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Summary. In this article we formalize the main part of Hurwitz’s proof
of the transcendence of the number e in the Mizar language. The previous article
prepared the necessary definitions and lemmas. Here we deal with main crucial
steps of the proof.
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INTRODUCTION

In this article, which is a continuation of [19], we formalize the main part
of Hurwitz’s proof [§] that the number e is transcendental [12] using the Mizar
formalism [2], [3]. For related proof developments of the transcendence of e
(which is one of the items (#67) in Freek Wiedijk’s “Top 100 Mathematical
Theorems” list [21]) in Coq or HOL Light, see [4] and [5], respectively (although
the formalization is available also in the number of proof assistants, such as
Isabelle [6], Lean [15], or Metamath [I3]). This is also a small step towards
developing transcendental number theory [1], started in Mizar with Liouville
numbers [11] as well as the theory of formal polynomials and their derivation
[18]. The following is a summary of the formalized proof (see also [7]).

The core idea of Hurwitz’s proof can be expressed as a lemma about algebraic
numbers, namely if we assume e is algebraic, a polynomial over Z admits e as a
root E_TRANS2:41). It corresponds to the equation (3) of [§]. This theorem,
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which is a base for a proof by contradiction, is technically preserved at the end
of the Mizar article. However it is actually redundant, after we complete the
proof of the main result.

In the first section we define a polynomial fy over Z and observe properties
of fo. It is defined by fo(x) = 2P~ (2 —1)P(z—2)P--- (x —m)P, where p is an odd
prime number and m + 1 is the number of component of the products. The fj
is defined as E_TRANS2:def 5. The components (z —j);j—o,1,. m are represented
by 7(j) in the article and obtain:

0y~ [ ()"
j=1

The third section is about properties of fy and F(fy) where F is introduced in
[19], the transformation F(f) = f 4+ f' + f" 4 --- + fldea 1),

We deal with k" differentiation of the fy and evaluate by a number j. The
following number-theoretical properties are formally proven:

117 7(5)P(0) = (((=1)™) - (m!))P (E_TRANS2:17)
2. fé’“)(o) —0,if0<k<p—2 (E_TRANS2: 18)
3. £P(0) = BT, 7)) (k — p+ 1), if p < k (E_TRANS2:21)
4. fWG)=0,ifk<p1<j<m (E_TRANS2:23)

5. ék) = 7(j)u+plv for some u,v € Z[X],if p < k,1 < j < m (E_TRANS2:27)

6. fFGYem),ifp<k1<j<m (E_TRANS2:29)
We denote F for F(fy) for simplicity.

7. F(0) = (p— DI((—=1)™) * (m!))P + plu for some u € Z][X]| (E_TRANS2:30)

8. F()e®),if1<j<m (E_TRANS2:31)

We then obtain an equation system shown as below, where C; stands for
coefficient of the ¥ coefficient of gy. This is based on the equation system
numbered (4) in Hurwitz’s proof [§].

(p 1) C()F(O) — (p 1),006 F(O) = @C@Eo
(p 1) ClF(l) — (p 1),016 F(O) = WClgl
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where each equation is a product of i*" coefficient of gy and F(i) — e*F(i)(=
—iel=9) f3(93)) which is from the result of the mean value theorem to e*F(z).
In actual coding the sequence C,,,F(m) and (p — 1)!C,,,e™F(0) are defined as
01, 02 (delta_1 and delta_2 in the Mizar source), respectively.

We have new equation by adding each term of the equation system vertically:

1 & . 1 & 1 &
M ;CZF(Z) — m ;CZG F(O) = (p — 1)! ;Cﬁz

One can verify formally that the left hand side is not divisible by p, because p
divides the first term = 1),20 F(i), but p )( Ee’C’ ;F(0). The right-hand
side is a member of Z and bounded by 1/2 by choosmg sufficiently large p,

this means it is 0, which contradicts the left-hand side nature. Therefore e is
transcendental number.

