy ;) = —Ak(Ag,,) and A(Ag,,) =
M (Ag, ;) fork =1,2,...,1n.50 £(G, 01.1) = £(G, 01.2), £(G, 013) = £(G, 01.4),
E(G,071) =&(G,024) and £(G, 022) = £(G, 023) . Thus we can regard (1.1)
and (1.2) as identical, (1.3) and (1.4) as identical, (2.1) and (2.4) as iden-
tical and (2.2) and (2.3) as identical. Let oo.(n,p,q) denote the collection
of signed graphs in oco(n,p,q) having all (n —p — q + 1) pendent vertices
adjacent to the meet vertex in oo.(n,p,q). Let ooij(n,p,q) (i=1,2,3 and
j = 1,2,3,4) be the corresponding switching class, as shown in Figure 6, in
00«(n, P, q), where p and q are not equal to 3 simultaneously, that is ac-
cording to sign and order of cycles as defined above in subclasses. Also let
003(n, 3,3),003"(n,3,3) € oo(n,3,3) be signed graphs having both cycles of
length 3, (n — 6) pendent vertices are adjacent to meet vertex, remaining one
pendent vertex is adjacent to any vertex of either cycle other than the meet
vertex in oo3(n, 3,3) and (n—5) pendent vertices are adjacent to a single vertex
in either of the cycles other than the meet vertex in co3*(n, 3, 3), respectively.
We use 003.(n,3,3),0055(1,3,3) v = 1,2,3,4 as the representative of these
switching classes, as shown in Figure 7, in co3(n,3,3) and oo03*(n,3,3), re-
spectively corresponding to subclass 2. We know that the necessary condition
to use quasi-order method is that the coefficients of the characteristic poly-
nomials of signed graphs must have uniform sign. We next have the following
result.

Lemma 13 (i) If S € co'i(n,p,q) (j = 1,3), contains an even cycle Cp and
an odd cycle Cq, q =2t + 1, then, for all i > 0, we have

(@) (—=1)az(S) >0, (b) (—1)tazi;1(S) > 0 (resp. < 0) if t is odd (resp,even)
(ii) If S € 0¥ (n,p,q) (j = 1,2,3,4), containing both even cycles, then for all
i> 0, we have

(@) (=1)*azi(S) = 0, (b) (=1)}
(iii) (a) IfS € OOZj(Tl»P» q) (=T,
all1> 0, we have (—1)'ayi(S) >0
(b) If S € coP(n,p,p) (j = 1,2), containing both odd cycles of equal length
P =2t + 1,then for alli >0, we have (—1)tazi41(S) >0 (or < 0).

aZl—H( )
2,3, ) containing both odd cycles,then for
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i3 i
00 (npg) 00 (mp.q)

Figure 6: Switching classes corresponding to co.(n,p, q)

Proof. (i). If S € 0o''(n,p, q), then the proof follows from Lemma 1.8 in [§]
and if S € 0o'3(n,p, q), then the proof follows from Lemma 4.3 in [12] .

(ii). If S € oo (n,p,q) (5 = 1,2,3,4),then the proof follows from Theorem
2.1 in [3]

(iii). Let 2, 25,
(j = 1,2,3,4) containing only edges, an odd cycle C, and an odd cycle Cg,

and .,2”2%11 denote the basic figures of S € oo (n,p, q)

respectively. Then

(a). Since S € 0¥ (n,p,q) (j = 1,2,3,4), therefore the odd cycles share
a common vertex in S and hence the basic figure on even vertices does not
contain any odd cycle. Therefore, from Theorem 1, we have

(—1)iaﬁ(5)=(—1)i( S (1)PO20 T G(X)>

LeZ ;i Xec(L)
- (—1)'1( )3 (—W) — m(S,0).
LeZ>;

Thus, (—1)'ai(S) = m(S,i) > 0 for all i. This proves part (a).

(b). There are two cases to be executed as follows.

Case 1. If S € co?!'(n,p,p), that is, containing both positive cycles of equal
odd lengths p =2t + 1. If 2 + 1 < p = 2t + 1, then (—1)*az1(S) = 0 and if
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2i+1>p=2t+1, then

(—])iazpr](s <2 Z 21+1 2t+1 2 Z 21+1 2t+1 +]>

Leg!! Leg'?

21+1 21+1

:<2 Z (_1)ft+1_~_2 Z _1)t+1>

Legz!! Lez?

21+] 21+1

Thus (—1)'azi1(S) > 0if t =2k +1, and (—1)azi1(S) < 0 if t = 2k for all i.
Case 2. S € co??*(n,p,p), that is, containing one positive cycle and one nega-
tive cycle of equal odd lengths p = 2t 4+ 1, respectively. If 21+ 1 <p =2t +1,
then (—1)'az41(S) =0 and if 2i +1 > p =2t + 1, then

21+1 2t+1 21+1 2t+1)
(1) azi(S) = <z Z -2 Z *‘)

Leg!! Leg?

21+1 21.+1

— <2 (_] )7t+1 2 Z _] )t+1> .

