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Abstract

This paper focuses on the complex version of the Cahn-Hilliard-Oono equation with Neumann boundary conditions, which
is used to capture long-range nonlocal interactions in the phase separation process. The first part of the paper establishes the
well-posedness of the corresponding stationary problem associated with the equation. Subsequently, a numerical model
is constructed using a finite element discretization in space and a backward Euler scheme in time. We demonstrate the
existence of a unique solution to the stationary problem and obtain error estimates for the numerical solution. This, in
turn, serves as proof of the convergence of the semi-discrete scheme to the continuous problem. Finally, we establish the
convergence of the fully discrete problem to the semi-discrete formulation.
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1 Introduction

In this article, we are interested in the following boundary value problem:

aaq:_{_gAz(p—iAf((p)—i—a(p:O, inQx[0,T], (1)
dp  JAp
5 oy 0, onl, 2
9(0) = go(x),  inQ, ©

in a bounded and regular domain Q C R”", n < 3, with boundary I" and 7 > 0. The initial datum @y(x) =
©o,1(x) + i@o2(x) satisfies the physical constraint |@y| = 1, where the real part ¢ (x) represents the initial
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concentration of the metallic components (the concentration of all phases is between 0 and 1), and the imaginary
part o2 (x) = /1 — (pg, | (x). Furthermore, ¢ = ¢; + i@ is the phase variable.

Equation (1) is the generalization of the original Cahn—Hilliard equation, which plays an essential role in material
sciences as it describes the phase separation of binary systems in physics and chemistry. In 1958, Cahn and
Hilliard [1-4] presented the equation (1) in the form of free energy, which later led to the development of the
Cahn-Hilliard equation as a partial differential equation based on thermodynamic principles [5]. When a binary
solution is cooled down sufficiently, the phase separation may occur in two ways: either by nucleation, in which
case nuclei of the second phase appear randomly and grow, or the whole solution appears to nucleate at once, and
then periodic or semi-periodic structures appear in the so-called spinodal decomposition. The pattern formation
resulting from phase separation has been observed in alloys, glasses, and polymer solutions. The Cahn-Hilliard
equation has many applications in material science and biology [6—23].

The function f : C — C belongs to ©%(C, C) and it satisfies the following standard dissipativity assumption:

liminfRe(f'(z)) > 0.

|z] oo

One typical choice for this function is

f@)=zlz—z 4)

In this article, we prove the existence of a unique weak solution to the steady-state problem associated with

(1)—(2), using the method of fixed-point arguments. Subsequently, we consider a numerical scheme based on
a finite element space discretization in space and Backward Euler discretization in time. After obtaining some
error estimates for the semi-discrete solution, we demonstrate the convergence of the semi-discrete solution to
the continuous one. Finally, we establish the stability of the Backward Euler scheme, which is the key to achieve
the convergence of the fully discrete scheme to the continuous problem.
Our primary objective in this article is to propose a straightforward model for a grayscale multi-component
phase separation that preserves the advantages of the phase separation achieved with the Cahn—Hilliard model.
Specifically, it is computationally efficient and exhibits rapid convergence times. Notably, we can replicate the
results of the two-phase separation by computing only two solutions (the real and imaginary parts of the order
parameter), regardless of the number of phases in the initial multi-component metal.

Notations

Setting

we introduce the following spaces:

H-'(Q)={t e H '(Q),{r.1)y-1; =0},

L(Q) = {r e L*(Q),(1) =0},

and

H'(Q) = {t e H'(Q),(r) =0},

which are the H~', L? and H' spaces with zero spatial average, respectively.
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2 Well-posedness of the steady state problem

In this section, we prove the existence of a weak solution for the stationary problem associated with (1)—(2):

N’ — %Af((p) +ap=0 in Q (5)
dp  JAp

We begin by integrating equation (5) across the domain Q. Then, taking into account the boundary conditions,
we find

(o) =0. (7)
We now prove the existence of a solution to the variational problem of (5)-(6) as follows.
We consider the fixed point operator

T:L2(Q)—=L*(Q), 1t-=T(1)=0,

where 7 is chosen from L?(), and we consider the following equations:

1 1 .
~(p—7)+erp—_f(p)+ap=0 in Q ®)

do JdAg

—=—=0 r

ov ov o ©)

where « is a positive constant. Integrating (8) over Q, we find (7). Therefore, (8) can be rewritten as
1 1
(+a) (@)= (2). (10)

The variational formulation of (10) reads as follows:

1

(p— <9 >),(-A)"2p)) =0,

D=

e((Ve,Vp)) + é((f(fp)ap)) +a(((-A)”

for p € H'(Q). In addition, the functional of the variational formulation is given by

1 a
Z(9.1)= 7 (9)+ 5 llo—7= ()= (1) >)I1Z + S llo = (o)), (11)
where /((p):i/gV(p]zdx+i/ng((p)dxand||.|1 is the norm defined in H—1.