1. PRELIMINARIES

From now on R denotes an integral domain, p denotes an odd, prime natural
number, and m denotes a positive natural number. Now we state the proposi-
tions:

(1) Let us consider a natural number ¢, and an element 7 of Rp. Then (i —
r)=71i-r.
PROOF: Define P[natural number] = >~($; — r) = $;-r. For every natural
number ¢ such that P[i] holds P[i 4 1]. For every natural number i, P[i].
g

(2) Let us consider sequences py, q; of Z®. Then (p1 * q1)(0) = p1(0) - ¢1(0).

2. ON THE RING OF POLYNOMIALS

Now we state the propositions:

(3) Let us consider an element f of the carrier of Polynom-RingZ®, and
a natural number n. Then @f" = (9f)".

PROOF: Define P[natural number] = @f$1 = (@f)$1. P[0]. For every natu-
ral number k such that P[k] holds P[k + 1]. For every natural number £,
Plk]. O

(4) Let us consider an element f of the carrier of Polynom-Ring R, and
a natural number n. Then R2P(f") = (R2P(f))".
PROOF: Define P[natural number] = R2P(f%1) = (R2P(f))'. For every
natural number k such that P[k] holds P[k+ 1]. For every natural number
k, Pk]. O
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(5) Let us consider a natural number n, and an element f of the carrier of
Polynom-Ring Z®. Then n - f = n(c ZR) - f.
PROOF: Define P[natural number] = $; - f = $;(€ ZR) - f. For every
natural number k such that P[k] holds P[k+ 1]. For every natural number
k, Pk]. O

(6) Let us consider an element M of Ry, and a finite sequence F' of elements
of Rg. Suppose for every natural number ¢ such that ¢ € dom F' holds
|F(i)] < M. Then |[[ F| < M'»F.
PROOF: Define P[natural number] = for every finite sequence F of ele-
ments of Ry such that len F' = $; and for every natural number i such
that i € dom F holds |F(i)] < M holds |[][ F| < M'*"¥. P[0]. For every
natural number n such that P[n] holds P[n+1]. For every natural number
n, P[n]. O

Let p be a polynomial over ZR. Observe that the functor |p| yields a sequence
of ZR and is defined by

(Def. 1) for every natural number n, it(n) = [p(n)|.

Note that |p| is finite-Support as a (the carrier of ZR)-valued function. In
the sequel g denotes a non zero polynomial over ZR. Let us consider g. One can
verify that rng|g| is finite. Now we state the proposition:

(7) Let us consider a non zero polynomial g over Z®. Then there exists
a natural number M such that for every natural number i, [g(i)| < M.
ProoF: rng|g| € N. Reconsider S = rng|g| as a finite, non empty,
natural-membered set. Reconsider M = max S as a natural number. For
every natural number 4, |g(i)| < M. O

3. THE POLYNOMIAL fy AND ITS PROPERTIES

Let i be a natural number. The functor 7() yielding an element of the carrier
of Polynom-Ring Z® is defined by the term
(Def. 2) ((—i)(€ ZR), 1zr).
Let p be a non zero natural number and m be a natural number. The functor

x.(m, p) yielding a finite sequence of elements of the carrier of Polynom-Ring Z®
is defined by

(Def. 3) lenit = m and for every natural number ¢ such that ¢ € dom it holds
it(i) = (7(1))".
Let p be an odd, prime natural number and m be a positive natural number.
The functor f3°(m,p) yielding a finite sequence of elements of the carrier of
Polynom-Ring Z® is defined by the term



FORMAL PROOF OF TRANSCENDENCE OF THE NUMBER e. PART ... 125

(Def. 4) x.(m,p) ~ ((7(0)P™1).
The functor fo(m, p) yielding an element of the carrier of Polynom-Ring Z®
is defined by the term

(Def. 5) 15" (m,p).
Now we state the propositions:
(8) Let us consider natural numbers i, n. Then len R2P((7(¢))") = n + 1.