Legz!! Leg?

21+] 21+1

Thus, (—1)azi41(S) > 0if t = 2k + 1 and |‘$21+1| > |‘$21+1| (—taz1(S) <0
it t =2k+1and 2,1 <140 (—1)iau(S) > 0 if t = 2k and |.Z},| <
L2 and (—1)tagii1(S) < 0if t = 2k and | £y, )| > £, | for all i, where
|Z| denotes the cardinality of a set Z. This completes the proof. O

The following two lemmas can be easily established.
Lemma 14 For positive integers my,my > 5, my+my=n>17 andt =1,2,
E(Smy UShym,) = E(Ss USH 5.4 5),
with equality if and only if my, my € {5,n —5}.

Lemma 15 (i) £(Sn4US;,) > E(BRA ) for alln > 12.

n,n+1

(i) E(Sn_aUCy) > E(BE2 )for allm > 12.

n,n+1

(iit) E(SsUS] 5, 5) >5(B22 ) for allm > 12.

nn+1

(iv) E(Sn_sUS) > E(B%2 ) for alln > 12, where S is the signed graph shown

n,n+1

i Figure 5.
(v) E(Sn5UT) > E(B22 . .) for alln > 12, where T is the signed graph shown

nn+1

i Figure 5.
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*
(n-6) 003, (13.3) Oo: m33) 007, (n.3.3)
007, (n3.3) 2

(n-5)

-
003 n3.3) 00¥in33) 005 n3.3) 003, n3.3)

Figure 7: Switching classes c03.(n,3,3) and o03¥(n,3,3), r=1,2,3,4

Now, as the proof of the following result is similar as in Lemma 9. So we
skip the proof here.

Lemma 16 (i) For alln > 12, £[oo3;(n,3,3)] > £[o03,(n, 3,3)] > E(Bf{,znﬂ).

(i) For alln > 12, E[oo%;(n,3,3)] > Elooks(n,3,3)] > £(B22 ).

nn+1

(ii1) For allm > 12, E[co)3(n,4,3)] > Elool' (1, 4,3)] > S(Bffﬁw]).

(iv) For all m > 12, Eloo3*(n,4,4)] > E[c03?(n,4,4)] > E[c03 (1, 4,4)] >
E(BH 1)

(v) For alln > 12, £[co??(n,5,3)] > E[oc?! (n,5,3)] > Eloo3, (1, 3,3)].

Now, we proceed to prove the following theorem.

Theorem 17 IfS € co(n,p,q),n>17,p,q >3 and S # HY g (r=1,2,3),
then £(S) > £(B3% ;).

n,n+1

Proof. Let v be the meet vertex of the two cycles C, and Cq4. The following
cases arise.

Case 1. Let S € oo(n, 3,3). We have the following claim.

Claim. If S € 00?"(n,3,3) (r=1,2) and S # Hp (s =1,3),0057(n, 3,3)(t =

1,2), 003,.(n,3,3)(r =1,2), then for all n > 7, S = oo}y (1, 3,3).
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We shall prove the claim by induction on n. Assume that the claim holds for
smaller values of n. Let v; be a pendent vertex which is adjacent to the meet
vertex v in 003,(n,3,3). Forn >7, S € o00?"(n,3,3), r = 1,2, has at least one
pendent vertex say v, (such that S — v, is again different from signed graphs
forbidden in this claim), which is adjacent to u (say) in S. Then from Lemmas
4 and 13, we obtain

bi(S) = bi(S —v2) + bi2(S—v, —u)

and
bi(OOEz(n>3>3)) = bi(wzz(n>3»3) _V1) + bifZ(P?) U PZ)

By induction assumption, S —v; > 003,(n,3,3) —v1.

Since S # Hfl)nﬂ(s = 1,3),005;(n,3,3)(t = 1,2), o03.(n,3,3) (v = 1,2),
therefore S —v; —u has P3 U P, as a subgraph and hence we have S—v; —u =
P3 U P,. This proves the claim.

By Lemma 13, the even and odd coefficients of S alternate in sign. Thus, by
the above claim, for S # Hi,n+1(5 =1,3),003;(n,3,3)(t = 1,2), 003,(n,3,3)
(r=1,2), we have £(S) > £[o03,(n, 3,3)]. Also for the same underlined graph
, the energy of signed graphs S € co?'(n,3,3) and T € c0?*(n, 3,3) is same,
S € 00?2(n,3,3) and T € 00?3(n, 3, 3) is same and therefore the result follows
by Lemma 16 in this case.

Case 2. Let S € oo(n,4,3). We have the following claim.

Claim. If S € 00'"(n,4,3) (r=1,3) and S # 0!"(n,4,3) (r = 1,3), then for
alln >7,S > ool'(n,4,3).

