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Abstract

Satellite Laser Ranging (SLR) is a modern technique used in various research areas and applications related to geodesy andgeodynamics. It is commonly used for tasks such as establishing the International Terrestrial Reference Frame (ITRF), monitoringEarth Orientation Parameters (EOP), determining the geocenter, measuring fundamental physical constants, calibratingmicrowave tracking techniques, conducting time transfer experiments, and studying gravitational and general relativistic effects.Laser measurements of the LARES and LAGEOS satellites are used to determine the relativistic effects acting on these satellites.The objective of the present research is to analyze the perturbing forces of relativistic origin (Schwarzschild, de Sitter andLense-Thirring effects) acting on the LARES, LAGEOS-1 and LAGEOS-2 satellites. By using data from fifteen SLR measurementstations, the precise orbits of these satellites were determined over a span of 840 hours using the GEODYN II orbital softwarepackage. The calculation process used a set of procedures, models of forces, and constants that are currently recommended by theInternational Earth Rotation and Reference Systems Service (IERS) and the International Laser Ranging Service (ILRS). Based onthe precise orbits of the LARES, LAGEOS-1, and LAGEOS-2 satellites, calculations were made to determine the values of relativisticaccelerations acting on these satellites. These values oscillate with a period equal to half of the orbital period for the de Sitter andLense-Thirring effects, and a quarter of the orbital period for the Schwarzschild effect.
Key words: Satellite Laser Ranging technique, relativistic accelerations, effects: Schwarzschild, de Sitter and Lense-Thirring,precise orbit determination.

1 Introduction

The movement of artificial satellites in space around Earth is influ-enced by several perturbing forces. Some forces cause the accelera-tion of satellites, including the acceleration predicted by the GeneralTheory of Relativity (GTR). These forces include the Schwarzschild

effect, the de Sitter effect (also known as the geodetic precessioneffect), and the Lense-Thirring effect (also known as the frame-dragging effect), studied in Huang et al. (1990). The InternationalEarth Rotation and Reference Systems Service (IERS) recommendsconsidering these effects for precise orbit determination of satellites(Petit and Luzum, 2010).
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In the early 20th century, Karl Schwarzschild solved the Einsteinfield equations (Schwarzschild, 2003). This solution completelydescribes the space around a stationary system with matter dis-tributed in a spherical manner around a central point. It predictsthat objects in the gravitational field experience relativistic accel-erations, which can be described by the following formula (Huanget al., 1990):
a⃗Sch = GM

c2r3
[[4 GM

r – v2] r⃗ + 4 (⃗
v · r⃗

)
v⃗
]

(1)
where c is the speed of light in a vacuum, G is the gravitational con-stant of the Earth, M is the mass of the Earth, r is the distance fromthe satellite to the center of mass of the Earth, r⃗ is the geocentricvector of the satellite’s position, v is the speed of the satellite and v⃗is the geocentric vector of the satellite’s speed.The Dutch mathematician, physicist and astronomer Willemde Sitter was the first person to predict the influence of a vectorcarried with a body orbiting the curvature of space-time (De Sitter,1917). He determined the relativistic correction for the Earth-Moonsystem, which is known as the geodesic precession or the de Sit-ter effect. It depends on the geometry of the satellite-Earth-Sunsystem (Sośnica et al., 2021). It is assumed that the de Sitter effectremains nearly constant, with the value of a 10– 11 m/s2 range; andit is determined using the formula (Combrinck, 2010):

a⃗deSitter = 3
[
⃗̇R ×

–GMSR⃗
c2R3

]
× v⃗ (2)

