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Abstract

In this paper, we introduce the nonlinear Meyer-Konig and Zeller operators based on g-integers. Firstly, we describe the
g-Meyer-Konig and Zeller operators of max-product type. Then, we give an error estimation for the q-Meyer-Konig and
Zeller operators of max-product kind by using a modulus of continuity.
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1 Introduction

The qualification of approximation for linear positive operators has a significant impact on the approximation
theory. Many researchers have studied in this field [ 1-9]. However, Bernstein operators and its generalizations
have a significant status in Computer-Aided Geometric Design (CAGD) to introduce surfaces and curves and
have been investigated in many papers [ 10-12]. Some application areas include the numerical solutions of partial
differential equations, CAGD, 3D modeling.

In recent years, many articles have centered on the subject of approximating continuous functions with
g-Calculus [3-9]. Initially, Lupas [3] and Philips [4] introduced the g-Bernstein operators generalization and
examined approximation qualifications of these operators. Then, Derriennic introduced many qualifications of
the g-Durrmeyer operators in [8].

In [13], using discrete linear approximation operators to approximate the nonlinear positive operators were
introduced. The operators of max-product type were first used to describe linear operators that used maximum as
the name of the sum and provided a Jackson-type error estimate with regard to the continuity modulus [14-22].
Since the max-product kind of approximation theory is a very rich and useful phenomena of approximating
continuous functions, researchers have turned to this new field in recent years. For another approximation
theory studies including univariate and bivariate type of operators can be seen via [23-32].

In [2], the nonlinear Meyer-Konig and Zeller operators of max-product type were first described from the
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linear counterpart by using the maximum operator in place of the sum operator, as below

_ Vito Sn,i(")f (n%ﬂ)
V;ozosn,i(") ’

z" (f) ()

where s,i(v) = ("77) (v)' and V7 50i(v) = supiey {sni ()}, v € 0,1),
In [17], Bede et al. proved that Z,(,M) operators are a well defined nonlinear operator for all x € [0,1] and

Z,(IM) operators have approximation conclusions and shape preserving properties. According to the usual Meyer-
Konig and Zeller operators, the max-product kind of these operators also preserve approximation properties over

the class of continuous functions. Additionally, Z,(ZM) operators are continuous for any f > 0 and preserve the
quasi-convexity of f on [0, 1] and the monocity in [17].

2 Preliminaries

In this study, we define nonlinear g-Meyer-Konig and Zeller operators of max-product type and give the
approximation qualifications of these operators. Firstly, we indicate some basic definition and general notations.
Now, let’s consider the operations "\/" (maximum) and "." (product) over the max-product algebra (R, V,).
Assume I C R is a finite or infinite interval, and set

A :={u:1— Ry ;u continous and bounded on I} .

The max-product type of discrete approximation operators’ standard form is defined as

Ly(u)(t) = \/ Ku(t,t)u(ty), La(u)(t) = {O/ K (2.t )u(ty),

r=0 r=0

wheren € N, u € A, K,,(.,1,) € A and t, € I, for all r. The pseudo-linearity property is verified by these nonlinear
positive operators as below; for u,w: 1 — R

Ly(§uvyw)(t) = §.Ln(u) (1) V ¥.-La(w)(1),

which £,y € R,. Also, the operators of max-product kind are positive homogenous, i.e. VA >0, L,(Au) =
AL, (u) (for the other details, one can see [17]).

Lemma 1. Forn € N, let take L,, : A — A be a sequence of operators verifying the below circumstances:
i. Foralluyw e A, L,(u+w) <L, (u)+L,(w),

ii. Foralluyw e A andt €,

Ly () (1) = Lo (w) (1)] < Ly (Ju —w]) (2).
[ 18] provides proof for the Lemma.

Corollary 2. Let’s suppose that the sequence L, provides L, (ey) = eq for all n € N in addition the conditions
given Lemma 1 [18]. Then for allu € A andt € I, we get

()~ L) (0] < | 520 (1) 0) 1] 01 ().

where 6 >0, N;(a) = |a—t| for all a,t € I and @, (u;8) = max {|u(t) —u(s)|;t,s € I,|t —s| < }.
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Let’s give some basic description of the g-calculus. For the parameter ¢ > 0 and m € N, one gives the

g-integer [m], as below
17‘]771 .
[mlg=q "4 ?fq#l , [0lg =0,
m ifg=1

and g-factorial [m],! as
mlg! = [1]4[2]4---[m];, for meN and [0],!=1.

