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1 Introduction

Let C' be a nonempty subset of a normed space X. A mapping T': C' — C
is called
(i) nonexpansive if

1Tz =Ty|| < [lz =y, v,y € C.
(ii) strictly pseudocontractive if there exists k < 1 such that
1Tz —Ty|]* < ||z = y|* + kllz —y — (Tx = Ty)||, Yo,y € C.

T is also called k-strictly pseudocontractive.
If K =1 in the previous inequality, then T is called pseudocontractive.
It is easy to see that every nonexpansive mapping is strictly pseudocontrac-
tive and every strictly pseudocontractive mapping is pseudocontractive but
the reverses are not more true. Moreover, like in the case of nonexpansive
mappings, any strictly pseudocontractive operator is Lipschitz continuous
([28]), i.e.,

[Tz — Tyl < L|jz — yl|,Vz,y € C, (L > 0).

An element z € C is said to be a fized point of T is Tx = x. Denote by
Fiz (T) the set of all fixed points of T

The notion of strictly pseudocontractive operator in Hilbert spaces has been
introduced and studied by Browder and Petryshyn [15], where the following
result has been established.

Theorem 1.1. Let C be a bounded closed convex subset of a Hilbert space
H and T : C — C be a k-strictly pseudocontractive mapping. Then, for any
giwen xg € C' and any fived number v such that 1 —k < v < 1, the sequence

{,}52, given by
Tny1 = (1 =)z, +yTx,, n >0, (1.1)

converges weakly to some fixed point of T. If, in addition, T is demicompact,
then {x,}>2, converges strongly to some fized point of T

For some early developments emerging from Browder and Petryshyn paper
[15], we refer to [13], [17], [20], [21], [22], [25], [26], [27], [32], [28], [33], [34],
[35], [36] etc.

On the other hand, the author in [4], generalized the notion of nonexpansive
mapping by introducing the concept of b-enriched nonexpansive mappings,
as follows.
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Let (X, || - ||) be a linear normed space. A mapping 7" : X — X is said to be
enriched nonexpansive if there exists b € [0, 00) such that

1b(z —y) + Tw = Tyl| < (0 + 1)z —yl|, Ve, y € X. (1.2)

Note that nonexpansive mappings correspond to the case b = 0 in (1.2).

In [4] it has been shown that, under appropriate circumstances, any b-
enriched nonexpansive mapping has at least one fixed point and then it was
presented an iterative algorithm for the computation of the fixed points of
b-enriched nonexpansive mappings for which there were presented weak and
strong convergence theorems. For other related results based on the tech-
nique of enrichment of contractive type mappings, see also [5]-[10].

Starting from these facts, the aim of this paper is twofold: first, to introduce
and study the class of enriched strictly pseudocontractive mappings, which
naturally include the enriched nonexpansive mappings as well as the strictly
pseudocontractive mappings in the sense of Browder and Petryshyn [15], and,
secondly, to present a constructive method for approximating the fixed points
of enriched strictly pseudocontractive mappings in Hilbert spaces.

We shall need in the proof of our main results the following two definitions.

Definition 1.1. [30] Let H be a Hilbert space and C' a subset of H. A map-
ping T : C — H 1is called demicompact if it has the property that whenever
{un} is a bounded sequence in H and {Tu,, —u,} is strongly convergent, then
there exists a subsequence {un, } of {u,} which is strongly convergent.

Definition 1.2. [15] Let H be a Hilbert space and C a closed convex subset
of H. A mapping T : C — C' is called asymptotically reqular (on C') if, for
each x € C,

| T2 — T"z|| — 0 as n — oo.
The following Lemma, which is adapted after Corollary to Theorem 5 in [15]
will be also used in the proof of the main result of the next section.

Lemma 1.2. Let H be a Hilbert space and C' a closed convex subset of H.
If the mapping U : C — C' is nonexpansive and Fix (U) # 0 then, for any
given A € (0,1), the mapping Uy = I + (1 — \)U maps C into C, has the
same fized points as U and is asymptotically regular.