We shall prove the claim by induction on n. Assume that the claim holds for
smaller values of n. Let v; be a pendent vertex which is adjacent to the meet
vertex v in col'(n,4,3). Forn > 7, S € 0c0'"(n,4,3), r = 1,2, has at least one
pendent vertex say v, which is adjacent to u (say) in S. Then from Lemmas
4 and 13, we obtain

bi(S) =bi(S —v2) + bi2(S — vy —u).
and
bi(ool'(n,4,3)) = bi(ool! (n,4,3) — vi) + bi»(P3 UPy).
By induction assumption, S —v; = ooll(n,4,3) —vy. Since S # ool"(n,4,3)
(r =1,3) and therefore S—v,—u has P3UP; as a subgraph and thus S—v,—u >
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P3 U P;. This proves the claim.

By Lemma 13, the even and odd coefficients of S alternate in sign. Thus, by
the above claim, we have £(S) > E[ool(n, 3, 3)]. Also, for the same underlined
graph , the energy of signed graphs S € c0''(n,4,3) and T € c'?(n,4,3) is
same, S € 0'3(n,4,3) and T € c'#(n,4,3) is same and therefore the result
follows by Lemma 16 in this case.

Case 3. If S € co(n,4,4) and S # 003" (n,4,4)(r = 1,2,4), then proceeding
similarly as in case 2, one can easily prove that, £(S) > E£[oo3!(n,4,4)] and
hence the result follows by Lemma 16.

Case 4. If S € oo(n,5,3),00(n,5,4),00(n,5,5) and S # o002’ (n,5,3),7 =
1,2,3,4 then it easy to see that by(S) > b4(B${§1+]) = 5n — 21. Since by
Lemma 13 even coefficients S alternate in sign and therefore £(S) > £(B22 . ,),

n,n-+1
and so the result follows in this case. If S = c02"(n,5,3),7 = 1,2, 3,4, then the
result follows by Lemma 16, since for the same underlined graph, the energy of
signed graphs S € c0?'(n,5,3) and T € 00?*(n, 5, 3) is same, S € c0??(n, 5, 3)
and T € 00 (n,5,3) is same.
Case 5. Let S € oco(n,p, q) and at least one of p and q is greater or equal to
6. Without loss of generality, we assume C,, is such a cycle. Then the following
four subcases arise.
Subcase 5.1. Let Cq # C;r, 3, CI, C, , if there be at most a single noncyclic
signed edge incident to any vertex of C;r or C3 and no noncyclic signed edge
incident to the vertices of CI, C, . Then choose the cut set Z = {e1, €3}, where
e; and ey are the edges on the cycle C, adjacent to v. Then S — Z has two
components, say S’ and S”, where S’ is a signed tree on m; > 5 vertices and
S” is unicyclic signed graph with m,; > 5 vertices such that m;+m; =n > 17.
Then the result follows by Lemmas 14 and 15.
Subcase 5.2. If C4 = C,, C3+, (3 such that there is exactly single noncyclic
signed edge incident to any vertex of C;r, C3 and there is no noncyclic signed
edge incident to any vertex of C,, then choose the cut set Z = {e1, €3}, where
e; and e; are the edges on the cycle C, adjacent to v. Then S — Z has two
components, say S’ and S”, where S’ is a signed tree on n —4 vertices and S”
is unicyclic signed graph with 4 vertices such that m; + my; =n > 17. Since
S” is either 52’4,‘( = 1,2 or C, and 5(53‘)4) = E(Sézm), then the result follows
by Lemma 15.
Subcase 5.3. Let Cq = Cj{ and there be no noncyclic signed edge incident to
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any vertex of CI. Let {e1,ez,...,ep_1,€p} be the edges of cycle C,. Without
loss of generality, suppose that the edges ey and e, are incident to meet vertex
v such that the edges e, and e are adjacent in Cp, if [r—s[ =1 and e , e, are
incident to meet vertex v. Then choose the cut set either {e1, e,_1} or {e2, ep}
such that S —{ej,ep_1} or S —{ez, ep} has two components, say S’ and S”,
where S’ is a signed tree on m; > 5 vertices and S” is unicyclic signed graph
with my > 5 vertices such that m; +m,; =n > 17. Then the result follows by
Lemmas 14 and 15.

Subcase 5.4. Let Cy = C;, C3 and there is no noncyclic signed edge incident
to any vertex of C;r, C5. Then there exists a cut set Z consisting of the two
edges of Cp, such that S — Z has two components, say S’ and S”, where S’ is a
signed tree on m; > 5 vertices and S” is unicyclic signed graph with m; > 5
vertices such that m; + my; =n > 17. Then the result follows by Lemmas 14
and 15. This completes the proof. O

Let L; and L; respectively denote the number of negative and positive
4-cycles in a signed graph. Then, by Theorem 1, we have

ba(S) = m(8,2) — 2(Lf — L) (1)