(9) Let us consider elements f, g of the carrier of Polynom-Ring Z®. Sup-
pose (len R2P(f)) - (len R2P(g)) # 0. Then len R2P(f - g) = len R2P(f) +
len R2P(g) — 1.

(10) Let us consider a non zero natural number k, and an odd, prime natural
number p. Then
(i) x.(k,p) = ((7(k +1))") = x.(k + 1, p), and
(i) [Tx.(k+1,p) = (IIx.(k,p)) - (7(k + 1))".
PrOOF: x.(k,p) " {(7(k +1))") =x.(k+ 1,p). O
Let us consider an odd, prime natural number p and a positive natural
number m. Now we state the propositions:
(11) lenR2P([Ix.(m,p)) =m-p+ 1.
PROOF: Define P[non zero natural number] = len R2P([]x.($1,p)) = $1 -

p + 1. P[1]. For every non zero natural number k such that P[k] holds
P[k + 1]. For every non zero natural number k, P[k]. O

(12) lenR2P(fo(m,p)) = m-p+p. The theorem is a consequence of (11), (8),
and (9).

(13) Let us consider a natural number .
Then (Derl(ZR))(T(Z)) = 1Polynom—RingZR'

(14) Let us consider an element f of the carrier of Polynom-Ring Z®, and
a natural number ¢. Then

(i) (7(0) * f)(@ +1) = f(@), and

(i) (7(0) * £)(0) = Ogzz.
PROOF: For every natural number i, (7(0) * f)(i + 1) = f(¢) and (7(0)
£)(0) = 0gn by [T, (16)], [17, (12)], [20, (31)]. O

From now on f denotes an element of the carrier of Polynom-Ring Z®. Now
we state the propositions:

(15) Let us consider an odd, prime natural number p, and a positive natural
number m. Then

(i) lenx.(m,p) = m, and

(ii) len f;°4(m,p) = m + 1, and
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(iii) (f5°%(m,p))(lenx.(m,p) + 1) = (7(0))"".

(16) Let us consider an odd, prime natural number p, a positive natural
number m, and a natural number k. Suppose 0 < k < p — 1. Let us
consider natural numbers i, j. Suppose i € Seg(k + 1). Then 7(j) |
(LBZ(Derl (ZR), k. T (m. p)) 1 (7(G))) i
PROOF: Set D = Derl(Z®). For every natural numbers i, j such that
i € Seg(k + 1) holds 7(7) | (LBZ(D, k, TI(£(m, p)) 1y (7)) i by (13),
[16, (19)]. O

4. SOME NUMBER-THEORETICAL PROPERTIES

Now we state the proposition:
(17) Let us consider an odd, prime natural number p, and a positive natural

number m. Then (R2P([]x.(m,p)))(0) = ((—=1)" - (m!))".
PROOF: Define P[natural number] = (R2P(]]x.($1,p)))(0) = ((—1)$1-
($11))P. P[1]. For every non zero natural number k such that P[k] holds
P[k + 1]. For every non zero natural number k, P[k]. O

Let us consider an odd, prime natural number p, a positive natural number

m, and a natural number k. Now we state the propositions:

(18) If0 <k <p—'2, then (Derl(ZR))*(fo(m, p))(0) = Oyn.

(19) Suppose 0 < k < p—'"2. Then eval(RQP((Derl(ZR))k(fo(m,p))), Ozr) =
Ozr. The theorem is a consequence of (18).

(20) Let us consider an odd, prime natural number p, and a positive natural
number m. Then eval(RQP((Derl(ZR))pgl(fo(m,p))),OZR) = (-1
(((=1)™ - (m!))P(e ZR)). The theorem is a consequence of (17).