2 Approximating fixed points of enriched strictly pseu-
docontractive mappings by Krasnoselskij iteration

Definition 2.1. Let (X, ||-||) be a linear normed space. A mapping T : X —
X is said to be an enriched strictly pseudocontractive mapping if there exist
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be[0,00) and k < 1 such that for all x,y € X,
Ib(x —y) + Ta — Tyl|* < (b +1)*|la — yl|* + kllz —y — (T — Ty)|*. (2.1)
We shall also call T as a (b, k)-enriched strictly pseudocontractive mapping.

Example 2.1. 1) Any strictly pseudocontractive mapping T is a (0, k)-
enriched strictly pseudocontractive mapping, i.e., it satisfies (2.1) with b = 0.
2) Any b-enriched nonexpansive mapping is a (b, k)-enriched strictly pseudo-
contractive mapping for any k < 1.

Now we can state and prove the main result of this section.

Theorem 2.1. Let C be a bounded closed convex subset of a Hilbert space H
and T : C' — C be a (b, k)-enriched strictly pseudocontractive and demicom-
pact mapping. Then Fix (T) # 0 and, for any given xo € C' and any fized
number 7y, such that 0 < v < 1—k, the Krasnoselskij iteration {x,}°, given

by
Topr1 = (L =)z, + YTz, n >0, (2.2)

converges strongly to a fixed point of T

Proof. Using the fact that T is (b, k)-enriched strictly pseudocontractive and
1
denoting b = X~ 1, it follows that A € (0, 1] and thus (2.1) is equivalent to

1=\ (@ =)+ ATz = ATy|? < [lz—y|*+ k| Ax—Ay— ATz —Ty)|l, (2:3)

for all z,y € C.
Denote Thx = (1 — X\)z + ATz, where [ is the identity map. Then inequality
(2.3) expresses the fact that

IT5e = Tayll” < llz —yll* + kllz —y — (The = Tay) %, V2,y € €, (2.4)

i.e., the averaged operator T} is k-strictly pseudocontractive.
Next, we prove that the operator U = I — T), satisfies the inequality

1—k

where k is the constant involved in (2.1). Indeed, by (2.4) we have
IToe — Tyll* < |l — ylI* + KUz — Uy)|*, Yo,y € C. (2.6)
On the other hand,

ITe = Dyl* = (1 = U)z = (I = UylI* = lz —y — (Uz = Uy)||*
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=z —yl* + Uz - Uyl* =2 (Uz — Uy,z —y)
which, by (2.6) implies
lz = yl* + Uz = Uyl* = 2 (Uz = Uy,z — ) < |l — yl* + &l|Uz — Uy)|?

from which we get the desired inequality (2.5).
For ¢ > 0, consider the map U; = (1 —t)I +tT), where [ is the identity map,
which means U; = (1 —t)[ +t(I —U)=1—1t-U. Hence

1Ue(z) = Ue)II* = lz —y — t(Uz = Uy)|I* = [z — y||* + t*| Uz — Uy]|*
—2t{Uz — Uy, x — y),
which, by means of (2.5) yields
V(@) = Uew)II* < llz = ylI* + (#* = (1 = b)) [Uz — Uyl|*.

This shows that, for any ¢ satisfying 0 < ¢t < 1 — k, the mapping

U=1—-t-U=1-t)I+t-T\=1—- )]+ N\T
has the property

|Ui(z) = Un(y)|| < [lz —yl|, Yo,y € C,

that is, U, is nonexpansive. In order to prove the last part of the theorem,
consider the sequence {x,}°, given by

Ty = (1 = p)w, + plUiz,, n > 0,

where 0 < p < 1. It is obvious that {z,}>2 lies in C' and hence it is bounded.
Denote V), = (1 — p)I + pU;. Then, since U, is nonexpansive, by Lemma 1.2
it follows that V), is asymptotically regular, i.e.,

|z — V|| = 0 as n — oo. (2.7)
We also have
Vir — o = (U — ) = th\u(Tx — z), (2.8)

and hence
|zn — Upy]| — 0, as n — oo.