Lemma 1. Setting F(z) = £|2|* — 1[z|*, we have

Z+q 1
F(2)+F(q) =2F (=) > —4le—dl’,
forallze C* and z is non null.
Proof. Noting that
A S YRV AV SO VIR T U | s Lo
F)+F(q) —2F(CTy = 24— 2|2+~ gl — 2 |gf - — - .
() +Flq) =2F(=7) = Jle" = 517+ flal” = Slal™ = 5 le+al" + e+l
Furthermore, |z+¢|* < 4(|z]> +|¢/*)? and |z +¢q|* = |z]*> + |¢|* + 2Re(Zq),
which yields
z+q 1 1 1 1 -
F(2)+F(q) =2F(~5=) > o lo* + glal* = 7 1zPPlal® = 7 (2> + |g|* —2Re(zq))
2 8 8 4 4
1. n 22 1 2 1 2
> (|72 = —z— ——lz—q|*.
2 gzl =la")” = 7lz—ql” > =71z —4l
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Proposition 2. The equation (8) has a solution in H'(Q). Furthermore, if r < €3 (x), then this solution is unique.

Proof. We show that there exists a unique minimizer (say ¢*) of .# provided that (*) holds. First of all, notice
that there are two positive constants ¢ and ¢, such that

1 1
F(p)=1lol'=lol > cilol —ca.

Secondly, . . .
a > 2|V 2“1 2“2
F(0.7)> S |IvolP + gl -
e @ e IR+ Sl — ()P (12)
2rt2 -1 L) -1

£ ci 1 o
> Z|IVoll? + =o|]? + (— + 2)|o — 2
> SIVelP + ol + (5 + 3l — (@) +e,

where c is a constant that depends on Q, € and c;. Consequently, we deduce from (12) that the functional
Z (¢, 7) is coercive, and hence .% has a minimizing sequence ¢" € H'(Q). The sequence @" is now bounded
in H'(Q). Therefore, there exists a subsequence of @" that we shall not rename, such that ¢" converges weakly
to ¢* € H'(Q). Additionally, ¢" converges strongly to ¢@* in L?>(Q), due to the fact that H'(Q) is compactly
embedded in L?(Q). We now recall that

1
F (9", 7) = F(9") + 51197 =T (9" D)2y + S 119" — (9", (13)

which implies that

" —7— (9" = D)2 ~[l¢" —7— {9~ 7|2,
=(=A")(9" 71— (9"~ 1)),¢" —T—(¢" —1)))
(A (9"~ 71— (9"~ 1), 0" —T— (9"~ 1)))

=((-A")(@" — 90" — (9"~ 9%)).¢" —T— (9" —1)))
H((—A™)(@" 1 (9"~ 1),0"—T— (9"~ 7))
<9"— 9" —(¢" = @")[|./lo" —T— (9" —7)|

+e" =" = (9" = ¢M)[|./¢" — 7 {¢" = T)],

and
lo" = (@") 21— I|o* — (9")[I*
=(((~A)(¢"—@" — (9" — 9), 0" — (¢")))

+((=A (9" —(9)), 0" — 0" — (0" — 0%)))
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<llo" =" = (0" = o")|lll¢" = ()| +[]¢" — @" = (¢" — @) |-/l 9" = (9",
and since Q" — @* € L*(Q) strongly, then

lo" 71— {@" = 1)|>) = [lo" — 71— (p" —7)|I?, (14)
strongly, and

19" = (")l = llo* — (@)% (15)

strongly. Furthermore, as F is continuous, we observe that F(¢") converges to F(¢*). By applying Fatou’s
Lemma, we can deduce that
F(¢*,7) <liminf.Z (¢", 7). (16)

