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Abstract. Let G be a connected graph with n vertices, m edges.
The distance signless Laplacian matrix DQ(G) is defined as DQ(G) =
Diag(Tr(G)) + D(G), where Diag(Tr(G)) is the diagonal matrix of
vertex transmissions and D(G) is the distance matrix of G. The
distance signless Laplacian eigenvalues of G are the eigenvalues of
DQ(G) and are denoted by 0%(G),03(G),...,dR(G). dY is called
the distance signless Laplacian spectral radius of DQ(G). In this
paper, we obtain upper and lower bounds for Spq(G) in terms of
the Wiener index, the transmission degree and the order of the
graph.
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1 Introduction

Let G be a connected simple graph with vertex set V(G) = {vi,v2,...,v})
and edges set E(G). In G, the distance d(vi,Vv;) between the vertices v;
and vj is the length of (number of edges) the shortest path that connects
vi and vj. The diameter of G is the maximum distance between any two
vertices of G. The distance matrix of G is an n X n matrix in which the
(i,j)"-entry is equal to the distance between vertices v; and Vvj, that is,
D;i;(G) = dij = d(vi,v;). For more definitions and notations, we refer to
[10].

In G, the distance degree of a vertex v, denoted by Trg(v), is defined to
be the sum of the distances from v to all other vertices in G, that is,
Trg(v) = Zuev(G) d(u,v). We can also write Trg(v;) as Tr;. A graph G is
said to be k-transmission regular if Tr; =k, for each i =1,2,...,n. The
transmission degree sequence is given by {Try, Try, Trs, ..., Try}. The sec-
ond transmission degree of v;, denoted by T, is given by T; = Z?:] dyj Trj.
The Wiener index of graph G, denoted by W(G), is the sum of the dis-
tances between all unordered pairs of vertices in G, that is,

Z du, Z Trg(v

u VveV(G uEV

Let Trg = diag(Try, Tra, ..., Try) be the diagonal matrix of vertex trans-
missions of G. Aouchiche and Hansen [5] introduced the Laplacian and
the signless Laplacian for the distance matrix of a connected graph G.
The matrix DQ(G) = Tr(G)+D(G) (or simply D?) is called the distance
signless Laplacian matrix of G. Since DQ(G) is symmetric (positive semi-
definite), its eigenvalues can be arranged as: a?(G) > a?(G) > e >
09(G), where aQ(G) is called the distance signless Laplacian spectral ra-
dius of G. If aQ(G) is repeated p times, then we say that the multiplicity
of aQ(G) is p and we write m(aiQ(G)) = p. As D?(G) is nonnegative and
irreducible, by the Perron-Frobenius theorem, a?(G) is positive, simple
and there is a unique positive unit eigenvector X corresponding to a?(G),
which is called the distance signless Laplacian Perron vector of G. The
distance signless Laplacian spread of a graph G, denoted by Spe(G), is
defined as Spe (G) = 6?(6)—62(G), where a?(G) and 09(G) are respec-
tively the largest and the smallest distance signless Laplacian eigenvalues
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of G. Some recent work on distance signless Laplacian eigenvalues can
be seen in [1, 4, 8, 11, 12, 13, 14].

The rest of the paper is organized as follows. In Section 2, we obtain
lower and upper bounds for Spe(G) in terms of the Wiener index W(G),
the transmission Tr and the order n of G.

2 Bounds for spread of distance signless
Laplacian matrix

For a graph G with n vertices, let Tr,(G) = max{Tr(v) : v € V(G)}
and Triuin(G) = min{Tr(v) : v € V(G)}. Whenever the graph G is under-
stood, we will write Triax and Trpin in place of Trie (G) and Trnin(G),
respectively. From the definitions, we have 2W/(G) = 61Q + a? +---+0Q.
Also, Triax > WIS and Trmin < ZW(G), where 2YC) s the average trans-

n n n
mission degree. First we note the following observations.

Lemma 1 [2] Let G be a simple, connected graph. Then

) 2 . 2
Trmin + /T34 + 8Thnin < 6? G) < Trmax + vV T2 0 + 8Tmax

equality hold if and only if the graph is transmission reqular.

Lemma 2 [6] Let G be a connected graph with minimum and mazimum
transmissions Trmin and Trnee. Then 2Trm < a?(G) < 2Trmax, and the
equality hold if and only if G is transmission reqular.

Now, we obtain bounds for the distance signless Laplacian spread Spq (G)
of a graph G in terms of the Wiener index W(G), the order n, the
maximum transmission degree Tro(G) and the minimum transmission
degree Trpin of G.

Theorem 3 Let G be a connected graph with n vertices having Wiener
index W(G). Then

N(Trmin + /T2, + 8Thmin) — 4W(G

2n—1)
- N(Trnax + /T2 0 + 8Tmin) —4W(G

) < 500(G)
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Equality holds in the left if and only if G = K.