For integers 0 </ < m, g-binomial is introduced as:

Finally, let g-binomial coefficient and 1 <i < m — 1, one get g-Pascal Rules as follows
m m—1 lm—1 m m—1 m—1
It e B Bl vy R o 2
tyq =11y Lodg Lty =11y Loy

3 Construction of the operators

In this section, we define nonlinear g-Meyer-Konig and Zeller operators of max-product type as below:

- V?:()%Q(Q@f({n@g]q
\/Zo:otn,g(gﬂ)

Z" (£)(s:9) ) ,cefo,1), 2)

which 1, ¢ (6,q) = [”ch]q (¢)°. Here, the function £ : [0,1] — R™ is continuous.

The operators given in (2) are positive and continuous on the interval [0,1] for a continuous function

f:[0,1] = R". Indeed, f € C,([0,1]) and £, ¢ (G, q) is positive for all [0, 1], we have our operator being positive.

For the nonlinearity of Z\"" (f) (g:q) for any f,h € C(]0,1]), we obtain z{M (f+h)(gq) < zM (f)(g:q)+

Z,SM) (h) (g;q)- Also, the pseudo-linearity property is provided by these operators, and these operators are pos-

itive homogenous. Also, we handily show that zM (f59)(0)—f(0) = zM (f5q)(1) — f(1) =0 for any n
consider that in the indications, proofs and expressions of all approximation conclusions in fact we may assume
that 0 < ¢ < 1. Additionally, we provide an error estimate for the operators Z,(,M) (f) (g;q) described by (2) with
regard to the modulus of continuity.

For each {,y€ {0,1,2,---} and x € [ W, v+l } , we obtained in the following structure

[n+vly? [n+y+1]4

1 (6,9) [n[f_]g]q - Q’
PC,m'Y(Gaq) = t, y(g’q) )
10,(5,4)
Peay(6,q) = tni(TQ) (3)
It follows that if { > j+ 1, then
[¢]
tn,C(Gaq) [nJqu]q Y
PCJL-,Y(ga q) = t y<(g, q) ) ) (4)
and if { <, then
¢l
tn,C(gaq) S— l’l+g
Prayl.q) = (c~ptr) - 5)

tn,Y(G)
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Lemma 3. Forall {,y€ {0,1,2,---} and g € [n[f;]q, [n[f;_lk]ﬁq] we obtain

pC,n,Y(Gaq) <1

Proof. We have two cases for the proof of the above lemma: 1) § > v, 2) { <. Case 1: Let { > 7. From the

definition p¢ , ,(G,q) given (3), since the function é is nonincreasing on [[n[f;]q, [H[I;_Ei’]q and [y+1], <[{+1],,

we obtain X
R N T A
T8+ [yl gttt T

peay(s)  [E4+1],

1
Periny(S)  [n+C+1], ¢

which indicates

Pyny(6,a) = Pyeiny(6:q) > Pyriany(S,q) > -+
Case 2: Let § <.
Pear(e) Il 4L, D
Petngs) . K °7 [y v

which implies
Prny(6,9) 2 Pr—1a4(6:4) = Py-2n(6,9) =+ = Pony(6,4)-
Since pyny(S,q) = 1, the proof of lemma is finished.

Lemmad4. Lerg € (0,1), ye{1,2,---}and g € [[n[f;’,]q, [H[I;Ei’]q}.

() G € {y+1,+ Yissuch that [Yly < [§lg— /1€ + 1]+ CLUHE s gron Py (G10) > Py ag(s.4)

(ii) If £ € {0,1---,y} is such that [y]y < [§l,+ /184 + % then Py 1 (G) > Pr_1 u4(S)-

[

Proof. (i)Let { € {y+1,7v+2,---} with [y], < [{],— \/[C-f— 1], + %. So, we obtain