Therefore, .# has a minimizer in H'(Q), i.e., 3 ¢* € H'(Q) such that ¢* = argmin .7 (¢, 7). Furthermore, with
the assistance of the trace function and Neumann boundary conditions, we can easily prove that ¢* satisfies the
Neumann boundary condition 2 a =0, and ¢@* serves as a weak solution for the variational problem. Next, we
demonstrate the uniqueness of ¢*; for this purpose, we prove that the functional .7 is strictly convex. Let v and
w belong to H'(Q) such that ¢ = v —w. (Note: (¢) = (v) — (w) = 0). Now, by employing interpolation and
Young’s inequalities, we obtain

vV+w T)
2 b

€ o 1 1
> Vo2 + (= + — 2 ol .V
_MIWWH2+ NWL14JWHMIW

F 1)+ F(w,1)—2.F(

£ a 1 1 17)
s Ewvolr e (L 2 2 8y (
> £ 19alE +(E 4+ DllolR = (s oI+ S IV0lP)

a 1 5 5
> (2L _
> (Z 4 DllolR — g5llolP
>0,

under the assumption (*). As a result, .% is strictly convex, and the weak solution is unique.

Proposition 3. The operator T has a unique fixed point under the two specified conditions: (*) stated above
and (**) defined below,
1 1

_ 1 1 a’e’
20— 5 O—a— 7

Proof. 'We show that with the help of the two specified conditions, we can restrict the operator 7' to a com-
pact convex set. By applying Schauder’s fixed-point theorem, we can establish the existence of at least one
fixed point, denoted as ¢*. Furthermore, we can conclude the uniqueness of ¢* based on the property that the
functional .% is strictly convex. To simplify matters, we denote @ = @*. Now, let’s reframe the problem as
follows:

(0= .0) +ellagl + S((VF(9).Y0)) + (09, 0)) =O. (18)

Take into account (4), we find

1 1
—((p—7.0)) +ellagl” < _|IVol* — allo]l* (19)
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Therefore,
(1+0£)||<P||2+8||A<P|2<1|!V<P||2+1/|<P|2dX+1/ |7|*dx (20)
r € 2r Jo 2r Jo

1 1
< ~[|IVol* + o> +k
< _IIVelP+ 5 lllP +
where k is a constant depending on 7, r, and Q. It then follows that
1 1
(o+ 5)l1l P +ellagl <~ Vol +E

Furthermore, through the utilization of the interpolation inequality followed by Young’s inequality, we obtain

2

€
IVoll* <[]0l _282|\<P||2 ||A<P\|2+3<<P>2
a’e?
< Lol + Sl + S o,
Consequently,
(a+ )llolP+elaglP < -5 lolP+ EllalP+ 4 (27 & en
2/N1® P = 2 1Pl TS lIAel+ =5 '
Thus,
(06+i )H(PII2 !IA<P|\2<£|IT|!2+/c (22)
2r 263 - ’
1
such that & = £ with a = . Under the assumptions (*) and (**), we find
loll> =T (7)[[*> < &'||7|* + ¢, (23)

where & and %" < 1. Therefore, ¢ remains bounded in L?(Q), and T now represents a mapping from the
closed ball
K =B[0,M] = 9., L*(Q): |9 20) <M

to itself, with an appropriate constant M > 0.
Furthermore, due to the stationary problem, we obtain the following inequality:

181172 < cllTllZ2q) +¢"- (24)

Since (@) is null, we conclude that ¢ is uniformly bounded in H?(Q), and it follows that B[0, M] is compact and
convex in L?(Q). It is also clear that T is continuous, which leaves us to show that T is compact. Consider the
sequence

" st }(Q),T(1") = o";

@" is bounded in H'(Q) for all n. Then, by taking a subsequence (which we do not rename), we have: ¢" weakly
converges to @ € H'(Q), and ¢" strongly converges to ¢ in L>(Q) using the Rellich-Kondrachov compactness
theorem. In addition, since f is continuous, f(¢") converges to f(¢) almost everywhere, and f(¢") is bounded
in L2(Q); then, f(¢") weakly converges to f(¢) in L?(Q) due to the weak dominated convergence theorem.
Thus, ¢ = T(7) is a weak unique solution for (8), thanks to the previous proposition, and 7 is a continuous
operator. Finally, by applying Schauder’s Theorem, the operator 7 has a fixed point in L?(Q), which is the
unique solution of the stationary problem.
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3 Numerical analysis of the evolution problem

The given problem can be reformulated as follows:

¢

¢ =5 =Mw—aginQ, 25)
1 )
w=_f(p)—eApinQ, (26)
dp  JAQ

The variational formulation of (25)-(27) is as follows:

((¢1,9)) = =((Vw,V9)) — a((9,9)), (28)

(00 9)) = (F(0). W) +£((V9,V9), 29)

for all ¢, w € H'(Q). In our approach, we employ a quasi-uniform family of decompositions denoted as Q" to
effectively partition the domain Q into k-simplices. Within this discretized framework, given a specific trian-

gulation Q" = |J T, we establish the conventional P' conforming finite element space, denoted as V". This
TheQh

space, characterized by functions m" belonging to C°(Q) with the property that m"|T is affine for all T € QF,

plays a critical role in our numerical analysis. Notably, we observe that V" is a subset of the more general

function space H'(Q). To facilitate our computations, we introduce the function 1%, which represents a unique

element within V" and precisely replicates the values of the function ¢ at the nodes of the triangulation. It is im-
portant to note that our methodology aligns with the following well-established standard approximation result,
affirming the reliability of our numerical approach

1 —Ipllz20) + 2@ — Il ) < CH*||@llg2(q) forall @ € H*(Q). (30)

Here, C > 0 is a constant that solely depends on Q". Additionally, the inverse estimate below still remains valid
(refer to [24]).

M| oy < Ch? [|m"|| 120 for allm" € V™. (31)

Setting
Vh=vhnL(Q).

The discrete version of (28)-(29) can be written as follows: Find (" w") : [0,7] — V" x V" such that they
satisfy the following conditions:

((¢!.9)) = —((Vw",V9)) — a((¢".9), (32)

(W', ) = é((f(q?h),ll/))—8((V<PhaVW))7 (33)

for all ¢,y € V",
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3.1 Error estimates

Setting
¢"(t)— (1) = 09 +B?, with 09 = ¢" — ¢," and B? = ¢." — ¢, (34)
) —

wh(t) —w(t) = 0¥ + B, with 8 = w" —w," and B = w," —w, (35)

for all t € [0,T], where w," = w,"(¢) represents the elliptic projection of w = w(z), and @, = @,"(¢) is the
elliptic projection of @ = ¢(¢). These projections satisfy the following conditions:

(Vw",Vy)) = ((Vw,Vy))  forall y € H'(Q), (36)
((we", 1)) = ((w, 1)), (37)
(Vo V) = ((Vo,Vy))  forally € H'(Q), (38)
(@2, 1) = ((p,1)). (39)

Using the Lax-Milgram theorem and following the Poincaré inequality, it is evident that, for all w € H!(Q),
equations (36)-(37) establish a unique solution w," € V(Q).

Likewise, for the function ¢ € H!(Q), equations (38)-(39) yield a unique solution @," € V(Q).

Now, we proceed to define the bilinear form

S(¢7W) = ((V‘PaV‘I/))a (40)

which is coercive on H!(Q), i.e., there exists ¢y > 0, such that

5(9,9) 2 collglZr,  forallg € HY(Q). 41
We start by estimating B and ".

Lemma 4. For all ¢ € H*(Q), the function ¢, € V" defined by (38) satisfies

e — @l () + Al 0" = @l @) < Ch* |9l (q)- (42)

Proof. We first have the following equation:
s(@!,y") =s(@,y), forall y € VI, (43)

Then, since ¢/ — If; € V%, we obtain

s(Ql — 0, 0! — @) =s(ol — @, 0! —1b) + (¢! — 0,11 — 9)

and
(0" — 9,0 — 9) > coll 9" — 9|12,
which yields
col|@) = olI5r < s(9¢ — 0.0 — 9) < |l — ll5:llIG — @l
Therefore,

o — @17 < ¢ ' 11h — ¢l 5.
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As a direct result of (30), we deduce that

192 = @l|5r < Chl|@]|m2(0)- (44)

Furthermore, for z € L>(Q), let ¢ represent the unique solution of

s(9,v) = ((z,y)), forally € H'. (45)

Thus, we obtain that
191lz2(0) < Cllzll2 o) (46)

where the constant C does not depend on z.
Taking now ¥ = @," — ¢ in (45), we infer that

(2.0 — ) = 5(0. 0 — ) = 5(¢ —Ig, 0 = ) < |9 — o[l | 0! — @[5

Moreover, by selecting z = ¢,” — ¢ and considering (30) and (44), we obtain

lo." = ll72 () < ChlI9ll20)Chll (@)
< CIP(|@" — @l 2019l
Thus,
10" — ¢llr2(0) < CR? (0|20