(21) Let us consider an odd, prime natural number p, a positive natural
number m, and a non zero natural number k. Suppose p < k. Then
eval(R2P((Derl(ZR))" (fo(m, p))), 0z) = k! - (R2P(ITx.(m. p))) (k ~' (p
1)).

(22) Let us consider a natural number j, and an element u of the carrier of
Polynom-Ring Z&. Then eval(R2P((7(5)) - u), j(€ ZR})) = Oyx.

(23) Let us consider an odd, prime natural number p, a positive natural num-
ber m, and natural numbers k, j. Suppose k < p and j € Segm. Then
eval(R2P((Der1(ZR))k(fO(m,p))),j(e ZR)) = 0zr. The theorem is a con-
sequence of (16) and (22).

(24) Let us consider a natural number i.
Then (Derl(ZR))(T(Z)) = 1Polynom—RingZR'
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(25) Let us consider an odd, prime natural number p, a positive natural
number m, and natural numbers j, k. Suppose j € Segm and p < k.
Let us consider a natural number i. Suppose i € Segp. Then 7(j) |
(LBZ(Derl(Z%), &, T1(f5°*(m, p)) 13, (T()")) ji-

(26) Let us consider an odd, prime natural number p, a positive natural

number m, natural numbers k, j, and a natural number i. Suppose p +
1 < i and i € dom(LBZ(Derl(ZR), k,T1(£;°%(m,p))1;, (T(4))F)). Then
(LBZ(DGI‘l(ZR), k, H( Seq<m7p)) 17 (T(j))p))/l - OPolynom—RingZR'
PROOF: Set D = Derl1(ZR). Set P = Polynom-Ring Z®. Set 21 = 7(j). Set
y1 = [1(f5°(m,p))}j. 1p = D(z1). For every natural number ¢ such that
p+1<iand i€ dom(LBZ(D,k,y1,z1")) holds (LBZ(D, k,y1,71?)) /i =
Op. OJ

(27) Let us consider an odd, prime natural number p, a positive natural num-

ber m, and natural numbers k, j. Suppose j € Segm and p < k. Then
there exist elements u, v of the carrier of Polynom-RingZ® such that
(DerL(ZR)* (fo(m,p) = (7(j)) - u+p! - v.
PRrOOF: Set D = Derl(ZR). Set P = Polynom-Ring ZR. Set ¢; = 7(j). Set
j =T1(f5°*(m,p))1j. Ip = D(t1). Reconsider l3 = LBZ(D, k,j, t17) as a non
empty finite sequence of elements of the carrier of P. Set l; = l3[p. For
every natural number i such that i € Segp holds 7(j) | l4/;. Consider u
being an element of P such that > Iy = (7(j))-u. Set ko = k+1—'(p+1). For
every natural number 4 such that i; € dom(l3),41) holds (I3)p41) /s, = Op.
I31p41 = k2 — Op. U

(28) Let us consider an element u of the carrier of Polynom-Ring ZR, and
elements a, b of Z®. Then eval(a - (R2P(u)),b) € {a}-ideal.

(29) Let us consider an odd, prime natural number p, a positive natural num-
ber m, and natural numbers k, j. Suppose j € Segm and p < k. Then
eval(R2P((Derl(ZR)* (fo(m, p))), j(€ ZR)) € {pl(€ ZR)}-ideal. The the-
orem is a consequence of (27), (22), (5), and (28).

5. PROPERTIES OF THE POLYNOMIAL TRANSFORMATION F

Now we state the propositions:

(30) Let us consider an odd, prime natural number p, and a positive natural
number m. Then there exists an element u of Z® such that (F(fo(m,p)))(0)
— (="l (—1)™ - (m)(€ ZR) + pl(e ZM) -u.
PRrROOF: Set G3 = G(fo(m,p)). Set p1 = p—'"1. eval(G3[(p —' 1),04r) =
p1 — Ozr. For every natural number j such that j € dom(eval(G3),,0zr))
holds (eval(Gs,, 0zr))(4) € {p!(€ Z®)}-ideal by [9, (6)], (21), [10, (18),(19)].
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Consider u being an element of Z® such that (Eval(R2P(®Y Gs,,)))(0) =
pl(e ZR) -w. O