Since, by hypothesis, 7" is demicompact, it follows by (2.8) that V), is demi-
compact, too. Hence, in view of (2.7), there exists a subsequence {z,, } of
{z,}22, which converges strongly in C'. Denote

lim z,, =q.
k—o0
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Then, by the continuity of U, it follows that V), is continuous and hence
Vin, — V,uq, as k — oo.

Therefore, {z,, — V,2,, } converges strongly to 0 and simultaneously, {z,, —
V,x,, } converges strongly to ¢ — V,,q, which proves that ¢ = V,q, i.e.,

q € Fiz (V,) = Fiz (Uy) = Fiz (1)) = Fiz (T).

The convergence of the entire sequence {z,}>°, to ¢ now follows from the
inequality
”anrl - QH < Hxn - qH? n =0,

which is a direct consequence of the nonexpansivity of V,, (which, in turn, is
a consequence of the nonexpansivity of Uy).
Hence, for any xy € C, the Krasnoselskij iteration {z,}5°,, given by

Tpi1 = Vytn = (1 — ), + pUiz, = (1 — p)x, + pl(1 — Xt)z,, + Mz,

= (1 = \ut)z,, + A\utTz,,

converges strongly to ¢ € Fix (T) as n — oc.

To get exactly the formula (2.2) for the Krasnoselskij iteration {x, }32, given
above, we simply denote v = Aut and use the fact that ¢ € (0,1 — k) to get
the inequality v € (0,1 — k). O

Remark 2.1. Theorem 2.1 is an extension of Theorem 12 in Browder and
Petryshyn [15], by considering instead of strictly pseudocontractive mappings
the larger class of enriched strictly pseudocontractive mappings.

As a corollary of Theorem 2.1, we present the strong convergence part of
Theorem 12 in [15].

Corollary 2.2. (Theorem 12, [15]) Let C be a bounded closed convex subset
of a Hilbert space H and T : C — C' be a k-strictly pseudocontractive and
demicompact operator. Then Fixz (T) # 0 and for any given xq € C' and any
fixzed number v, 0 < v < 1 —k, the Krasnoselskij iteration {x,}:°, given by

Tpy1 = (1 - 7)%1 + ’7T$n, n =0,
converges strongly to a fized point of T'.

Proof. A k-strictly pseudocontractive mapping is a (0, k)-enriched k-strictly
pseudocontractive mapping. Hence, Corollary 2.2 follows from Theorem 2.1
for b =0, that is, for A = 1. O
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We now prove a weak convergence theorem which is an extension of the weak
convergence part of Theorem 12 in [15] and corresponds to the case when T
is not more demicompact.

Theorem 2.3. Let C be a bounded closed convexr subset of a Hilbert space
H and T : C — C be a (b, k)-enriched strictly pseudocontractive mapping.
Then Fixz (T) # 0 and, for any given xq € C and any fixzed number vy, such
that 0 < v < 1 — k, the Krasnoselskij iteration {x,}>, given by

Tpy1 = (1 — )z, + T2y, n >0,
converges weakly to a fixed point of T

Proof. We proceed like in the first part of the proof of Theorem 2.1 and get
the conclusion that the mapping U, = (1 — At)I + AT is nonexpansive.
To prove the theorem, it suffices to show that if {z,}32, given by

Tpj+1 = (1 - ,u)xnj + ,uUtxnja ] > 07

converges weakly to a certain py, then py is a fixed point of U; (and of
T\ = (1 = X)I + AT and hence of T and therefore py = p.

Suppose that {z,,}32, does not converge weakly to p.