This inequality, along with inequality (44), yield the result.
In a similar manner, we can establish the existence of a constant ¢ that is solely dependent on Q". For all
weH 2(Q), the function w,” € V", as defined in (36)-(37), complies with the following:

Iwe" —wllp2(@) +Allwe" = wll(q) < CH Wl g (47)

Next, we define the discrete inverse Laplacian o
D" L —Vhby D" f = mh, where f € L(Q) and m" € V' solves

(Vm", Vy™)) = ((f,v")), for all y" e V", (48)

Note that Dzl’h is self-adjoint and positive semi-definite on H', since

(gD " 1) = (YD &, VvD " 1)) = ((f,D;"g)),  forall f,g € L(Q),

~1,h ~Lh —
((f?DL ) f)): HVDL fH%‘Z(Q)7 forallf EL(Q)
By expressing the discrete negative semi-norm in the following manner:

1,h

— 1 —
-1 = (D "'m,m))} = VD, “'m| 2y, forallm € L(Q),

and using an orthonormal basis of Vh for the L?(Q)-scalar product, it becomes evident that the subsequent
interpolation inequality is satisfied

Im"[Z2 ) < " | -1 allm" |1 (@), for all m" € Vi, (49)

It is also observed that
||f”*1~,h S CPHfHLZ(Q)v for allf € L(Q)7 (50)
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where ¢, is the Poincaré constant. Moreover, we define

1

o) = Vol(Q)

((6%(1),1)), for all ¢t >0, (51)
so that ((6? —0,1)) =0.

In the remaining part of this section, the final time 7 € (0,0) is defined, and we express

(1) = 109110y + 1187 — 8121

We now prove the following lemma.

Lemma 5. Let (¢, w) be a solution of (28)-(29) with sufficient regularity, and let (¢" ,w") be a solution of
(32)-(33). If R < oo,

sup [[@(1)[|co) <R,
t€[0,T]

sup [1:(t)]| o) < R:
t€[0,7]

sup [[9"(0)llcorm < R,
t€[0,7)

and
”(ph(Z)HL""(Q) <R, foreveryt € [OvThL

where T" € (0, T| is the maximal time, then

t
w 1
Z0)+ [ 1”1 + (5 )61 s

<C#(0)+C /O 11B® 12 + (|82 -]ds (52)

t
e, /0 U1B" 2.+ 1B )ds  forallt € 0,7,

Moreover, 1
(8%, )|l <C[Z2(t) +|6°]],2],  forallt € [0,T]. (53)

Proof.
It follows from (28) and (32) that

((@.9)) = ((9.9)) = —((VW",V9)) + (YW, V9)) + a((¢" — 9,9)).

Therefore,
((6°.9)+((V6",Ve)) = —((B’.9)) + (9" — 9.9)). (54)
In particular, if @ = 1, we obtain
_ 1 0 _ 1 ®
8 = vy (07 1) = ~ gy (B 1) + (0% +5%. 1) (59)
Due to equation (39), we can derive the following:
((B",1))=0.
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Differentiating (55) with respect to time, we get

(108-1)) = Gy 3(0) =~y [ (B 1)+ (@7 D)+ (B7. D)L (56)
which yields,
8ut) = Volo(‘ o (671, (57)

Similarly, by subtracting (29) from (33) now, we get:

(W 9)) — (0, 9)) = ~((F(0") ¥) — ~((F(9). W) — (V9" ) +£((V9. V).

E E

Hence,

—((8", ) +e((VO?,Vy)) = (B",v)) - 1((f(fph) — (@), w)), (58)

£
on [0,T], for ally € M".