(31) Let us consider an odd, prime natural number p, a positive natural num-
ber m, and a natural number j. Suppose j € Seg m. Then (F(fo(m,p)))(j(e
Rr)) € {p!(€ ZR)}-ideal.
PROOF: Set Gz = G(fo(m,p)). eval(Gs|p,j(e ZR)) = p + Ozr. For
every natural number k such that k& € dom(eval(Gs,, j(€ ZR))) holds
(eval(Gsp, j(€ ZR)))(k) € {p!(€ ZR*)}-ideal. O

6. THE MAIN PART OF THE PROOF

Now we state the proposition:
(32) Let us consider an element 2 of Rp. Then (Eval(R2P(® fo(m,p))))(x) =
(eval(R2P(°[] x.(m, p)), z)) - (eval(R2P(%(7(0))P~1), z)).
Let us consider m, p, and g. The functor 01 (m, p, g) yielding a finite sequence
of elements of Ry is defined by
(Def. 6) lenit = m and for every natural number ¢ such that ¢ € dom it holds
it(i) = g(i) - (F(fo(m, p)))(i(€ Rp)).
In the sequel zy denotes a non zero element of Rp.
Let us consider m, p, g, and zp. The functor da(m,p, g, 29) yielding a finite
sequence of elements of Ry is defined by

(Def. 7) lenit = m and for every natural number ¢ such that ¢ € dom it holds
it(i) = —g(i) - (powergy, (20, 2) - (F(fo(m, p)))(0)).
The functor §(m,p, g, zp) yielding a finite sequence of elements of Ry is
defined by the term
(Def 8) 61(m>pag)+52(m7p79>'z0)
The functor 6%(771, p, g) yielding a finite sequence of elements of ZR is defined
by the term
(Def 9) 61 (mapa g)
Now we state the propositions:
(33) Zél(mapa g) € ZR'
PROOF: For every natural number i such that i € dom(d1(m,p, g)) holds
(01(m,p,9))(i) € Z. O
(34) Let us consider a non zero polynomial g over Z®. Suppose deg(g) = m.

Let us consider a non zero element = of Rp. Then Y d2(m, p, g,z) = g(0) -

(F(fo(m,)))(0) — (ExtEval(g, z)) - (F(fo(m,p)))(0).

PROOF: For every non zero element x of Rp, > do(m,p,g,2) = g(0) -

(F(fo(m,p)))(0) — (ExtEval(g, z)) - (F(fo(m,p)))(0). O
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(35) S d1(m,p,g) € {p!(€ Z®)}-ideal. The theorem is a consequence of (31).

(36) Let us consider an element x of Rr. Suppose 0 < x < m. Let us consider
a natural number i. Suppose i € Segm.
Then ]eval(RQP(@(X.(m,p))/i),a:)| < mP.
PROOF: Set F; = Rg. Reconsider zg = —i as an element of Fy. |(z9 + z)?| <
mP. O

(37) Let us consider an element x of Rp. Then eval(R2P(@(T(0))p_,1),x) =
2P~"1. The theorem is a consequence of (3) and (4).

(38) (i) m™*! ExpSeqg is convergent, and

(ii) lim m™*! ExpSeqr = 0.

(39) Let us consider a non zero natural number M, and a non zero element 2
of Rg. Suppose zg = e. Then there exists a natural number n; such that for

every natural number n such that n; < n holds | (m s ) —0] < W
The theorem is a consequence of (38).

(40) Every Z-valued polynomial over Fg is a polynomial over ZE.

