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Abstract

The Pseudo-Hyperbolic Telegraph partial differential equation (PHTPDE) based on the Caputo fractional derivative is
investigated in this paper. The modified double Laplace transform method (MDLTM) is constructed for the proposed
model. The MDLTM was used to obtain the analytic solution for the pseudo-hyperbolic telegraph equation of fractional
order defined by the Caputo derivative. The proposed method is a highly effective analytical method for the fractional-
order pseudo-hyperbolic telegraph equation. A test problem was presented as an example. Based on the results, it is
clear that this method is more convenient and produces an analytic solution in fewer steps than other methods that require
more steps to have an identical analytical solution. This paper claims to provide an analytic solution to the fractional
order pseudohyperbolic telegraph equation order using the MDLTM. An analytical solution leads to an exact, closed-form
solution that can be expressed in mathematical functions or known operations. Obtaining analytic solutions to PDEs is
often challenging, especially for fractional order equations, making this achievement noteworthy.

Keywords: Pseudo-hyperbolic telegraph equation, caputo fractional derivative, modified double Laplace transform method, analytical
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1 Introduction

The study of integrals and differentials of non-integer order, as well as their applications, is known as frac-
tional calculus. Fractional models outperform classical models in terms of accuracy and efficiency. Furthermore,
noninteger derivative operators have been discovered to be crucial in understanding physical occurrences [1-5].
The advantages of fractional calculus have been investigated in various fields, including engineering, mechanics,
control theory, medicine, biology, and seismology [6—9]. The PHTPDE based on the Caputo derivative is a high-
order partial differential equation with mixed partial derivative. The proposed model is well known as a math-
ematical physics equation, which has an exhaustive range of applications in areas like longitudinal vibrations,
nerve conduction, plasma physics, and many other physical phenomena. The behaviour of the pseudo-hyperbolic
equation has been covered in several articles, including those that discuss the existence and uniqueness of solu-
tion [10], analytical and approximate solutions [11], numerical computations and stability estimates [12], and the
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presence and nonexistence of solution for Cauchy type issues with pseudo-hyperbolic equation [13]. In recent
years, many efficient techniques have been used to obtain approximate and analytical solutions for a fractional-
order partial differential equation, including the double Laplace transform method [14], theta-method [15], re-
producing kernel function and CrankNicholson difference method [16], finite element method [17], Laplace de-
composition method [18], fractional sub equation method [19], MDLTM [20], Fibonacci wavelet method [21].
The authors in [22] explored the investigation of the finite time stability (FT'S) of multi-state neutral fractional
order systems when subjected to impulsive perturbations and state delays. The non-local fractional differential
equation of the Sobolev type with impulsive conditions was addressed in [23], and the existence and unique-
ness of mild solutions using the Banach fixed point technique and analytic semigroup were examined in every
approximate solution. Then, for approximative solutions, the Faedo-Galerkin approximation was employed to
establish specific convergence outcomes. The existence and uniqueness of solutions to the neutral functional
sequential integro-differential equations with Caputo fractional derivative on the time scales T-Cauchy problem
were examined by the researchers in [24]. The researchers in [25,26] utilized the g-homotopy analysis transform
technique to derive some solutions for several important models arising in real world problems.

In contrast, academics have extensively employed the double Laplace transform method, a powerful method
for solving the fractional-order partial differential equation, to address a wide range of issues, including the
authors in [20] arriving at the analytical solution to the partial differential equation of fractional order using the
double conformable Laplace transform method. The time-dependent (FSPPPD) Equation with Caputo Deriva-
tive was solved analytically and approximately using the (DLDM) and the (FDM), which were both suggested
by the authors in [27]. And the time-fractional wave equation was analytically solved by the authors in [28] us-
ing the double Laplace transform technique. The method considered in this study, a MDLTM, differs from other
approaches frequently used to solve fractional order differential equations, such as the Fourier transform, the
Laplace transform, and other numerical methods, in a number of ways. The modified double Laplace transform
method is a revolutionary strategy that has several advantages. It is more practical and takes fewer stages to
provide an analytical solution than existing approaches that need more steps to achieve the same result. In this
paper, we consider the following fractional order Pseudo-Hyperbolic Telegraph equation (PHTE) [29] based on
the Caputo fractional derivative