Where m(S, k) denote the number of matchings of size k. Let % denote the
set of basic figures of order k of a signed graph S and let fk] denote the set
of basic figures which do not contain any cycle and £? = % — .i”k] It is
clear that for a signed graph S € 8(n,p,q,1), .Zz]k‘ >2 ‘fzzk‘ From this, we
can easily see that if S € 0(n,p,q,1), then by (S) > 0 for all k > 0. Also,
if bg(S) > 5n — 21, then it is easy to see that £(S) > 8(B$;ﬁ1+1). Let QF,

k =1,2,3,...,52 be the graphs as shown in Figure 8. Then it is easy to see

that there are three switching classes on the signings of Qll'] k=1,2,3,...,52.
Let QIL’], l‘gz and Q}f k=1,2,3,...,52, respectively be the representative for
these three switching classes, where QL’Z are the signed graphs obtained from
QL’], by making both triangles negative in Qll’] and Q]]f be the signed graphs
obtained from Qll’l by making one triangle negative(left sided triangle) and
other triangle positive(right sided triangle) in Q). It is easy to see that Q-
is switching equivalent to —fo and therefore £ (QL’]) =£&( 11(’2) for all k =
1,2,3,...,52. Thus, we can regard Qll’] and Qll’z as identical. Also, by( 11(‘3) >
5n — 21 for all k = 15,16,19,20,21,22,23,24,25,26,27,28,29,31,32,...,52
and therefore we omit these signed graphs here, as these signed graphs will be
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considered later (Theorem 22). With these notations, we have the following

observation.

Lemma 18 For all n > 10, we have
(1) E(B22,,) < E(QM) < £(QY) for allk =2,3,...,52.

n,n+1

(i1) (Bffnﬂ)<5( 13) < E(QL3) forallk = 3,4,6,8,13,14,17,39,40, ... ,44.
(ii1) (Bffnﬂ)<5( 13) < £(Q)3) for all k =5,9,10,11,12,18, 30.
(iv) £(B22,,;) < £(QI).

Proof. (i). We have
PQP, x) =XM% — (n + x* —4x® + (3n — 12)x* + 2x — (n — 5)},

PP, x) =x"x — (n+ x* =43 + Bn — 11X +4x —2(n—6)},
P(QL, %) = x"5x8 — (n+ 1)x* —4x% + (4n — 18)x2 + 4x — 2(n — 6)},
B(QP, %) = x"xE — (n+1)x* —4x% + (4n — 18)x% + 2x — (2n— 11)},
B(QI x) = X" — (n+ 1x* —4x® + (4n — 17)x* +4x — (3n—17)},

Y(QL!, x) = x" B (n4+1)x°—4x>Han—16)x* +6x3 — (4n—24)x>—2x+(n—7)},
PQY %) =xMOx8 — (n+ 1)x* — 43 + (dn —17)x% + 4x — (2n — 14)},
WQY, %) = X" O — (n+ 1)x* — 4x3 + (4n — 16)x2 + 6x — 3(n — 6)),
B(QIT x) = X" — (n + 1)x* —4x® + (4n — 21)x? + 4x — (3n —22)},

Y(QIY,x) = x"5x6 — (n + 1)x* —4x3 + (4n — 19)x% + 8x — (4n — 30)},

W(QH, x) =x" 33— (n4+1)x6—4x°H4an—15)x*+8x3— (5n—31)x*—4x42(n—8)},
WIQN, %) = X" Sx® — (n+ 1)x* — 4x% + (4n— 16)x% + 8x — 4(n — 7)},
P(QN,x) =x" X0 — (n + 1)x* —4x> + (5n — 26)x* + 6x — 3(n —7)},
YQN, %) = x"x® — (n+ 1)x* — 4x3 + (5 — 25)x* + 4x — (4n — 26)},
P(QI, x) = x"Ox® — (n + 1)x* —4x% + (5n — 24)x* + 6x — (5n — 33)},

P(QI, x)=x""3(x3 — (n+1)x6—4x"H5n—23)x" +8x> — (6n—40)x*—4x+2(n—8)},

B(QU, x) = x" 8 — (n+ 1)x* — 4 + (5n — 26)x* + 2x — (3n— 19)},
YQI, %) = x"6x® — (n+ 1)x* —4x% + (5n — 25)x% + 4x — (4n — 28)},
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YOI, %) = X" 3 — (4 1)xC —4x 4 (5n—24)x* +4x° —4(n—7)x°+ (n—7)},

PQY, %)=x"3[x3— (n+1)x6—4x>H5n—23)x*+6x3 — (6n—39)x*—2xH2n—15)},

Y(QH, x)=x™ B — (n-+1)x—Ax H{5n—22)x* +8x3 — (7n—45)x2—4x+H3n—23)},

P(QY, %) = x" O™ — (n + 1)x® — 4x7 + (51— 21)x® + 10x° — (8n — 52)x*
— 8 + (5n—40)x* +2x — (n — 9)},