[€]q

P{,n,y(g7Q) _ [C"‘l]q l [n+C], —S
PCJrl,n,Y(ga‘I) [n+ C + 1]4 9 [Vl[-ié:z_-lﬁ-]ﬁ —X
q
[¢lq —
Since the function h(g) = é : Eﬂ;’ is nonincreasing, it follows that
n+l+ilg —
€] [r+1],

h(g) >h< h’+ 1](1 ) — [I’l—i—’}’—i— 1](1 n+Cly B [n+y+1]y

1 1 T [v+1]
n+vy+1], [y+1] [n+g+f]q_ [n+7+i]]q

[ty C+1], [,y +1],
v+l  [n+8ly [E+1g—[v+1]g

Hence, we get
PC,n,}/(Q‘I)

PC-H,n,]/(ga‘I)

m+y+1g[E+1], [fg—[r+1lg
[v+1]g [+ Clg[C+1g—[r+1g

>

By taking the hypothesis [y]q < [£], — \/[C +1],+ % which indicates that

v+ 108 + 1y ([8g = [v+1]g) = [Y+1gln+Clg (I + 1]y = [v+1]),
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we obtain
P(_f,n,y(ga q)

> 1.
PC+1,n,y(g)q)

(ii) Let £ € {0, 1, 7} and [yly < [+ 1/ [C)q + 2. So, we have

[nly
(47
Peay(s) — [n+ 8l .. S il
Pr_y, - __e-1]g -
PG R
1ty
Then, since the function r(g) = [n[z](;]q g2 {Ziﬂ" is nondecreasing on G € %, %}, we get
E g_[nJrC*?]q " a g
" ( Mg ) _In+c-1y Vg [+ ClglVlg — [Clgln+7lq
g)=r = : :
[n+7q [€lq [+ Weln+8—1]—[C—1gn+7ly
T A
lr=C+1y [lg It
Since the hypothesis [Y]q < [§]4+1/[C]q + % we easily obtain
AP(:,n,)/(g) > 1.
Pé’fl,n,y(g)

Therefore, we demonstrate the lemma.

Lemma 5. Let’s indicate 1, £ (,q) = ["zé]qgé, g€ (0,1), y€{0,1,2,---} and for all ¢ € [n[f;]q, [n[gﬂ;]q] we

get

\/ tn,C(qu) = t”lﬁ’(g? Q)
=0

Proof. Primarily, we demonstrate that 0 < ¢ and for fixed n € N, we get

. . [C+1],
0<t ,q) <t , if and only if €0, ———————|.
< tngn(69) hls.a) it ge o
Let’s estimate the following inequality
0< [n—i-c—i—l] o < [n+§] &
E+1 q q
after some simplifications by using g-Pascal rules given in (1), the previous inequality can be reduced to
0<c< Lot
[n+C+1],
Therefore, if we take { =0, 1,--- ,n in the inequality above, we get
_ 1
t <t ifand only if ¢ € |0
n,l(g7q) = H,O(g7q)7 1I and only 1 Q I ) [n+1]q_ )
th2(6,q) <tn1(6,q), ifandonlyif ¢¢€ -0 2|
n, ) — tn, ) ) I 7[n+2]q_ 9
tm3(6,9) <tw2(g,q), ifandonlyif ¢e€ _0 Blg_|
n3\5, > In, y4q) I 7[n+3]q- )
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and

. . +1
th;Jrl(gaCI) S tn.,é’(Qa‘])a if and Only if g € |:07 M}} )

and so on. The result of all these inequalities is

[ 1
if ¢ E _O,M:| then tmé‘(g,q) S%O(Q,Q), forallCzO,l,---,n;
if ge ! 12l ]then tc(6.q) <tn1(g,q), forall { =0,1,--- ,n;
_[n+1]q’[n_’_2]q n-,C ? — 'n, ’ ) s Ly PEAD)
if ge_ 2, : Bl ]then 1h¢(6,9) <ta2(6,q), forall { =0,1,--- ,n;
L [n+2], [n+3], ’ -
e ras)
, Y Y+ 1 }
if ¢ce , then 1,¢(¢,q) <t.y(¢,q), forall { =0,1,--- ,n,

which completes the proof.

4 Approximation degree of zM (H(x:q)

The Shisha-Mond theorem, which is applicable to nonlinear max-product kind operators and is presented
in [13,17], is used in this section to provide an error estimate for the operators z{M ()(g;q) which is defined in
(2), with regard to the modulus of continuity.