g (x,1) + D u(x, 1) + u(x, 1) — Augar (x,1) — e (x, 1) = f(x,1), (1)
0<x<Lt>0,1>00<ac<l,
u(x,0) = h(x), u(x,0) =g(x), 0 <x <L,
u(0,1) =u(L,t)=0,1>0,

where D{*u(x,t) is Caputo fractional derivative [30], that is defined as follow

D%u(x,t 1 ! 1 0"u(p,x
at(‘x ) =D u(x,t) = Fn—a) /0 =y 8;“ )dp,(n— l<a<n), 2)

if &« = n € N, then we can write as:

D%u(x,t D'u(x,t
D%u(x,t) = 3t(0‘ ) = 8&" )

The numerical solutions for the suggested model (1) were derived by [3 1] using the Dufort Frankel difference
scheme approach. Since the Caputo derivative [30] is the most frequently utilized derivative characteristic in the
literature on fractional analysis, we adopted it in our model. The authors in [29] employed the explicit finite
difference technique to solve the model (1). Additionally, they developed a first-order difference technique
to investigate the stability analysis and obtained the approximate solutions of the given issue. To obtain the
analytical solution to PHTPDE based on the Caputo fractional derivative of o order and 0 < o < 1, this research
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article implements an efficient analytical technique called MDLTM to solve the proposed model analytically,
and this method is incredibly effective because it generates an accurate solution in relatively few steps than other
approaches that need more steps.

This research paper is organized as follows: section 2 gives background information. Section 3 provides
the general solution of fractional order PHTPDE defined by the Caputo derivative by the MDLTM. Section 4
presents the applications of MDLTM. Via section 5, the conclusion is given.

2 Basic concept

In this section, we define a few terms and give some fundamental details about the double Laplace Decom-
position Method.

Definition 1. In the positive quadrant of the xz-plane, the function u(x,7) as a function of two variables is defined.
In [32], the double Laplace transform for the function u(x,?) is specified as follows:

LiL{u(x,t)} = i(s, p) / / e P u(x,t)dxdt 3)

whenever the integral is present the numbers p and s are both complex numbers.

From this definition, we can thus deduce:

LLi{u(x)g(t)} = i(p)&(s) = Le{u(x)}Li{g(r)} )

Definition 2. The complex double integral formula is used to define the inverse double Laplace transform
L'L7Ya(s, p)} = u(x,t), as in [33]:

1yl 1 Cc+ioo . d+ico .
Lo L Hals,p)y =ulxt) = 5— / eP dp/ ei(s,p)ds (5)
c d

¥4 —joo —joo

where ¢ and d are appropriate real constants, and (s, p) must be an analytical function for each p and s in the
area denoted by the inequalities Re(p) > ¢ and Re(s) > d.

The double Laplace transform formula in [27] is used to transform the partial derivatives of any integer order.
LLt{a u)(;t)} :p”ﬁ(s p) Zz Opn l—iLt{3',§()g,t)}

Ful(x, du(x,
Ll { 24 | = stia(s, p) — B 7L { 2450 |

ak+nu Xt
LXLI { axna(tk ) } =

pist s, p) — X p 1L { ZH00 Y et fOMEO k) i1 {200 ]

Definition 3. According to [27], the double Laplace transform formula for Caputo fractional derivative (2) is

defined as
Dau(x,t) _ O © a—1—k D"u(O,x)
LXL[{M} =S I/l(s,p)—k;os Lx T . (6)

Definition 4. In [30], the gamma function is defined as

I(z) = / " e, Re(z) > 0. @
0
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3 The projected scheme