PY(QL, x)=x™ B — (n+1)xC—4x3+H5n—22)x 8x3 — (7Tn—47)x*—4x+3n—25)},

W(QY, x)=x" 3 — (n+1)x0 —4x>+H5n—21)x H1 0x3 — (6n—39)x* —2xHn—7)},
P(QR, x)=x™ 33— (n41)x°—4x 4+ (5n—23)x +8x3 — (5n—32)x* —2x+(n—7)},
YQR, %) = x"x® — (n+ 1)x* —4x3 + (5n — 23)x% + 6x — (51 — 32)},
P(QR, %)= 33— (n41)x°—4x 4 (5n—22)x +-8x3 — (5n—28)x* —2x+(n—7)},
W(QW, x)=x™ 3B — (41X —4xH{5n—21 )X H 0x3 — (Tn—43)x*—6x+3 (n—8)},
Y(QY %) = X" O — (n+ 1)x* — 43 + (5n — 24)x* + 8x — (5n — 33)),
Y(QW, %) = x"x® — (n+ 1)x* —4x3 + (5n — 25)x% +4x — (3n— 19)},
B(QY, x)=x" B~ (n+1)x°—4x +(5n—23)x"+6x>— (5n—31)x*—2x+(n—7)},
P(QL, x)=x™ 33— (n+1)x0—4x>+{(5n—22)x +8x% — (6n—39)x2 —4x+2 (n—8)},
Y(QM, %) = x"x® — (n+ 1)x* —4x3 + (5n — 22)x* + 10x —5(n — 7))},
P(QY %) = x"6x8 — (n+ 1)x* —4x% + (51— 23)x% + 8x — 4(n — 7))},
P(QL, x)=x" 88— (1 ) xe—4x>H 5 —21)x 1 0x3— (7n—46)x*—4xH2n—15)},
YQY, %) = x" o8 — (n+ 1)x* —4x3 + (5n — 22)x% + 8x — (6n — 41)},
P(QM, %) = x"x® — (n+ 1)x* —4x3 + (5n — 21)x% + 12x — (6n — 44)},
YQW, %) = x"6x® — (n+ 1)x* —4x® + (5n — 23)x% + 12x — 6(n — 8)},
YQY %) =x"0x® — (n+ 1)x* —4x® + (4n —18)x? +2(n—5)x — (n — 5)},
QU %) = X" 8xE — (n+ 1)x* —4x® + (4n— 1712 + 2n — 8)x — (n—5)},
P(QN, x) =X (X — (n+1)x°—4x H{dn—16)x>H2n—6)x*—3(n—6)x—2(n—6)},
P(Qh,x)=x"6(x® — (n+ 1)x* —4x + (5n — 26)x% + 2(n — 6)x — 2(n — 6)),



On ordering of minimal energies in bicyclic signed graphs 111

WL, %) =x"x — (n+ 1)x* —4x3 4 (5n— 26)x* + (2n— 10)x — 3(n — 6)},
WL, %) = X" S[x6 — (n+ 1)x* —4x3 + (51— 2512 + 2(n — 6)x — 3(n — 6)},
WIQL, x) = x" B0 — (n+ 1x® —4x5 + (5n— 23)x* + (2n — 8)x°

—(5n—32)x* =2 —7)x+ (n—7)},
Y(QR, %) = x"*x® — (n+ 1)x* —4x® + (5n — 24)x? + (2n — 8)x — 2(n — 6)},

II)(QH,X) =x" 3 — (n+ 1)x® —4x° + (5n — 22)x* + (2n — 6)x°
—(Bn =3 —2n—12)x+ (n—7)},

Y(Qa, %) = x"7{x" — (n+1)x> —4x* + (5n — 21)x% + (2n — 4)%°
—(en—39)x — (4n — 26)},

W(QR, x)=x"7 (X" —(n+1)x°—4xH5n—23)x*H2n—8)x* —4(n—6)x—2(n—6)},
W(QL x)=x™7 (X" — (n+1)x°—4xH5n—22)x*H2n—6)x*—4(n—6)x—2(n—6)},
YL, %) = x" (" — (n+ 1% —4x° + (5n— 21)x° + (2n — 4)x*

— (7n— 4513 — (4n —24)x* + 3(n — 8) + 2(n — 8)},
W(QL, x)=x"7{x — (n+1)x5 —Ax H{5n—22)x3H2n—4)x*—6(n—7)x—4(n—7)).

First we will show that S(Bﬁ’ﬁlﬂ) < &( }’] ). Now, consider the function

ao(x) =x° — (n+1)x* —4x* + (3n — 12)x* + 2x — (n — 5)
and proceeding similarly as in part (ii), Lemma 9, we can prove that £ (Q}J) >
E(Bf{ﬁlﬂ) for all n > 10. Also, it is easy to see that even and odd coefficients
of QIL’], k =1,2,3,...,52, alternate in sign and clearly Q}’] =< Q]L’] for all
k = 2,3,...,52. Therefore, £(Q}'") < £(QP") for all k = 2,3,...,52. This

completes the proof.
(ii). We have

$(Q1,x) = X" — (n+ 1x* + (3n — 8)x% + 2x — (n —5)},

P(Q13,x) =x"6x6 — (n+ 1)x* + (4n — 14)x2 —4x — 2(n — 6)},
Y(QIP, %) = X" Oxf — (n+ 1)x* + (4n — 14)x2 — 2x — (2n — 1)},
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P(QE3,x) = x" B — (n+ 1)xC + (4n—12)x* + 2% — (4n—20)x2 — 2x + (n—7)},
PY(QE,x) = x"*x® — (n+ 1)x* + (4n — 12)x% + 2x — (3n — 14)},
Y(QIP,x) = x"¢x¢ — (n+ 1)x* + (5n — 22)x% + 6x — 3(n — 7))},
Y(QIP, %) = x"¢xé — (n+ 1)x* + (5n — 21)x% + 4x — (4n — 26)},