Furthermore, using ¢ = 6" in (54) and y = 0,(’) in (58), and then summing the results, we obtain

V6" |72 + **HVG"’HLz =-2((67,0")) ~ ((B”,0") +a((6°,6")) + a((B*,6"))
+((B".67) = ((f(e") — f(9).67)).
In addition, the function f is Lipschitz with constant L, therefore

Hf(‘Ph)—f(‘P)”LZ(Q) SLfH(Ph—‘PHLZ(Q)~ (59)

Hence,

10" 1310y + 5 - 118% iy < 2116° |20y [Vol * (@)]((6™, 1)) + ¢, [16" |1 ()

2dt
+1B21122118" | 12() + 0tl[61] 20 16| 20
+allBOl20)110” 120 +1B" 1200167 || 20

*Ile‘plle )-Lrll10%11220) + 1B |2 ()]
We now estimate ((6",1)). We choose y = 1 in (58) and use ((",1)) = 0, so the estimate (59) yields
(6", 1))] < Ly (1169 |20 + 1Bl 2() VoI () on [0,77]. (60)
Thanks to inequalities (60) and (58), the triangle inequality, and the generalized Poincaré inequality, we find
HVH%Z(Q) §c;\|vH%ﬂ(Q), forall v e H'(Q), (61)

and we deduce (53).
Besides, we have that
ab < ea®+ (4¢)"'p?,  foralla,b >0,V e > 0. (62)

It then follows from (60)-(62) that

w d w
|6 |!H1(Q)+E|\9(”|\H1(Q)SC1(|W(’)\|§2(Q)+||/3 1220 + 1B 20)
CZ(HG‘PH%Z(Q)—i—HG,‘pHiz(Q)),

(63)
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where the constants C and C; depend on Vol(Q),c,, Ly, and o.
We now must calculate the value of 6, so if we differentiate equation (59) with respect to time, we get

((67,0)+ (V6" V) = —((BY.#)) +a((6° + B, 9)). (64)
In addition, if we differentiate (58) with respect to time, we get
—((6",¥) +e((V8,,Vy)) = (B’ v)) - é(([f((Ph) —f(@)]i, v)). (65)

Next, we select ¢ = DZ1 ’h(G,‘P — &) in equation (64) and v = 6 — §, in equation (65). When we combine these
equations, we obtain

(6.0 (87 — 51)) + €101 1 = —(((BF.DL (67 — 8))) + (B, 6° — &) (66)

+a((67 +B7.0."(87 = 8)) — (([F(9") ~ (). 67 — 8)).
In the first term on the left-hand side, we can express
611 = (67 — Su) + .
We should note that ((&; + B,7,1)) = a((67,1)) according to (57). As for the nonlinear terms, we have
(0" = f(@)l = £ (9" — @]+ alf (¢") — ' (9)]
and
alo" — ¢l = a(6” +B°). (67)
Thus, equation (66) implies

Ld

521107 = 21+ €101k @) < 118+ BT 1114167 = 811+ 1Bl 20167 = &1l 120

+supl f'(116° = 8|20 + 1B |l2@) +18D1167 = 8l 2
+L5(110%12(0) + 1B l2@) 1167 = & 1l2(0)
+a(l18°|2 ) + 11871121167 = &l -1,

where L is the Lipschitz constant of f" on [—F, F].
With the help of the interpolation inequality (49) applied to v = 6 — &, i.e.

167 — & llr2) < 1167 — & ll-1.4l1 611211 () (68)

and the inequalities (50) and (63), along with the Poincaré Inequality, we obtain

d
EHGZ(P_61“%1,h+|’9t¢"H1(Q)
< Gs[||6 Prt)|? w2 ?12 2118% 2118112
= 3[” tt+ﬁ ”HU(Q)"‘Hﬁz ||L2(Q)+HBI ||L2(Q)+ HB ||+ H tHLZ(Q)]

+Cul]18° 811+ 118912, on [0.77), (69)

for some constants C3 and C4 which depend on R ,cp, Lg, sup |L'| and sup|f|.
[7R7R} [7R7R]
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Finally, we add (63) and (69), using the modified Poincaré inequality (61) and the triangular inequality, we get
1621|202 < 116 = 6IHiZ(Q) +&1%,

the interpolation inequality (68), and inequality (62), we obtain that

1 w d w w
11681 ) 116" iy + 5 2 (0) < C5(11B” gy + 1B 1Bscqy +18 2+ 1182 2 ) + 187122

BB y +180P) + Co(1167 = 8111 +110 P2 gy + 1167 B2y

< Cs(1B" 1220y + 1171 B2y + 182+ 1187 22y + 1B 1By + 1181 By + 184 )

+Co (1167 — & |12+ ||9(p||?11(9))'
Moreover, due to equation (33), we have
16> < a?|16°]|72q
and
164> < 0‘2|’9t¢|’i2(9)7
which lead to the the following inequality:

1 y d
(5 01071 ) + 10" iy + 120
SC("ﬁW’|i2(Q)+Hﬁ(pHIZP(Q)+HﬁtWH%Z(Q)+Hl3t(tp‘|i2(£z))+clg(t)'

Therefore, we conclude (52) by applying Gronwall’s lemma.