In order to solve fractional-order PHTE in the Caputo sense, this section develops the key concept of the
double Laplace decomposition approach for the proposed problem.
For this purpose, we examine the fractional-order PHTE (1) in the following form
gy (X,8) = Atgre (x,8) — DXu(x, 1) + ey (x,1) — u(x, 1) + f(x,1), (8)

which is 0 < x < L,t > 0 and also subjected to the initial and boundary conditions

u(()?x) = h(x)a “t(x70) = g(x)7 &)

where 0 < x < L and also
u(0,1) =u(L,t) =0, (10)

where > 0. Here A > 0 and D¥u(x,t) is Caputo fractional derivative of order 0 < o < 1, while f(x,z) is
the given function. To get the general solution of equation (8), firstly we utilize double Laplace transform to
equation (8), we obtain

szﬁ(s,p) —5i(0,p) — it;(0, p) = LyLy { Aty (x,8) — D¥u(x,1) + e (x,1) — u(x,2) } + (s, p), (11

where f(s,p) = L.L;{f(x,t)}. After that, by applying a single Laplace transform to equations equation (9)
and equation (10), we get

i(0,p) = h(p),
i (0,p) = g(p), (12)
i(s,0)=a(s,L)=0,0<x<L,t>0.

by substituting formula (12) into formula (11) and simplifying, we obtain the following formula

(s, p) = slz Ll { At (x,1) = D ux, 1) + ue(x,1) —u(x,1)} + f (s, p) + sh(p) + &(p)] - (13)

When we apply the inverse double Laplace transform for equation (13), yields

u(x,t) =L 'L sl2 {LyLy { Aty (x,8) — DFu(x, 1) + v (x, 1) — u(x,1) } }

(1 11 a4
2 ST+ L)+ )}
The general solutions to equation (13), can be expressed as an infinite series, as shown below
)=y un(x,1). (15)
n=0

Consequently, equation (13) becomes

1 3P 2* & D%u(x,t) ad
Z up(x,1) L {szLth {lmrgun(x,t)—{—aﬁ,;)un(x,t) Zun x,t) r;)un(x,t)}}

1, z 1 I _
b {Szf(s,p) L)+ () |
(16)
The general solution of equation (8) is described as the following formulas:
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wolx.t) =L7'L, {Zf( )+ 1%m+—2am}, am

s

and
D uxt

Zunxt

a1 ? 2’ v
Uni1(x,0) = L 'L; l{szLth {)LM Z“n(xnyﬁ Y ua(x,t) =
n=0 n=0

- i un(x,t)}} ,n>0.
n=0

We suppose that each part on the right side of (18) has an inverse double Laplace transform.

(18)

4 Applications of MDLTM

In this section, we provide an illustration and applicability of how to solve the fractional-order PHTE using
the provided approach. We consider the following fractional-order PHTE [29], as
tzfa

I(3-a)

where 0 <x <7, 0<tr<1,A >0, 0< a <1 subject to the initial and boundary conditions

gy (X,1) = Atyre(x,8) — DXu(x, 1) + e (x,1) — u(x, ) + <2+ +2At+2 (7 + 1)> sin(x), (19)

u(x,0) =sin(x), u;(x,0)=0,0<x<m (20)

and also
u(0,t) =u(m,t) =0, 1t >0. 20

Taking the MDLTM to both sides of (19) and by using the initial conditions (20) and simplifying, we get

i(s, p) = LeLi{u(x,1)}
1 2 2 24 4 21 1
FRCRE= A I ] (22)