QB x) = x"Ox® — (n+ 1)x* + (5n— 22)x2 — 2x — (3n — 19)},
P(QY,x) =x" " — (n+ 1)x* + (4n — 14)x* — 2(n — 5)x — (n — 5)}
Y(QUE,x) = x"Oxf — (n+ 1)x* + (4n — 13)x% — (2n — 8)x — (n — 5)},
B(QL3, %) = X7 —(n+1)x°+(4n—12)x— (2n—10)x2— (3n—14)x+2(n—6)},
P(QU5,x) =x"x® — (n + 1x* + (5n — 22)x* — 2(n — 6)x — 2(n — 6)},
Y(QLF,x) = x" O — (n+ 1)x* + (51— 22)x% — (2n — 14)x — 3(n — 6)},
P(QLE, %) = x"8[xE — (n+ 1)x* + (51— 21)x* — 2(n — 6)x — 3(n — 6)}.

First we will show that £(B%2 ;) < &( }’3). Consider the function

nn+1

an(x) =x—(m+1)x'+ (B3n—8)x*+2x— (n—5)

and proceeding similarly as in part (ii), Lemma 9, we can prove that £ Q}'3) >
E(B%2 ) for all n > 10. Also, the even and odd coefficients of Qll’g

o]
k=2,3,4,6,8,13,14,17,39,40,41,42,43,44,
alternate in sign and clearly Q}® < Qp!, for all
k =3,4,6,8,13,14,17,39,40,41,42,43,44.
Therefore, &( }’]) < E(QLJ) for all
k =3,4,6,8,13,14,17,39,40,41,42,43,44.

This completes the proof.

(iii, iv). The proof is similar to (1). O
Let Q¥', k = 1,2,3,...,34 be the graphs as shown in Figure 9. Then it

is easy to see that there are four switching classes on the signings of

k=1,2,3,...,34. Let QiJ7 %2, %3, Q%“, k=1,2,3,...,34, respectively be
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the representative for these four switching classes, where Qi’] contains C;, CI
and C;; i’z contains C3, C; and C;’; %3 contains Cj, CI and Cy; and Q%‘l
contains C;’, C, and Cy. It is easy to see that Qi’] are switching equivalent to

%3 and Q%z are switching equivalent to —Q%“, therefore £ (Q%]) =& (Q%g‘)
and &( %2) =& %4) for all k = 1,2,3,...,34. Thus, we can regard Q%l
and Q%3 as identical, Q%z and Q%A‘ as identical, respectively. Also, b4(Qﬁ>r) >
5n— 21 for all k = 7,8,...,34, k # 26 and r = 2,4, therefore we omit these
signed graphs here, as these signed graphs will be considered later. With these
notations, we have the following result, whose proof is similar as in Lemma
18. So we skip the proof here.

Lemma 19 For all n > 10, we have
(1) E(B7% ) <E(QP) < E(QRY) for all k =2,3,...,34.

(i1) £(QP") < £(QP?) < £(Q?) for all k = 2,3,4,5,6,26.

Let Q?’] be the graph as shown in Figure 10. It is easy to see that there
are four switching classes on the signings of Q?’]. Let Q?J, ?’2, ?’3, Q?’3 be
the representative for these four switching classes, where Q?’] contains C3+, C;r
and Cg; Q?*Z contains C3, C5 and C6+; Q?ﬁ contains C3, C;r and C¢; and Q?’A‘
contains C;, Cs and C;. It is easy to see that Q%J is switching equivalent to
—Q3? and Q3? is switching equivalent to —Q3?, therefore £(Q3') = £(Q3?)
and E(Q?‘3) = E(Q?"‘). Thus, we can regard Q?J and Q?’z as identical, Q?:’
and Q?A as identical. Also, let QﬁJ, k=1,2,3,4,5,6 be the graphs as shown
in Figure 10. Then it is easy to see that there are three switching classes on
the signings of i’], k =1,2,3,4,5. Let Qi’], Qi’z, Qﬁﬁ, k =1,2,3,4,5,6,
respectively be the representative for these three switching classes, where Qﬁ’]
contains Cj, CI and Cg; Qﬁ’z contains C,, Cj{ and Cg; Qiﬁ contains C,, C,
and C[. It is easy to see that bs(QpT) >5n—21 for all k = 2,3,4,5,6, 7 =2,3
and therefore we omit these signed graphs here, as these signed graphs will
be considered later. With these notations, we have the following result, whose
proof is similar as in Lemma 18. So we skip the proof here.