where MS is the mass of the Sun, R⃗ denotes the barycentric position
of the Earth, ⃗̇R is the barycentric velocity of the Earth, R is thedistance of the Earth from the Sun and v⃗ is the geocentric velocityvector of the satellite.The Lense-Thirring effect, which is the third relativistic effect,was described by mathematical equations in a seminal work by J.Lense and H. Thirring at the beginning of the 20th century (Lenseand Thirring, 1918). According to the General Theory of Relativity(GTR), the movement of mass has an extra effect on the gravi-tational field. This effect is similar to the electromagnetic field inelectrodynamics and is called the gravitational-magnetic field. Thisfield then applies a rotational force on the objects within it (Ciufoliniet al., 2016). This effect can also be described using the followinganalogy: the central body that is rotating causes the spacetimearound it to become distorted, similar to how an object immersedin a thick liquid would behave. This distortion results in the transferof some of the rotational energy of the central body to the surround-ing medium (McCarthy et al., 2015). The Lense-Thirring effectcauses an acceleration of approximately 10–11 m/s2, depending onthe altitude of the satellite’s orbit (Combrinck, 2010). The followingequation describes it (Huang et al., 1990):
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where M is the mass of the Earth, r is the distance from the satel-lite to the center of mass of the Earth, v⃗ is the geocentric velocityvector of the satellite and J⃗ is the momentum of Earth per mass
unit ∣∣∣∣→J ∣∣∣∣ ≃ 9.8 · 108m/s2 (Petit and Luzum, 2010). The relationship
between the acceleration values and the height of circular orbits isdiscussed in (Hugentobler, 2008). The accelerations caused by theSchwarzschild and Lense Thirring effects decrease significantly bytwo orders of magnitude as the orbit transitions from a low to a highaltitude (by 103 km). On the other hand, the accelerations caused bythe de Sitter effect remain relatively constant. The Schwarzschild ef-fect primarily acts in the radial directions, while the Lense-Thirringeffect does not impact the radial component but instead affects thecross-track direction, resulting in a precession of the orbital plane.

On the other hand, the De Sitter effect heavily relies on the relativegeometry between the satellite, the Earth, and the Sun.Research on the impact of relativistic effects on the movementof artificial satellites has been a topic discussed in the literature formany years, but it still remains an open research problem. The firstprecise measurements of geodetic precession were made using Lu-nar Laser Ranging (LLR). These measurements had an uncertaintyof approximately 1% according to Dickey et al. (1994), and later anuncertainty of 0.6% according to Williams et al. (2004). In turn,Ciufolini et al. (2017) examined the de Sitter effect on the LARES2 satellite (Ciufolini et al., 2023). The Lense-Thirring effect wasconfirmed using the LAGEOS-1 and LAGEOS-2 satellites. The uncer-tainty for this confirmation was 5% considering all the known er-rors, and 10% allowing for unknown and unmodelled error sources,as stated by Ciufolini and Pavlis (2004). The Lense-Thirring ef-fect was also examined in the work by Ciufolini et al. (2016) andLucchesi et al. (2019). They found that the secular Lense-Thirringprecession on the Right Ascension of the Ascending Node (RAAN)was approximately 30.67 mas/yr, 31.50 mas/yr, and 118.48 mas/yrfor the LAGEOS 1, LAGEOS-2, and LARES satellites, respectively.Additionally, Ciufolini et al. (2019) confirmed this effect with a 2%uncertainty using measurements from the same satellites.NASA conducted the Gravity Probe B (GP-B) satellite mission toexperimentally confirm the theory of gravity. The main goal of themission was to accurately measure the spacetime frame-draggingeffect (Lense-Thirring effect) and geodetic precession (de Sitter ef-fect). The satellite, which was orbiting in a polar orbit at an altitudeof 642 km, was equipped with four spherical gyroscopes and a tele-scope. The gyroscopes were aligned with the distant reference starIM Pegasi using a telescope. Then, the deviation of the gyroscopes’axis from the direction to the reference star was measured. Thepredicted size of the geodetic precession was 6606.1 mas/yr andthe Lense-Thirring effect was predicted to be 39.2 mas/yr. The ex-perimental results showed that the geodetic precession was 6601.8
± 18.3 mas/yr and the Lense-Thirring effect was 37.2 ± 7.2 mas/yr(Everitt et al., 2015).The influence of relativistic effects on the change of the GALILEOsatellite orbit over a period of 24 hours was investigated in Sośnicaet al. (2021). In turn, the exact measurement of the precession of theperigee argument of the LAGEOS-2 orbit was described in Lucchesiand Peron (2010, 2014), obtaining 3306.58 mas/yr as the sum of allrelativistic effects. In turn, in Lucchesi (2003), the authors presentthe value of the precession of the perigee argument for the samesatellite caused by the Schwarzschild effect as 3351.95 mas/yr. Themagnitude of all relativistic accelerations acting on the LARES andLAGEOS satellites is also presented in the paper Sośnica (2014).The research in this paper is based on data obtained using theSatellite Laser Ranging (SLR) technique. This technique is com-monly used in various research areas and is a part of space geodesymeasurement techniques. In simple terms, it involves an accuratemeasurement of the time it takes for a laser pulse to travel from aground station to a satellite and back (Seeber, 2003). This allows forthe measurement of the distance to the satellite, which is expressedas a unit of time. The distance between the station and the satelliteis calculated based on the time it takes for the laser pulse to travel.Equation (4) provides the laser observation equation for the i-thlaser measurement of the distance from the reference point of thelaser sensor to the satellite’s mass center:

ro,i =
(
∆ti – ∆cal

)
c2 + ∆ai + ∆CoM – ∆r – εi (4)

where ∆ti is the reading from the time interval counter for the i-thmeasurement, ∆cal is a calibration correction, c is a speed of light,
∆ai is an atmospheric correction for the i-th measurement, ∆CoMis a correction for the center of mass of the satellite, ∆r is a rangebias of the observation and εi is a random deviation for i-th mea-surement. It is important to note that the relativistic corrections
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are also applied to the measured distance in SLR as a free-spacesignal propagation model (Arnold et al., 2019).The data obtained using the SLR technique are widely used forvarious tasks in satellite geodesy and geodynamics, such as de-termining the coordinates of laser stations (Guo et al., 2018; Lejbaand Schillak, 2011; Zelensky et al., 2014), in the study of the grav-itational field of the Earth (Brzeziński et al., 2016a; Sośnica et al.,2015), determining the parameters of Earth’s orientation (Bloßfeldet al., 2018; Brzeziński et al., 2016b; Gourine, 2012; Shen et al., 2015)and rotation (Bogusz et al., 2015), or studying the phenomenonof tides (Jagoda et al., 2016; Rutkowska and Jagoda, 2010, 2015;Sośnica et al., 2015). The SLR technique also supports GNSS sys-tems (Specht, 2022) and participates in the development of GGOS(Sośnica and Bosy, 2019).The modern technology of performing laser measurements tosatellites allows for precision in determining their orbits in theorder of single millimeters (Pearlman et al., 2019b). Therefore, itis necessary to use precise calculation methods that consider anyeffects that may influence satellite movement. The objective ofthis study was to determine and analyze the accelerations of rel-ativistic origin that affect the LARES, LAGEOS-1, and LAGEOS-2satellites. The position and velocity vectors of these satellites weredetermined every 60 seconds using SLR data in the form of normalpoints (McCarthy et al., 2015). These data were obtained from fif-teen stations over a period of 840 hours. A normal point representsall single observations within a specific interval (bin size). Ourscript calculated the values of accelerations caused by relativisticeffects, specifically Schwarzschild, de Sitter, and Lense-Thirring,using Equations (1), (2), and (3). The research used a different ap-proach to determine relativistic accelerations compared to whatis presented in the subject literature. The works Lucchesi (2003);Lucchesi et al. (2019) noted that relativistic effects are known asa relativistic precession of individual elements of the Kepler orbit.The research conducted by Everitt et al. (2015) examines relativisticeffects by directly measuring the deviation of the axis of the gyro-scopes on board the satellite from the reference direction. In ourown research, we use data from the SLR to determine relativisticaccelerations at 60-second intervals.

2 Objects and orbital computations

2.1 Satellites

Typical Satellite Laser Ranging satellites are passive objects thathave the shape of a sphere and are covered with retro-reflectors.Examples of such satellites include AJISAI, LAGEOS, LARES, STAR-LETTE, STELLA, and others. They can be divided into two maingroups: Medium Earth Orbit (MEO) satellites, e.g. LAGEOS-1(perigee = 5844 km), LAGEOS-2 (perigee = 5622 km), LARES-2(perigee = 5896 km); and Low Earth Orbit (LEO) satellites, e.g.AJISAI (perigee = 1485 km), LARES (perigee = 1444 km), STELLA(perigee = 804 km), STARLETTE (perigee = 812 km). The researchin the study used data from LAGEOS-1, LAGEOS-2, and LARES satel-lites, which are shown in Figure 1. The selected physical and orbitalparameters of these satellites are summarized in Table 1. We chosethese satellites based on two factors: a favorable ratio of the satel-lite’s cross-sectional area to its mass (to minimize the impact ofnon-gravitational effects) and a large number of measurements(normal points).