Using the same arguments like in the proof of Theorem 2.1, we obtain that
V, = (1 — p)I + pU; is nonexpansive and asymptotically regular, that is,

|Zn; = Vuy, || — 0, as j — oo,
On the other hand
12n; = Vipoll < [IVirn; = Vipoll + [[arm; = Vi, |
< ln; = poll + lzn; = Vi, [l
which implies that
limsup (||zn, — Vupol| — [|#n, — pol|) < 0. (2.9)
Similarly to the proof of Theorem 2.1 in [4], we have
12, = Vipoll* = [l (@a; — po) + (Po = ViwolI*

= ||2n, — ol + [lpo — Vupoll” + 2(n; — po;po — Vo),
which, together with the fact that {x,,} converges weakly to py, implies

I* -

Tim [z, = Vol = llzm, = poll] = llpo = Vol (2:10)
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We also have

I”

2, = ViwolI* = |z, — poll* = (llzn, = Viwoll = llzn, — poll) -

(l2n; = Viwoll + 1z, = poll) - (2.11)

Since C' is bounded, the sequence {||z,, — V.pol| + ||2n, — pol|} is bounded,
too, and therefore by combining (2.9), (2.10) and (2.11), we get

lpo = Vipoll = 0,

that is,
V“po = Do,

which implies

po € Fix (V,) = Fiz (Uy) = Fiz (T) = {p}.

3 Approximating fixed points of enriched strictly pseu-
docontractive mappings by Mann iteration

The aim of this section is to show that, under appropriate assumptions,
we can obtain convergence theorems for Mann type iterative scheme, which
generates a sequence {z,} in the following manner:

where 7, is a real sequence in (0,1) and x( is the initial guess. Note that
Krasnoselskij iteration (2.2) is obtained from (3.1) when the sequence {7, }
is constant.

Marino and Xu [25] have proved weak and strong convergence theorems,
by using algorithm (3.1) in order to approximate fixed points of k-strictly
pseudo-contractive mappings, with the control sequence 7, satisfying some
appropriate conditions. The aim of this section is to extend Marino and Xu
[25] and other related results from k-strictly pseudo-contractive mappings to
enriched (b, k)-strictly pseudo-contractive mappings.

In order to establish our convergence theorems, we collect some auxiliary
results mainly taken from Marino and Xu [25].
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Lemma 3.1. (Lemma 1.1, [25]) Let H be a real Hilbert space. Then the
following identities hold:

(@) e £yll* = ll=l* £ 2z, y) + lyl*, Yo,y € H;

(i) [ftz+(1=t)y|* = tz*+ A=)yl —t(1-t) [l —y[|*, V¢ € [0,1], Yo,y € H.

(111) If {z,} is a sequence in H weakly convergent to z, then

limsup ||z, — y||* = limsup ||z, — 2|* + ||z — y|]*,Vy € H.

n—oo n—oo

Lemma 3.2. (Proposition 2.1, (ii),[25]) Let C be a closed convex subset of a
Hilbert space H and T : C' — C be a k-strict pseudo contraction. Then I —T
is demiclosed (at 0), that is, if {x,} is a sequence in C such that z, = T
and (I —T)x, — 0, then (I —T)T = 0.

Theorem 3.3. Let C be a bounded closed convex subset of a Hilbert space
H and T : C — C be a (b, k)-enriched strictly pseudocontractive mapping
for some 0 < k < 1. Then Fiz (T) # () and, for any given xq € C and any
control sequence {ay,}, such that k < o, < 1 and

o0

> (an = k) (1 = ay) = o0, (3.2)

n=0
the Krasnoselskij-Mann iteration {x,}>, given by
Tpr1 = (1 = Az, + A, Ty, n > 0,
for some X € (0,1), converges weakly to a fixed point of T.