Lemma 20 For alln > 10, we have (1) S(Bi’ﬁH]) < S(Q?J).

(it) (B .) < E(QP?).

(iit) E(Bpt.y) < E(QPN) < £(QyY) for all k = 1 when t = 2,3 and k =
2,3,4,5 when t =1.

(iv) £(B2A.1) < £(Qgh).

n,n+1
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Let %1, k=1,2,3,...,15, be the graphs as shown in Figure 11. Clearly,
there are two switching classes on the signings of Q%] k=1,2,3,...,15. Let

%] and Q%z, k=1,2,3,...,15, be the representative for these two switching
classes, where Qi’] contains CI, Cj, Cj; and Qi’z contains C,, C, and Cj{
respectively. Also, let QﬁJ, k=1,2,...,7, be the graphs as shown in Figure
11. Then it is easy to see that there are three switching classes on the signings
of QﬁJ, k=1,2,...,7. Let Q%], %2, Qi’3,k =1,2,...,7 respectively, be the
representative for these three switching classes, where Qﬁ’l contains Cj{, C;r
and C;r; %2 contains Cj{, Cs and Cy; Qiﬁ contains C,, (:5+ and Cg . It is easy
to see that Qfﬂ is switching equivalent to —Qﬁ‘z. Therefore, &( ﬁ*]) =& (Q%z)
for all k = 1,2,...,7, thus we can regard Q%] and Q%z as identical. Also,
bs(Q?) > 5n — 21 for all k = 3,4,...,15 and bs(Q>3) > 5n — 21 for all
k = 2,3,...,7. Therefore, we omit these signed graphs here, as these signed
graphs will be considered later. With these notations, we have the following
result, whose proof is similar as in Lemma 18. So we skip the proof here.
Lemma 21 For all n > 10, we have (i) S(Bi”znﬂ) < &( ?’1) < E(Q%t) for
allk=1,2 whent=2 and k=2,3,...,15 when t = 1.
(i) £(QY") < £(Q%Y) for allk =1 when t = 3 and k = 1,2,3,...,7 when
t=1.

Now, we have the following theorem.

Theorem 22 LetS € (n,p,q,1), S#Skt . (k=0,1,2,3 andt =1,2,3),

n,n+1

1,2,3), wheren>17, p >3, q >3 and v > 1. Then £(S) >€(B${§1+1)-

Proof. As C, and C4 have v > 1 common edges, we first assume that v > 6,
and let Py = eje;...e; be the path formed by these r edges. Choose the cut
set as Z = {ej, e;}, so that S—{ey, e;} has two components say S’ and S”, where
S’ is a signed tree on my > 5 vertices and S” is a unicyclic signed graph on
m; > 5 vertices. Therefore the result follows by Lemmas 14 and 15. This proves
the result for r > 6 and n > 17. For r < 5, the above technique still applies
but we need to consider several cases while choosing the cut set. For r < 5, we
prove the result by inductiononn —p —q+ 7. Clearly n—p —q+1 > —1.
Ifn—p—q+1r=—1, then S has no pendant edge. We consider the following
cases, (i) r=1, (ii) r=2 and (ii1) 3 <r < 5.
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Figure 10: Signed graphs Q?Y] and QiJ, k=1,2,3,4,5,6

Case (i). If r=1,thenn—p—q=—2orn=p+q—2. Asn>17,S can
have at most one 4-cycle. If p =4, then n = q + 2. Now, by (3.1), we have

(g2 +3q—10), if 4-cycle is positive

bs(S)=q—2 Cgi2,2) 2=
48l =4d Fm(Car2,2) { (g2 +3q—2), if 4-cycle is negative.

ISIE STE

As bs(B%2 ) =5n — 21, so by(B2 q+2 q+3) 5q — 11 and therefore

n,n+1

(q2—7q+12), if 4-cycle is positive
(q2—7q+20), if 4-cycle is negative.

NI =N —

by(S)— b4(Bq+zq+3)_b4(5)—(5n—11):{

Since n > 17, so g > 15 and thus by(S) — (Béiz q+3) > 0. If there is no 4-
cyclein S, then since n = p+1—2, we have b4(Bnn+]) =5n—11 =5(p+q)—31.
Also,

1
b4(S) =m(S,2) = M(Cpig2,2) +P+q—6=5(p+ ) ~5(p+q) 2]

and so

;[(p+q)2—15(p+q)+60] >0

because n > 17 and so p+ q > 19.

Case (ii). Let v = 2, so that in this case n = p + q — 3. Again, S can have at
most one 4-cycle. Suppose S contains a 4-cycle and let p =4. Thenn =q+1
and so b4(B121n+1) (B%HI q+2) =5q — 16. Also,

b4(S) = ba(Biriy) =

q(q—3)

+ 2.
2

b4(S) =2(q—2) +m(Cq,2) £2=2(q—2) +
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Therefore,

(q2—9q+20), if 4 cycle is positive

b4(S)—ba(BE? o.2)=bs(S)—(5q—16)=
4(5)=0a (Bt 012)=0a(5)=(5 ) { (q2—9q+28), if 4 cycle is negative.