Theorem 6. Let’s g € (0, 1) and the function f is a bounded and continuous on [0, 1]. Then, we have

Z()(g:0) ~ (9)] < 180 (f“‘f)f) ,
where n'> 4, ¢ € 0.1] and o (£:8) = sup {[ (&) ~ £(§)]:6.¢ € [0.1][g ~ £ < 8},

Proof.  Since the max-product Meyer-Konig and Zeller operators based on g-integers supply the conditions in
Corollary 2 and we get the following

1
A7)0 - 1) < (14 528 (ns.gia) ) o (138, ©

where 1¢(¢) = |t — g|. Estimation of the following term is enough for the proof of lemma:

\/Zo:() tac(6,9) m+ll, g‘
\/Z‘O:Qtn,}’(G7Q)

ZM (ne,6:q) =

[Ylg Gulr+1]y
[n+1lq Int+r+1lg

Let’s assume that ¢ € [ } , where y € {0, 1, } is fixed and arbitrary. From Lemma 5, we get

Zr(lM) (T]gaQQCI) = \/ PCnY(Qv‘])
¢=0

: _ - 7 (M) . 21(1-¢)\3 1 : _
Firstly, for y= 0 we obtain Z, (ng, g,q) < e forall g € [O, [HH]J , so we can claim that y = {1,2,--- }.

lq
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Indeed, for each P; ,, ,(¢,q) we determine an upper estimate, for y =0, ¢ € [ o J and { €{0,1,--- ,n}.

Besides, Lemma 4(i) which indicates that for { > 2 one gets Pr ,,0(S,9) > Pz41,0(5,9) which means that
r(l )(Tlg,g,CI) =maxge(o,1,2} {P§7n,0 G, q }ﬂ; € [ ,m] . For { =0, we have

—

1 1 1 [n+1],

<(1-¢)Vs- —gé(l—g)\@-

_P-9vs

[n]q

a

For { = 1, we have
1

n+l} c I

Piao(6,q) = { !

For { =2, we obtain

n+1)yn+2], , 2
2 ° [n+2]q

n+2
P no(5:9) :[ ] 2
q

2

2
o

2
=¢<

g[n+1]q-g-—[n+l]q RV

Now, let’s take y=1,2,--- is fixed, ¢ € [[}E;} , [n[f;ﬂﬁ ] and { =0,1,---, then we get an upper estimate for

each Py , (6, q). Under these circumstances, the proof will be separated into the following cases:
Casel) > y+1

Subcase a) From the hypothesis [y], > [{],—1/[§ + 1], + [VJF] i which refers that €]y <[Vg+41/ 16+ 1], n [n] ]2
we get
Prny(6:9) =Pray(S:q) ([n[f-]aq - g) < [n[f]Z]q -
[y+117
€y [, MetyerUet et
T8y vl T [y+1)2 [n+7vly

47+ /[ + 1+

[l /1 + 1], + T

<

(m+ﬂf+ K+ufﬁﬁw>m+ﬂq

One can easily see that [§ + 1], < 2[y+1],, then \/[C +1],+ [y[:]jg < \/2[}/+ 1,+ [}/[:]1]2

ey I+ 1, (2 k)

kI 1l (2 5288 ooy

Pray(6:q) <
([n +
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Mg v+l
[n+7]g? Inty+1]g

W <[n+7v]gand [y+1], <2[7], < 2@""_. Because the function

Fromx € S

] , we obtain

[1]4[y

———4=4_ jg decreasing according to ¥ and increasing according to z, we get
(CEEERI g gloy & glozweg

2[n]q\/[n]qc (e

[nlg+g.g" 7 —q7 [n]4s [n]g¢ [n)y+c.q" 7 —q7 '
qlé‘“\/ E(1+ e )) e

By using simple calculation and taking n > 4, we obtain

PC,n,]/(x;q) < <

20y (1-6) VIS _ ,(1=5)vE

Peay(Siq) < s <L
Subcase b) Let 7]y < [C]y— /16 +1],+ [HH . Since the function g(&) = [{], —1/[§ + 1], n [n o

non-decreasing according to § > 0, it results that there exists ¢ € {1,2,---}, of maximum value such that