7. CONCLUSION OF THE PROOF

Now we state the propositions:
(41) FORMAL COUNTERPART OF (3) IN [8]:
Suppose e is algebraic. Then there exists a Z-valued polynomial g over Fg
such that

(i) P2R(g) is irreducible, and
(ii) ExtEval(g, e(€ Rp)) =0, and
(ili) deg(g) > 2, and
(iv) 9(0) # Opg-

PRroOOF: Consider x being an element of Cp such that z = e and z is inte-
gral over [Fg. Consider fo being an element of Polynom-Ring Fg such that
fo # 0.Fg and {fy}-ideal = AnnPoly(z,Fg) and fy = NormPoly fy. Con-
sider f being a polynomial over Fg such that fo = f and ExtEval(f,z) =
Ocy.- Reconsider m = [] denomigeq(fy) as a non zero natural number. Re-
consider Ug = m - fo as an element of the carrier of Polynom-RingFg.
mg Gy C Z. U
(42) e is transcendental.

PRrOOF: Consider g being a Z-valued polynomial over Fg such that P2R(g)
is irreducible and ExtEval(g, e(€ Rr)) = 0 and deg(g) > 2 and g(0) # Op,.
Reconsider gy = ¢ as a polynomial over Z®. Reconsider gy = ¢ as a non
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(10]

(11]
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zero polynomial over Z®. Reconsider mg = deg(go) as a positive natural
number. Reconsider zg = e as a non zero element of Rg. Consider My be-
ing a natural number such that for every natural number 4, |go ()| < Mp.

Consider n; being a natural number such that for every natural number n

mo

+
such that n; < n holds |m°7, —0| < S lmo iy mo%noﬂ o)) Consider

p1 being a prime number such that n1+m0+M0 < p1. Y 6(mo, 1,90, 20) =
> 61(mo,p1,90) + X 82(mo, p1, 9o, 20). Y- 61(mo, p1,90) € Z%. Consider
u being an element of Z® such that (F(fo(mo,p1)))(0) = (p1 —' 1)! -

(=)™ - (me"))P (€ ZR)) + p1!(€ ZR) - u. —ZdZEZO_’I,)ll)’?O’zO) is an element

d2(mo,p1,90,2 m
of ZF and ZELOILSD) _ (1) () (€ ZR) + p1 - u) - go(0).

S 01(mo, p1,90) € {p1!(€ ZR”)}-ideal. Consider v being an element of
ZR such that 61 (mo, p1,g0) = pil(€ ZR) . p, 20mopig) _

(p1—"1)!
>~ 6(mo,p1,90,20) R >~ 8(mo,p1,90,20) _ Y 61(mo,p1,90) |, > 82(mM0,p1,90,%0)
. €Z agl g} 7 B S 7 B
5(mo,p1,90,20) 1 §(mo,p1,90,20)
| (p1—"1)! <3 (p1—"1)! =0.1
REFERENCES

Alan Baker. Transcendental Number Theory. Cambridge University Press, 1990.

Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitlowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.

Grzegorz Bancerek, Czestaw Bylifiski, Adam Grabowski, Artur Kornitlowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. [The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

Sophie Bernard, Yves Bertot, Laurence Rideau, and Pierre-Yves Strub. Formal pro-
ofs of transcendence for e and 7 as an application of multivariate and symmetric poly-
nomials. In Jeremy Avigad and Adam Chlipala, editors, Proceedings of the 5th ACM
SIGPLAN Conference on Certified Programs and Proofs, pages 76-87. ACM, 2016.
doi;10.1145/2854065.2854072.

Jesse Bingham. Formalizing a proof that e is transcendental. Journal of Formalized
Reasoning, 4:71-84, 2011.

Manuel Eberl. The transcendence of e. Archive of Formal Proofs, 2017. https://isa-afp.
org/entries/E_Transcendental.html, Formal proof development.

Matsusaburo Fujiwara. Algebra vol 2, Japanese. Uchida Rokakuho Publishing Co., Ltd,
1st edition, 1929.

Adolf Hurwitz. Beweis der Transcendenz der Zahl e. Mathematische Annalen, 43:220-221,
1893.