Theorem 6. Let (¢, w) represent a solution to (28)-(29) such that @, @;, @, w, w; € L>(0,T,H*(Q)), and let
(@",wh) denote the solution to (32)-(33).

If
69(0) =0, 6"(0) =0, and B*(0) =0, (70)
then
[SOU%(||‘P}’—§DHL2(Q)+ 9! = @il —1.4) < CH?,
T 3
([ 1 wlpsqyas)” <,

0

supl|¢" — @l ) < Ch,

(0.7]
and

1
T 2
(IW" = Wil ) + 110 = @il ) ) ds ) < Ch
0
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Proof.

We start by differentiating equations (36)-(38) with respect to time, we find that the elliptic projections of ¢, and
w; are respectively (@), and (we),. The same applies to ¢, and wy,. Given that ¢ € C([0,T],H?*(Q)) and due
to the Sobolev continuous injection property, H>(Q) C C°(Q), we can conclude that

(pv (Pt € CO([Oa T]’Co(ﬁ))
Thus,

sup [9(0)] oy < R,
t€0,7]

and

sup H(Pt(f)HCO(Q) <R, for some R > 0.
t€(0,T]

Using the inverse estimate (31), we have
119"(0) = 9(0) | o) < Coh™ 2 (119" (0) = 9(0)]| 20y +119(0) = I (0) | 2y
+Col |9 (0)] 1120,

where [ is a real number in (0, 1) ensuring that H%(Q) is a subset of C%/(Q). Thanks to Lemma 4, as well as
equations (30) and (70), we obtain

19"(0) = 9(0)||cog) < (CCol*~2 +Colt)||9(0)| |12 - (71)

Taking & small enough, we get
19" (0)llco) < R-
We now assert that 2°(0) < Ch*, where Z is defined in Lemma 5. Hence

Z(0) =116°(0) — &0)17 1 -

We follow a similar approach to the proof in Lemma 5. Starting with equation (55) being valid at t = 0, we then
substitute ¢ = Dzl’h(G‘Pt(O) — 01(0)) into (54), yielding

((6°(0), D" (67(0) = &(0)))) + (V6" (0), VD, (87 (0) - &(0)))) =
~((B7(0),D.""(6/(0) - &(0)))) + ((69(0) + B*(0), D, " (67 (0) - §,(0))))-

We subsequently use (70) to obtain

((8°(0), D7 ""(87(0) - &(0)))) = —((BL(0),D; (87 (0) — &(0)))).

Consequently,

16(0) = & (0)|-1.1 < 1B (0) +&(O)|-1.1 < CIIB*(0) + 8,(0)l| 2() < CH[|91(0) 2 @)s  (T2)

where we used Lemma 4, (50) and (53). Therefore, Z(0) < Ch*, which validates our assertion.

In addition, Lemmas 4 and 5, combined with the estimation in (47) and the regular assumption regarding ¢ and
w, yield the following inequality:

F(1)<Ch*,  forallt € [0,T"].
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This inequality, in particular, implies the subsequent result

169 (1)l 2(q) < CH?,  forallt € [0,T"].
In addition, arguing as in (71), we then deduce that
sup [|¢" (1) — @(1)llcog) — 0, as h— 0.
Consequently, by choosing a sufficiently small value of 4, we have T" = T. Also, Lemma 4, Lemma 5, and (47)
collectively establish the results presented in our theorem.
3.2 Stability of the Backward Euler scheme

In this section, we examine the backward Euler scheme with respect to time. After showing that the func-
tional energy decreases during time discretization, we can conclude that our scheme maintains stability. Our
initial assumption is that the time step 1¢ > 0 remains constant.

The numerical scheme is as follows:

n_ nn—l1
<<W,¢>> — —((V»,V9)) — a((g},9)), (73)
(O w) = L7 (0h). W) + (Y9} V), (74)

for all ¢,y € V.
In what follows, we show the existence, uniqueness, and stability of sequences ((¢};), (w})).

Theorem 7. For every @) € V", there exist two sequences, (@}') and (V}), generated by equations (73)-(74),
which satisfy the following:

n a n 1 n n— n— a n—
o+ =lop P+ —ller —op 2 < Z(op Y+ Zlop |, foralln> 1. (75)
2 Nt 2

In addition, if ¢ < nt+, where nt* = 2 and m = 1 + ”'20‘2 +en?ta®Vol?(Q), then these sequences are uniquely
defined.