€1y — /[ +1],+ HH < [¥]4- Then for §; = {41 we get [§1], — \/[Cl +1],+ [V[:]l]q > [7]4- Additionally, by

choosing ¢ means that C 1 <2[y+1],. Hence, as in the prior case we obtain

Y B (S| I I Ul 1Y/
FC,n,}/(g’CI)—pC,my(g’CI)<[n+€+(i]q g>§4 o

Since [&1]y > [61]g — \/[Q +1],+ [V[Jr]l]q > [7]g. it follows [£1], > [y+ 1], and Lemma 4 (i), it means that

(I1=¢)vs z Vd
< oo .
Therefore, we get Py , ,(G;q) < 4722 NO" forany § € {C 1,E+2, }

Case 2) Let’s suppose § € {0,1,--- 77}
Subcase a) Firstly, we suppose that [] gt E:]q and this condition implies that [C], > [y], —

[Clq+ Pﬁ Hence, we get

1
Peny(639) =Pgny(639) <<;— [n[fz]) = [H[I; j‘i]q [n[ji]Z]
pen, Doyt
“n+y+1] 2
T b+ e 18+
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oIt G+

By taking § <y, we get

N———

+c. n+y_ Y
From M50 0 < [y 9],

1=¢)[nly (/Inlgs +47(1-¢))
([n]g+ (¢" = 1)q?) ([nlg + 64"+ — q" — \/[n]46)
_(1=9) (VInlys +47(1 - <;)

(g + g™ —q7— \/Inlgs

Besides, from y > ﬁ and n >4 we get 1 — ¢+ /[n],6 < +/[n]y and /[n],6 +1 < %\/[n}qg. Therefore,

Prpy(S39) <

=9 (Vs +4") _5(1=¢)VInev/S
Pond i) <L T 25 -
_S(-9)vE
B [”]q

Subcase b) Let [y], > [£], + [C]q"‘% and € {1,2,---,} be the minimum value such that [§lq+

[f]q + % > [V]g- So, & = ¢ — 1 verifies (&g +1/18)g+ ‘2’ < [7]4 and similar to sub case (a), we get

S S (St 7 y+1, (€1,
P sa) =pz, (S9) (Q . Hq) S PRI miToi,

< [y +1],

T =B+
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nlg ( o 1 [ +q7>

n 2
[n+7v+1] ([”]q+ (Mg — [1%51179- + % - 1)
—6)(Vnlgs +1+4")
g =1 =g+ (L g"Y) g — /nfgx
From y > ﬁ and n > 4, we immediately get \/[n],x + 1+ ¢? < (1++/5)+/[n],¢ and it follows that
(1+v5)y/[nlgs(1-¢)

g —1— g7+ (1+q" ) — \/Inly

Let h(g) = [n]g— 1 —¢" 7+ (1 +¢")g — \/[n]46, ¢ > 0. It is easy to show that / has a global minimum in
(3+44" ") [n]g—4(1+¢"*7)

<

é‘ lny(g q) <

G = m. It means that 4(g) > h(; I +qn e 5) = PR . Therefore, we obtain
41 +¢" (1 +V5) (1-6)Vs
P 1 ,,(60) < :
{-Lny 3 Vn

Lemma 4 (ii) gives us to P;_ (g q) > P s 7/(g;q) > -+ > Py ny(6:q). Hence, we have

4(14¢™N (1 +/5) (1 -
Py y(x:q) < (+q 3)( +V5) \/Q}%\E

for any { < y. Collecting all the estimates obtained above, we have ZflM) (ng, g;q) < 4(1+qn+;)(l+ﬁ) (1_\%‘/5 for

414+ (1+V5) (1-6) /&
3 Vi

all ¢ € [0,1] and choosing 6, =
theorem.

in the inequality given in (6), we get the proof of the

5 Conclusion

In this paper, nonlinear max-product type g-Meyer-Konig and Zeller operators have been introduced. Ad-
ditionally, the modulus of continuity has been used to investigate the degree of approximation and the rate
of convergence of the operators. As a result, the max-product type g-Meyer-Konig and Zeller operators ap-
proximated better than the classical linear g-Meyer-Konig and Zeller operators. In future studies, the shape
preservation properties of these operators may be studied, and comparable research may be incorporated into
more practical operator frameworks.
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