Figure 1. LARES, LAGEOS-1 and LAGEOS-2 satellites

LARES (LAser RElativity Satellite) (ILRS - LARES, 2023; Pearl-man et al., 2019a) was constructed by Agenzia Spaziale Italiana(ASI) and placed in orbit on 13 February 2012. It orbits a low circularorbit with an inclination of 69.5◦. It was made from a single layerof metal, more precisely from a high-density tungsten alloy. It wasequipped with 92 retro-reflectors, arranged in the form of 10 ringsrunning around the axis of its body. Its ratio of cross-sectional areato mass is the smallest of all other satellites, which also makes itthe densest object in the Solar System (Sośnica, 2014). The mainobjectives of the LARES mission are to enable measurements forthe purposes of general relativity, space geodesy, geodynamics; forthe very precise determination of the Earth’s gravitomagnetic fieldand the study of the Lense-Thirring effect.LAGEOS-1 (LAser GEOdynamics Satellite) (ILRS - LAGEOS, 2023;Pearlman et al., 2019a) was launched by NASA on 4 May 1976. Thetwin of the LAGEOS-1 satellite was created in cooperation betweenNASA and ASI, and named LAGEOS-2; it was placed in orbit on 22October 1992. Both satellites circulate in medium orbits with aninclination of 109.8◦ and 52.6◦, respectively. LAGEOS missions areaimed at determining the Earth’s reference system, high accuracyEarth Orientation Parameters (EOP) and improving the Earth’sgravity field models. They are both made of brass cores coveredwith aluminum hemispheres. There are 422 retro-reflectors and4 reflectors made of germanium used for experimental infraredmeasurements on their surfaces (Sośnica, 2014).
2.2 Orbit determination

The GEODYN II orbital software package (McCarthy et al., 2015)was used to determine the orbits of the LARES, LAGEOS-1, andLAGEOS-2 satellites. The orbits of these satellites were calculatedusing Cowell’s fixed-step method, which involves numerically in-tegrating the equations of motion for the satellites in rectangularcoordinates. The calculations followed a set of standard proceduresand used force and constant models recommended by the Inter-national Earth Rotation and Reference Systems Service (Petit andLuzum, 2010) and the International Laser Ranging Service (Pearl-man et al., 2019b). The root mean square of the orbital arc (arcRMS), as defined by Equation (5), is the main parameter used toevaluate the accuracy of the determined orbits:

RMS =
√∑n

i=1(Oi – Ci)2
n – 1 (5)

where (Oi - Ci) denotes the difference between the observed andcalculated distance values, while i denotes the number of SLR datain the form of normal points.
Table 1. Satellites specification
Satellite Altitude [km] Inclination [◦] Period [min] Diameter [cm] Mass [kg] Density [g/cm3]

LAGEOS-1 5850 109.84 225 60 406.965 3.6LAGEOS-2 5625 52.64 223 60 405.38 3.6LARES 1450 69.50 115 36 386.8 15.3
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Table 2. List of used stations and a number of normal points
No. Station

ID number Station name, country Number of
normal points

1 7090 Yarragadee, Australia 30932 7105 Greenbelt, USA 16453 7110 Monument Peak, USA 14764 7119 Haleakala, USA 6085 7237 Changchun, China 7766 7501 Hartebeesthoek, South Africa 23287 7810 Zimmerwald, Switzerland 28618 7825 Mt Stromlo, Australia 10489 7838 Simosato, Japan 54510 7839 Graz, Austria 117211 7840 Herstmonceux, United Kingdom 119212 7841 Potsdam, Germany 117813 7845 Grasse, France 29014 7941 Matera, Italy 276415 8834 Wettzell, Germany 1027

Table 3. Obtained RMS and number of normal points for each orbital arcwith and without empirical accelerations applied
Satellite Arc

number
Number of

normal points
RMS with
accel [cm]

RMSwithout
accel [cm]