Proof. Consider the following minimization problem:

I1? = inf II"(w), (76)
wevh
where
h o 2 1 ~1y12
IT (W):/(W)+5||WH +Tm|’W—‘PZ 1125 (77)
We can see that . o
(&]
'(w) 2 2[99I+ (S + ) lIwlP +C.

Since IT"(.) is continuous, it follows that that there exists a solution to the variational problem (76). This solution
satisfies Euler-Lagrange’s equation

£(V0.V0) + £ ((£(0).0)+ (D 0.0 + 5 (o =i o)~ ((0.1) =0, (9
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forall 9 € V
We set ' =@ and v, = ¢ — D, 1h( (o—o, " — ag), and we see that ((@}"), (w})) satisfies (73)-(74). By

construction, we have
PRSIt

and as a result, we can derive (75).
To establish uniqueness, we consider k% = (¢')! — (¢f)* and k" = (v})! — ()? as the discrepancies between
two solutions ((¢f")’, (w)') (where i = 1,2) of (73)-(74) with respect to a given ¢/ ~'. Then, (k?, k") satisfies

((x?,9)) = —nt((VK",V9)) —nt.a((k?,9)), (79)

(" y)) = %((f((%’f))l) — F((@1)), w) +e((VK?, V), (80)

for all ¢,y € V",
By choosing ¢ = k¥ and y = k? and subtracting the resulting equations, we obtain

1
ne||Vie'|? +e|[VK?|* + gRe((f(qJZ’l) — F(g) k%)) = nr.a((k?, k")) =0, (81)

Set @, = z,¢, 2 =7in Proposition 3.1 of the reference [25], and observe that

[Re((f(2) = f(2),k%))| = Co/QH'<"’I4+!ZI2-|7<"’|2+2Re(21<"’)}dx—HK“’H2

> —||x®|?, (82)
hence
MV 4+l VI < 2l -+ necd [k (8)
which yields
M1 |+l 791 < (2 + S e 2 e (84)

Let now ¢ = y = Vol(Q) in (79) and (80) and proceeding as above, we have

(x?) < nt.a.Vol(Q)||x?||

and
ky
Ky < —2—||x?|].
< >_%:.Vol(Q)H I
Therefore, inequality (84) can be rewritten as
nt
S 710 + €l @
1 o2 () 2, 2 12 ki 2 85
< (o4 — e () Vol (Q) + ——L )| |x? (85)
5+ rem) @+ o) 1K
< m||[x7|.
Next, by choosing ¢ = m.k? in (79), we infer that
912 012 0 Vic? 2, W
m|[?[|"+m.ant|[x?]|” = —m.ni((VK?, VK?)) < HVK I+ —==lIvll.
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We then deduce the following inequality,

m’nt
T)HK(p”%—ﬂ(Q) <0.

(e -
At the end, since ((69,1)) = 0, the smallness assumption on 1z implies that k? = 0, and using (3.61) we can
see that k" = 0.

4 Conclusions

In this article, we proposed a complex version of the Cahn-Hilliard-Oono type equation, with applications
in grayscale phase separation. Instead of considering the Cahn-Hilliard-Oono system for long interaction phase
separation as proposed in [26], we suggested examining a multi-phase metal treated as grayscale, where the
concentration of each phase ranges between 0 and 1. We utilized the complex version of the Cahn-Hilliard
equation, revealing that the real part of the solution represents the resulting separation.

We established the existence of a unique solution for the stationary problem using Schauder’s fixed point
theorem. Furthermore, we considered a numerical scheme based on finite element space discretization in space
and Backward Euler discretization in time. After deriving error estimates for the semi-discrete solution, we
demonstrated the convergence of the semi-discrete solution to the continuous one. Additionally, we proved the
stability of the backward Euler scheme, enabling convergence of the fully discrete scheme to the continuous
problem.

It is worth noting that numerical simulations are crucial for showcasing the efficiency of the model under
investigation in future works. Furthermore, exploring the mathematical aspects of the evolution problem (well-
posedness, attractors, convergence) will be a significant focus in future studies. Moreover, for long interaction
phase separation and to streamline numerical simulations, we can use the complex version of the Cahn-Hilliard-
Oono equation.
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