Proof. Using the fact that T is (b, k)-enriched strictly pseudocontractive and

1
denoting b = 3T 1, it follows that A € (0, 1] and thus from (2.1) we obtain

I(1=N)(z—y) + ATz = ATy|* < |z =yl + k| Az — Ay = NTz = Ty)[*, (3.3)

for all x,y € C.
Denote Thz = (1 — N\)x + ATz, where [ is the identity map. Then inequality
(3.3) expresses the fact that

ITe = Tayll* < llo =yl + kllz —y — (Da = D)%, Ve,y € C, (3.4)

i.e., the averaged operator T) is k-strictly pseudocontractive. By Theorem
2.1, Fiz (T\) = Fiz (T) # 0. Let p € Fix (T)).
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By Lemma 3.1 (ii), we have

Hxn-&-l _pH2 = Han(xn —-p)+(1- O‘n)<T>\xn - p)||2 = Oan:L‘n —p||2
+(1 = )| Thzn — pH2 — an(l — ay) ||z, — TAanQ < ap |7, —p”2
+(1 - O‘n)(HTAIn - sz + kan - TAxN||2) —ap(l - an>”xn - TkanQ
= [|zn = plI* = (an = E)(1 — o) |20 — Taza . (3.5)
Based on the properties of {a,}, we get

Hanrl _pH < Hxn _pH

which shows that the sequence {||x,, — p||} is decreasing.
Hence lim ||z, — p|| exists. By (3.5) we also get
n—oo

o0

> (= k)1 = )|z — Tz |)* < Jlzo — pl|* < 0. (3.6)

n=0

Using condition (3.4), by (3.6) we conclude that

liminf ||z, — Thz,| = 0. (3.7)
n—o0

We now prove that actually lim inf ||z, — Thz,|| exists. To this end, we prove
n—oo

that {||z,, — Thz,||} is decreasing. Indeed, since x,, — z,11 = (1 — ay,)(x, —
T\x,), we have

120 — Tozall® = llan(@n — Dawnsr) + (1 = 0)(Tazn — Dawns) |

= anllzn — Tatnpa||* + (1= an) | Tawn — Tawn ) 1P — (1 = an) lz, — T |?
< (@0 = Tng1) + (Tna = Tazn) [ = (1 = a) ||z, — Tazn|?
+(1 = ap) (20 = zona| + Bl (20 — Thzn) = (@1 — Tanga) ]
= an([[2n = T |* + l2n1 = Daznnal®) + 2(zn = Tag1, Togr — Tawnga)
—an(1 = ap)||zn = Thaa||* + (1 = o) [[l2n = 2pga |I* + kllzn — Taz,|f?
+E(lznp1 = Tawnial” = 2020 — Tngr, Togr — Tatnia))]
= (1 = an)’llzn — Taznl® + anl|lznty — Tazni

4200, (1 — ) (@ — DTy Tns1 — ToTpgr) — an (1 — @) |20 — Tadon|?

k(1= o) (|| — Taaa|” + |2n1 — Tazni || — 2(2n — Tatn, g1 — TaZns1))

= [ + k(1 — ap)] |Tns1 — T ||* + (1 — an)(1+k = 2a,)||z, — Tty |2
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+2(a, — k) (1 — )y — Tonny Tpg1 — TonZngt)
< [an + k(1 — )] 1T — Tatns]]® + (1 — ) (1 + k — 20, ||z — Thzn||?
+2(a — k) (1 — o) ||zn, — Tozn || 201 — Thwnia -

Denote (3, = ||z, — Thz,||, for each n and we get
(1 —an)(1—F) 721+1 < (1= ap)(1+k —20,) 5 +2(1 — ) (an — k) BBt

BnJrl
Bn

We may assume 3, > 0. Since 1 — «a,, > 0, by denoting 9, =

, by the
previous inequality we obtain the following quadratic inequality

(1 — k)02 —2(a, — k)0 — (1 4+ k —20,) <0

< (0, — D[(1 = k)0, + 14+ k —2a,] <0. (3.8)
Now, since, by hypothesis,

(1—K)o,+14+k—20,=(1—-k)0p+1—a,+k—a, >0,

from (3.8) we obtain §,, < 1, that is, 5,41 < [, which shows that, indeed,
lim ||z, — Tha,|| exists. By (3.7), this means that
n— oo

nh_}ngo |zn — Thx,| = 0. (3.9)

Denote, as usually, the weak w-limit of a sequence {z,}, {Z : 3v,, — T}, by
W (Z5).