Proof. Let a?(G),ag(G),...,ag(G) be DQ(G)-eigenvalues. Then we
have

2W(G) = 0P(G) +02(G) + -~ +03(G) = d(G) + (n — 1)3R(G),
which implies that 0Q(G) < %, with equality if and only if
aS(G) = a?(G) = ... =0%(G). For equality, consider the following two
cases.

Case 1. Clearly, a?(G) = aZQ(G) = GS(G) = ... = 09(G), is not possible,
since the spectral radius of DQ is always simple.

Case 2. 3%(G) > 0%(G) and 0%(G) = 3%(G) = --- = 0(G). Then
G = Ky, as K, is the unique graph having only two distinct distance
signless Laplacian eigenvalues. Therefore,

2W(G) — 3%(G)
n—1

Spe(G) =3%(G) —a9(G) > a%(G) —

(n—1)d2(G) —2W(G) — 37(G)
n—1
~ ndR(G) —2W(G)
N n—1 )

Now, using Lemma 1, we get

n(Trmm+\/Tr212nm+8Tm-m) B ZW(G)
Spe(G) >

. T'I.(TTmin + T2 + STmin) — 4W(G)

min

2(n—1) ’

with equality if and only if G = K. Also, we have 2W(G) = 81Q(G) +
62Q(G)+- ~+09(G) < (n—1)6]Q(G)+aS(G). We observe that the above
inequality is strict as the distance signless Laplacian spectral radius is
always simple, that is, 09(G) > 2W(G) — (n — 1)6?(G). Therefore,

Spe(G) = 3P(G) —3R(G) < F(G) —2W(G) + (n— 1)d%(G).
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By using Lemma 1, we get

S o (G) < n(Trmax + Tr%lax + STmin)
D

—2W(G)

- UTrnax + /T + 8Tima) — 4W(G

and we get the desired result. 0

The following lemma will be used in the next theorem.

Lemma 4 [15] Let G be a connected graph on n vertices. Then d%(G) >

L%(G) with equality holding if and only if G is transmission reqular.

Theorem 5 Let G be a connected graph of order n. Then Spe(G) >
2W(G) , and equality holds if and only if G = K,,.

n—I1

Proof. If a?(G), ag(G), ..., 09(G) are DR(G)-eigenvalues, then we have
2W(G) = 07(G) +03(G) + -~ +33(G) = 3P(G) + (n — 1)2F(G),

G)-%(G
T

which implies that 9@ < 2018 "with equality if and only if G = K,,.
Therefore,

_3Q
Spa(G) = R(G) —2¢(G) = dR(G) — ZW(C;)_ 151 (G)
(n —1)AR(G) — 2W(G) + 3P (G)
n—1
_ ndP(G) —2W(G)

n—1

Using Lemma 4, we get Spa(G) = 0%(G)—0Q(G) > 1Y equality holds

if and only if G = K. U

Since D?(G) is nonnegative and irreducible, by the Perron-Frobenius
theorem, 6? is positive, simple and there is a unique positive unit eigen-
vector X corresponding to a?. Using Lemma 4 and the fact that a?(G) >
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/s 2
zz%ﬁi, equality hold if and only if G is transmission degree regular
graph [9], we get

S 2(n—1)y/> 5, Tr? —2W(G)
n—1 ’

Spe(G) >

and equality holds if and only if G is transmission degree regular graph.

Lemma 6 [3] If the transmission degree sequence of G is{Try, Try ..., Try},
then N N
Y 26 =2 Y (dy?+ ) T
i=1 1<i<j<n i=1
Theorem 7 Let G be a connected graph with n vertices. Then
R] — 4TT12111n
SDQ(G) > ZTrmin_ - 1
n—1

and equality holds if and only if G = K.

=2 Z1gi<j§n(dii)2 +

Proof. From Lemma 6, we have ) | aiQ(G)2
> 0%(G)" + (n—1)02(G)’,

S Tr? = Ry. Cleatly, Ry = Y, 99(G)*

2
R;—0%(G)
n—1

which implies that 9Q(G) <
G = K,. By using this inequality for 09(G), we have

, with equality if and only if

2
R; — 0%(G
Spe(G) =37 (G) —dR(G) > dY(G) — 1n—_1§)
Now, using Lemma 2, we get
Ry —4Tr2.
Spa(G) > 2Trmin — { | ———min
n—1

which is the required inequality. Clearly, the equality holds if and only if
G =K,. [
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Remarks. If G is a connected graph of order n, then 03(G) < Trmin,
where Trpi, is the smallest transmission [7]. From Theorem 7, we have
Spa(G) > 2Trpin — 0(G). Combining, we get a?(G) —0%(G) > Troin-

If G is a connected graph of order n > 2, then 61Q(G) >2(n—1)[9].
Using the inequality 0Q(G) < 28 we get Spo(G) = 0%(G)—0Q(G) >

n

2W(G)) _ 2(n(n—1)-W(G))

2m—1) - == ==~ .
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