LARES
1 1154 1.38 24.392 1582 1.58 17.383 1149 1.53 19.254 1550 1.53 14.525 1720 1.47 16.05

LAGEOS-1andLAGEOS-2

1 3045 1.43 6.052 3260 1.52 8.343 2662 1.49 10.044 2878 1.58 8.235 3003 1.28 8.98

The orbits of the studied satellites were determined in theadopted interval of 840 hours with an integration step of 120 sec-onds for LAGEOS satellites and 30 seconds for LARES. This periodwas divided into 5 orbital arcs, each with a length of 168 hours. Thecalculation process was based on SLR measurements in the form ofnormal points provided by fifteen laser stations. Their breakdown,including the number of normal points, is presented in Table 2.

3 Results and Discussion

This paper presents the results of determining the relativistic accel-erations of LAGEOS-1, LAGEOS-2, and LARES satellites caused bythe Schwarzschild, de Sitter, and Lense-Thirring effects. The firststage of the research included determining precise orbits (POD) ofthese satellites.The RMS values of the post-fit residuals (arc RMS) were usedto determine the accuracy of the satellite’s orbits. The resultingRMS values of the post-fit residuals, with and without empiricalaccelerations applied, and the number of normal points for eachorbital arc are collected in Table 3. The average RMS of the post-fitresiduals, when empirical accelerations are applied, is 1.46 cm forLAGEOS satellites and 1.50 cm for the LARES satellite. Figures 2and 3 display the obtained residuals from the solution of LARESand LAGEOS orbits, both with and without the use of empiricalaccelerations. The maximum residual values for the LARES satel-lite are 0.073 m with empirical accelerations and 0.674 m withoutthem. For the LAGEOS satellites, the maximum residual values are0.093 m with empirical accelerations and 0.417 m without them. Todetermine the orbit of the twin satellites LAGEOS, a combined or-bit determination approach (LAGEOS-1+LAGEOS-2) was employed.

Figure 2. Residuals with and without empirical accelerations applied forLARES satellite

Figure 3. Residuals with and without empirical accelerations applied forLAGEOS-1 and LAGEOS-2 satellites

This approach is commonly used and results in smaller errors inorbit determination (Schillak et al., 2021; Strugarek et al., 2021).The orbits of LAGEOS satellites were determined with a slightlygreater accuracy. This is because their orbits are located outsidethe Earth’s atmosphere, and the orbits of both satellites were de-termined together. The orbit of LARES is affected by the Earth’satmosphere and this fact cannot be ignored; it is therefore deter-mined with greater errors than the orbits of the LAGEOS satellites(Ciufolini et al., 2012; Pardini et al., 2017). Another important factorthat affects the accuracy of determining the orbit is the numberof empirical accelerations used in the computation process. Theseaccelerations are included to account for effects that are not ac-counted for in the model, which ultimately increases the accuracyof determining the orbit. The GEODYN-II software is capable ofapplying and solving for general satellite accelerations. These ac-celerations are determined in three directions: radial, along-track,and cross-track. They also take into account the uncertainties ofthe assumed model of perturbations. However, we should be cau-tious when considering the inclusion of empirical acceleration co-efficients, as determining these coefficients too frequently mayaffect the accuracy of the orbital solution (Lucchesi et al., 2019). Inthis study, empirical accelerations were considered every 84 hoursfor LAGEOS-1 and LAGEOS-2 satellites, and every 12 hours for theLARES satellite. This is the standard approach used, for example,in Sośnica (2014).As a result of orbital calculations, precise orbits of LAGEOSand LARES satellites were determined in the form of a set of theirpositions and velocities in the ECI Cartesian system. The ECI systemis a non-rotating, free-falling frame of reference with its originfixed at the center of the Earth (Ashby, 2004). The positions andvelocities of satellites were determined every 60 seconds. In thenext stage of the research, these data were used to calculate theacceleration values of the LAGEOS-1, LAGEOS-2, and LARES satel-lites caused by the effects of Schwarzschild, de Sitter, and LenseThirring, respectively, using formulas Equations (1), (2), and (3).We wrote a script in the Octave environment for this purpose. Todetermine the de Sitter effect, we needed to know the ephemerisof the Earth in the barycentric system of the Sun. To obtain thisinformation, we used the online solar system data calculation ser-vice and the JPL Horizons ephemeris provided by the Solar SystemDynamics Group from the Jet Propulsion Laboratory (JPL Horizons,
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Figure 4. Relativistic accelerations acting on LAGEOS-1 (left column)and LAGEOS-2 (right column) satellites in a 4-hour (a), 24-hour (b) data span correspondingly. Maximum and minimumvalues of accelerations in 840-hour data span (c)