Artur Kornilowicz. Elementary number theory problems. Part VIII. Formalized Mathe-
matics, 31(1):87-100, 2023. doii10.2478/forma-2023-0009.

Artur Kornitowicz and Christoph Schwarzweller. The first isomorphism theorem and other
properties of rings. Formalized Mathematics, 22(4):291-301, 2014. doi:10.2478/forma-
2014-0029.

Artur Kornitlowicz, Adam Naumowicz, and Adam Grabowski. All Liouville numbers are


http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1145/2854065.2854072
https://isa-afp.org/entries/E_Transcendental.html
https://isa-afp.org/entries/E_Transcendental.html
https://eudml.org/doc/157680
http://dx.doi.org/10.2478/forma-2023-0009
http://dx.doi.org/10.2478/forma-2014-0029
http://dx.doi.org/10.2478/forma-2014-0029

(12]
(13]

(14]

(15]

(16]
(17]
(18]
(19]
20]

(21]

FORMAL PROOF OF TRANSCENDENCE OF THE NUMBER e. PART ...

transcendental. Formalized Mathematics, 25(1):49-54, 2017. doi:10.1515/forma-2017-
0004l

Serge Lang. Introduction to Transcendental Numbers. Addison-Wesley Pub. Co., 1966.
Norman D. Megill and David A. Wheeler. Metamath: A Computer Language for Mathe-
matical Proofs. Lulu Press, Morrisville, North Carolina, 2019.

Robert Milewski. Fundamental theorem of algebra. Formalized Mathematics, 9(3):461—
470, 2001.

Leonardo de Moura and Sebastian Ullrich. 'The Lean 4 theorem prover and programming
language. In Automated Deduction — CADE 28: 28th International Conference on Au-
tomated Deduction, Virtual Fvent, July 12—-15, 2021, Proceedings, pages 625—-635, Berlin,
Heidelberg, 2021. Springer-Verlag. doii10.1007/978-3-030-79876-5_37.

Karol Pak. Eigenvalues of a linear transformation. Formalized Mathematics, 16(4):289—
295, 2008. doi:10.2478/v10037-008-0035-x.

Christoph Schwarzweller. On roots of polynomials over F[X]/(p). Formalized Mathema-
tics, 27(2):93-100, 2019. doii10.2478/forma-2019-0010.

Christoph Schwarzweller. Normal extensions. Formalized Mathematics, 31(1):121-130,
2023. doii10.2478 /forma-2023-0011.

Yasushige Watase. Formal proof of transcendence of the number e. Part I. Formalized
Mathematics, 32(1):111-120, 2024. doij10.2478/forma-2024-0008.

Yasushige Watase. Derivation of commutative rings and the Leibniz formula for power of
derivation. Formalized Mathematics, 29(1):1-8, 2021. doi:10.2478/forma-2021-0001.

Freek  Wiedijk. Formalizing 100  theorems. Available online at
http://wuw.cs.ru.nl/"freek/100/.

Accepted November 17, 2024

131


http://dx.doi.org/10.1515/forma-2017-0004
http://dx.doi.org/10.1515/forma-2017-0004
http://fm.mizar.org/2001-9/pdf9-3/polynom5.pdf
https://doi.org/10.1007/978-3-030-79876-5_37
https://doi.org/10.1007/978-3-030-79876-5_37
http://dx.doi.org/10.1007/978-3-030-79876-5_37
http://dx.doi.org/10.2478/v10037-008-0035-x
http://dx.doi.org/10.2478/forma-2019-0010
http://dx.doi.org/10.2478/forma-2023-0011
http://dx.doi.org/10.2478/forma-2024-0008
http://dx.doi.org/10.2478/forma-2021-0001
http://www.cs.ru.nl/~freek/100/

	=0pt Formal Proof of Transcendence of the Number e. Part II  By Yasushige Watase  