Since T) is strictly pseudo-contractive, by Lemma 3.2 we deduce that [ — T}
is demiclosed (at 0), that is, wy(z,) C Fix (T)).

To prove that {z,} is actually weakly convergent, we take p, ¢ € w,(x,) and
let {2y, } and {x,,, } be subsequences of {z,} such that z,, — p and z,,;, — q,
respectively.

Since nh_)rglo ||z, — 2| exists for every z € Fixz (T)) and since p,q € Fiz (1)),

by Lemma 3.1 (iii), we obtain
lim [z, —p||* = lim |lz;, —pl* = lim |25, — ql* + llg — p|*
n—00 j—o0 j—o0

— 1im ||z, — |2 + [lg — p|I* = lim |, — p|| + 2]lq — p||”
71— 00 1—00
= lim ||z, —plI* + 2[lq — p|*.
n—oo

Hence p = g and, since Fiz (T\) = Fiz (T), the conclusion of the theorem
follows. N
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Remark 3.1. 1) If T" is enriched (0, k)-strictly pseudocontractive, that is, T’
is k-strictly pseudocontractive, then by Theorem 3.3 we obtain Theorem 3.1
in [25].

2) Our Theorem 3.3 extends the corresponding results in [15], by considering
Krasnoselskij-Mann iteration instead of the simple Krasnoselskij iteration.
3)If b=0and £k =01in (2.1), then 7" is nonexpansive and our Theorem 3.3
reduces to Reich’s theorem [31] in the Hilbert space setting. It is known, see
[31], that if T" is nonexpansive and the control sequence {a,,} satisfies (3.2),
then the sequence {x,} generated by Mann’s algorithm

Tpr1 = (1 —ap)x, + anTe,, n >0,

converges weakly to a fixed point of T in a uniformly convex Banach space
with a Fréchet differentiable norm.

It is therefore an open problem whether Reich’s theorem can be extended
to k-strict pseudo-contractions, see [25], or enriched (b, k)-strict pseudo-
contractions.

4 Conclusions

In this paper we introduced and studied the class of enriched strictly pseu-
docontractive mappings in the setting of a Hilbert space H. We have shown
that any enriched strictly pseudocontractive mapping defined on a bounded,
closed and convex subset C' of H has fixed points in C' and that in order
to approximate a fixed point of an enriched strictly pseudocontractive map-
ping, we can use the Krasnoselskij iteration, for which we have proven a
strong convergence result (Theorem 2.1) as well as a weak convergence the-
orem (Theorem 2.3). We also established a weak convergence theorem for
a Krasnohselskij-Mann iteration (Theorem 3.3) that extends an important
result due to Marino and Xu [25] from strictly pseudocontractive mappings
to enriched strictly pseudocontractive mappings.

Our results extend some convergence theorems in [15] from strictly pseudo-
contractive mappings to enriched strictly pseudocontractive mappings and
thus include many other important related results from literature as partic-
ular cases, see [1], [2], [3], [14], [16], [23], [25], [30], [33] etc. For other related
developments, see [5]-[10].

We illustrated the richness of the new class of mappings by means of Ex-
ample 2.1, which shows that, alongside all nonexpansive mappings, strictly
pseudocontractive mappings are also included in the class of enriched strictly
pseudocontractive mappings.
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Note also that, similarly to the case of nonexpansive mappings, any enriched
strictly pseudocontractive mapping is continuous.
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