2023). The data was obtained in the form of a table of position andspeed vectors, with a time step of 60 seconds, corresponding to thelaser data span used in the POD process.Figure 4 shows the results of the relativistic accelerations forthe LAGEOS-1 and LAGEOS-2 satellites, while Figure 5 shows theresults for the LARES satellite. The Figures display the accelerationsof Schwarzschild, de Sitter, and Lense-Thirring over different timeintervals: 4 hours, 24 hours, and 840 hours, respectively.Based on the analysis of the results, we noted that the accel-erations caused by the Schwarzschild effect are the highest foreach satellite. The LARES satellite reaches an average value of1.40E-8 m/s2, while the LAGEOS satellites reach an average valueof 3.66E-9 m/s2. The acceleration due to the Lense-Thirring ef-fect is three orders of magnitude lower, averaging 3.67E-11 m/s2
for LAGEOS-1, 4.65E-11 m/s2 for LAGEOS-2 and 1.95E-10 m/s2 forLARES satellite. The acceleration resulting from the de Sitter effectis one order of magnitude smaller than the Lense-Thirring effect forthe LARES satellite, averaging 2.54E-11 m/s2. However, for both LA-GEOS satellites, the acceleration is of the same order of magnitude,with an average of 2.00E-11 m/s2 for LAGEOS-1 and 2.54E-11 m/s2
for LAGEOS-2. Figures 4 and 5 illustrate that the magnitudes ofthese accelerations experience short-term oscillations. The specificperiods of these oscillations can be found in Table 4.The accelerations caused by the de Sitter and Lense-Thirringeffects have a twice-per-revolution nature for all satellites. Specif-ically, the LARES satellite experiences these oscillations every 58minutes, while the LAGEOS satellites have an average period of112 minutes. On the other hand, the accelerations caused by theSchwarzschild effect have a quadruple-per-revolution nature. TheLARES satellite has a period of 28 minutes, while the LAGEOS satel-lites have an average period of 56 minutes. Figures 4c and 5c displaythe maximum and minimum acceleration values over the entire840-hour data span. We observe that the amplitude of these oscil-

Figure 5. Relativistic accelerations acting on LARES satellite in a 4-hour(a), 24-hour (b) data span correspondingly. Maximum andminimum values of accelerations in 840-hour data span (c)

Table 4. Period of relativistic accelerations oscillations acting on LARESand LAGEOS satellites
Relativistic effects

Period of relativistic acceleration
oscillations [min]

LARES LAGEOS-1 LAGEOS-2

Schwarzschild 28 55 – 58 55 – 57De Sitter 57 112 110 – 112Lense–Thirring 58 112 109 – 114

lations varies for the Schwarzschild and Lense-Thirring effects.However, for the de Sitter effect, this amplitude is constant,because in this case the magnitude of accelerations depends onthe relative position and speed of the satellite-Earth-Sun system(Sośnica et al., 2021).Table 5 presents the average acceleration values of relativisticorigin for the LARES, LAGEOS-1, and LAGEOS-2 satellites, alongwith the discrepancies compared to the values reported in Sośnica(2014). Overall, these values are consistent. The highest am-plitudes of the determined accelerations are found for the accel-erations caused by the Schwarzschild effect for both the LARESsatellite and the LAGEOS satellites. Specifically, the accelera-tion for the LARES satellite is 0.34E-8 m/s2, for the LAGEOS-1satellite it is 0.90E-9 m/s2, and for the LAGEOS 2 satellite it is0.91E-9 m/s2. The acceleration amplitudes caused by the de Sit-
Table 5. Values of relativistic accelerations acting on LARES and LAGEOSsatellites