SIE TR

Asn >17,s0 q > 16 and therefore bs(S) — b4(B¢24’er1,q+2) > 0. Suppose S does
not contain a 4-cycle. Then

b4(S) = m(5,2) = 2(p + 4~ 6) + M(Cprq 1,2
= @p+a-6)p+a-Ap+q-7)
= (p+a) ~7(p+q) +4)
Therefore
04(S) — ba(B2 ) = 3((p + )~ 17(p + ) + 76 >,

since p + q > 20.
Case (iii). If 3 <r <5, thenn =p+q—1—1. So S does not contain a
4-cycle. Then proceeding similarly as above, we can prove that

:
bs(S) —bs(BR3 1) = Sl + q)?—13(p+q)+1°+13r—2(p + q)r + 46} > 0.

This proves that the result is true for n —p — q + r = —1. Assume the result
to be true forn—p—q+1 < p’, where p’ > 0. Let n—p —q+ 1 =p’. Then
S has a pendent edge, say e = uv, with v as a pendant vertex. Apply Lemma
4, we have

by(S) = bs(S —{v}) + b2(S —{u,Vv})

and
bs(Bih 1) = ba(BR2 1) + b2(Ss).

By induction, it is easy to see that bs(S—{v}) > b4(B${E1)n) and by (S—{u,v}) >

5=by(Ss) if S £ S, (k=0,1,2,3and t =1,2,3), BEL, | (k=0,1,2, and
t:],Z), Ql{,thr] (t:1>2)7 Q%{,tn+] (t:]7273>4)7 ?{:En+1 (t:],2,3), 11<’t
(k=1,2,...,52 and t = 1,2), Q13 (k = 1,2,...,14,17,18,30,39,40, .. .,44),
Q¥ (k = 1,2,3,...,34 and t = 1,3), Q** (k = 1,2,3,4,5,6,26 and t =
2)4)7 Q?’t (t = 1)2)3>4)7 QiJ (k = ])2)---)6)> Q?’t (t = 2)3)7 Q%] (k =
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1,2,...,15), Q3% , Q3% Q%' (k = 1,2,...,7 and t = 1,2) and Q$°. Thus
bs(S) > b4(B$12n+1) Further as S € 0(n,p,q,1), so by(S) > 0 for all j > 3.
Also, by;(B nn+1) = 0 for all j > 3 and by;1(B n2n+1) = 0 for all j > 0. The
second summand of logarithm in integral formula given in Theorem 2 is non
negative for the signed graph S € 6(n,p, q,r) (in fact for every signed graph).

Hence, S = B22 .. By integral formula given in Theorem 2, we see that £(S) >

nn+1-
5(B§2n+]) IfS = anﬂ, QmH, anH, b (k=1,2,...,52and t = 1,2),
QI3 (k = 1,2,...,14,17,18,30,39,40, . ), Q2t (k = 1,2,3,...,34 and

t=1,3), Qi’t (k = 1,2,3,4,5,6,26 and t = 2,4), Q?’t (t =1,2,3,4), Qﬁ’]
(k = ])2)'-'a6)a Qz]t’t (t = 2)3)7 %1 (k = 1)2)"')]5)5 Q?’z ) Qg’zv Q]@t
(k=1,2,...,7 and t = 1,2) and Q16’3, then the result follows by Lemmas 9,
18, 19, 20 and 21. This completes the proof. O

Theorem 23 Among all bicyclic signed graphs with n > 17 wvertices, Bn ]
is the signed graph with 20" minimal energy for all m > 30 and with 16"h
minimal energy for all 17 < n < 29. Also, we have ordering of energies in
ascending order as follows.
(1) For alln > 30, we have

E(S%LH E(Sp )<5(51°1‘1+)<5(B9l11+1)<5(5’n+1) (nn-H)

nn+

( nn—H) < g( nn—H) < 5(8311714-1) < 8( nn-H) < g(snn-H) 5( nn+1)
( nn+1)

( nn+1) 5( nn+ ) < 5( ) < 5( %1’,]n+1) :8( ?12n+1)

E( nn+1)<g( nn+1) <& nnH):8(H$l)n+1)<€(Bn]n+1)<€(53’]n+1)
(Si%w]) < 8(51313n+1) <&(B nn+1)

(i1) For all 17 < n < 29, we have
E(SGT ) = E(S%% 1) < E(S%3, 1) < EBY] 1) < &SP 1) = E(ShA )

n,n+1 n,n+1
< g(sltsﬂ-i-]) < 5(3?1211+1) < g(lelnH) <&l nn+1) < g(si]nﬂ) S(Siiﬂ) <

5(Si3n+1)<5( nn-H) (an+1)
<5(B:1271+1)<5(B$1]n+1)<5(s ’n+1) E(Syhn) <E(S] ’n+1)<g( nn-H)

n,n+1

Proof. This follows by Corollary 10 and Theorems 12, 17 and 22. O
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