1
A S LaLy { Aty (x,1) — D u(x, 1) + e (x,1) — u(x,2) } .
s

Equation (22), when transformed using the inverse double Laplace method, yields

2 A 1
ue,t) = (14202 + 1"+ 2 + t4> sin(x)

I'S—o 3 6
+L7'L! {szLfo {Augnr(x,1) — DY u(x, 1) + e (x,1) — u(x,t)}} .
When the decomposition series is applied to equation (23) for u(x,t), then we have
= 2 A 1
_ 2 4— 3 4 .
r;)un(x,t)—(‘le +ml‘ O‘—|—§l‘ +8t )sm(x)
1 2’ & 22 & D%u(x,t)
—17-1
+Lx Lt {SZLXLI {Aaxzatn;)un(x,t)‘i‘axzrgun(x,f) Zun xl‘ (24)

- i un(x,t)}} .
n=0
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The following recursive relationship can be deduced from equation (24)

2 A 1
=142+ ———r %4+ 2534 14 )si 25
up(x,1) ( + +F(5—Oc) t3r+¢ sin(x) (25)

1,0 )1 P& 2’ & D%u(x,t) &
un+l(x7t) :Lx lLt : {S2LXLt {laxz()t un(xat)_'_ﬁ Zun(xvt) _at(a) Zun(x7t)
n=0 n=0

— n=0
- i un(x,t)}} ,n>0.
n=0

From equation (26), we may get the following formula

(26)

2 4—q 2 6—20 42 5—a
= — — e P —— _— F—
ur (x,1) <F(5—a)t +F(7—20¢) +r(6_a)t +F(7—a) 3 30 90

24 5 A%, A S .
—l-?t —i-ﬁt +Et >sm(x)
6 sy A ooy 6A% . 32A 4. As 16A 5 A’
==t — — = —
uz (1) <F(6—a) g2 TTo—a)f Tte-a’ T3 T2 T36
564 ; A?, A3 12 (.4 12 5 5, 24 g, 1, 16 ¢
T et TP Tt - — A —
ey tel T Tri—e)’ Tro—2a) TToO-«' & TTM
16 2

2
6—2a 8-3ax :
+ 1+ t + =t
roY I(7-2«a) r'(9-3a) ) sin(x),

and so forth. The general solution of equation (26) can be expressed as an infinite series. As a result, the
desired analytical solution is

u(x,t) = (t2 +1) sin(x). 27

9,
]
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Fig. 1 3D simulation of the exact solution of equation (19) for0 <x<7,0<t<1,A >0and0< o < 1.
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Fig. 3 3D simulation of the analytic solution of equation (19) for 0 <x < 7,0 <t <1,A > 0and @ =0.5.
5 Conclusion

The fractional order PHTPDE based on the Caputo fractional derivative of order was considered in this study.
The general solution to the proposed problem was examined utilizing the MDLT method. As an application, a
test example was given. The MDLT method was applied to obtain the analytical solution. The acquired result
showed that this method is incredibly efficient because we build an analytic solution in only a few steps, while
other methods require more steps to achieve the same result. In conclusion, this paper presented an important
contribution by proposing an analytic solution to the fractional order pseudo-hyperbolic telegraph equation using
the modified double Laplace transform method. The obtained solution provides an exact, closed-form expres-
sion that can be expressed in mathematical functions or known operations, offering valuable insights into the
behaviour of the equation. The significance of this achievement lies in the challenging nature of obtaining an-
alytic solutions for fractional-order equations, making the proposed method noteworthy. By demonstrating the
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u(x,t)

Fig. 4 3D simulation of the analytic solution of equation (19) for 0 < x < 7,0 <¢ < 1,4 >0 and o = 0.99.

effectiveness of the MDLTM, the paper opens up new possibilities in order to solve similar types of equations
in mathematical physics and engineering. By implementing the Modified Predictor-Corrector method for the
fractional order pseudo-hyperbolic telegraph equation, researchers can obtain accurate numerical solutions that
complement the analytic solutions obtained through the MDLTM. This would enable the exploration of complex
phenomena, such as wave propagation, signal transmission, or diffusion processes, where numerical simulations
are essential for capturing detailed behaviour and dynamics.
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