Effects
Mean values of relativistic accelerations

obtained in this paper [m/s2]
LARES LAGEOS-1 LAGEOS-2

Schwarzschild 1.40E-8 3.66E-9 3.67E-9De Sitter 2.54E-11 2.00E-11 2.54E-11Lense–Thirring 1.95E-10 3.67E-11 4.65E-11

Effects
Differences between the obtained values

and those presented in (Sośnica, 2014) [m/s2]
LARES LAGEOS-1 LAGEOS-2

Schwarzschild 0.30E-8 0.86E-9 0.87E-9De Sitter 1.66E-11 1.40E-11 0.86E-11Lense–Thirring 0.55E-10 0.97E-11 1.95E-11
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Table 6. Mean and standard deviation of errors of determined relativistic accelerations
Relativistic effects LARES LAGEOS-1 LAGEOS-2

Schwarzschild Mean 2.92E-12 3.15E-14 4.03E-14
Standard deviation 4.71E-12 2.66E-14 3.29E-14

de Sitter Mean 1.72E-15 1.11E-16 8.56E-17
Standard deviation 1.22E-15 4.10E-17 3.62E-17

Lense-Thirring Mean 3.84E-14 2.46E-16 5.22E-16
Standard deviation 6.17E-14 2.44E-16 5.27E-16

ter effect are 1.32E-11 m/s2 for the LARES satellite, 1.08E-11 m/s2
for the LAGEOS-1 satellite, and 0.67E-11 m/s2 for the LAGEOS-2satellite. The acceleration amplitudes caused by the Lense-Thirringeffect are 1.31E-10 m/s2 for the LARES satellite, 1.80E-11 m/s2 forthe LAGEOS-1 satellite, and 2.16E-11 m/s2 for the LAGEOS-2 satel-lite. The differences that are observed are a result of the calculationprocess and the specific conditions that were used. These condi-tions include the length of the orbital arcs that were considered, thenumber of normal points used in the calculations, the selection ofSLR stations based on the available data, the force models that wereapplied, and the specific parameters that were used. The errors andstandard deviations for the obtained accelerations were determined.The mean error values and their deviation are presented in Table 6.

4 Summary

The research presented in this paper used the Satellite Laser Rang-ing technique to determine accelerations caused by relativistic ef-fects. The results obtained from this method are consistent with theresults found in existing literature. In the literature, these effectsare either modeled as a precession of the object’s orbit or directlymeasured as a deviation of the gyroscopes on the satellite from thereference direction. The results of the conducted research show thatthe average acceleration values caused by the Schwarzschild, de Sit-ter and Lense-Thirring effects for the LARES satellite are as follows:1.40E-8 m/s2, 2.54E-11 m/s2, 1.95E-10 m/s2; for the LAGEOS-1satellite they are: 3.66E-9 m/s2, 2.00E-11 m/s2, 3.67E-11 m/s2 andfor the LAGEOS-2 satellite they are: 3.67E-9 m/s2, 2.54E-11 m/s2,4.65E-11 m/s2. The results obtained confirm that the accelerationsof relativistic origin have a periodic nature. These accelerationsoscillate with a period equal to half of the orbital period for the deSitter and Lense-Thirring effects. For the LARES satellite, this pe-riod is 58 minutes, and for the LAGEOS satellites, it is on average 112minutes. For the Schwarzschild effect, the period is a quarter of theorbital period, which is 28 minutes for the LARES satellite and onaverage 56 minutes for the LAGEOS satellites. The amplitude of os-cillation remains constant throughout the studied interval only foraccelerations caused by the de Sitter effect. Laser measurements ofthe LARES and LAGEOS satellites allow to determine the relativisticeffects acting on these satellites.Determining the accelerations caused by relativistic effects isa complex task that requires a meticulous approach and ongoingresearch into non-gravitational perturbations. These perturbationsimpact satellites like LAGEOS and LARES. Secular changes in theKeplerian parameters can be identified by analyzing long time se-ries of osculating parameters. However, small accelerations of themagnitude 1E-10 or 1E-11 m/s2 cannot be directly detected throughSLR measurements. Additional efforts are needed to enhance dy-namic models that accurately describe intricate phenomena such assatellite spin, resistance from the neutral atmosphere (particularlyimportant for the LARES satellite), the Yarkovsky-Schach thermaleffect, and the Earth-Yarkovsky effect.
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