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Abstract

In this paper a new method for solving the problem of placing n queens on a nxn
chessboard such that no two queens directly threaten one another and considering
that several immovable queens are already occupying established positions on the
board is presented. At first, it is applied to the 8-Queens puzzle on a classical
chessboard and finally to the n Queens completion puzzle. Furthermore, this method
allows finding repetitive patterns of solutions for any n.
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This article is organized in four sections. The introduction reminds the 8-Queens
puzzle in a colloquial way, what kind of algorithms are used for solving it and what is
the difference between the 8-Queens puzzle and the 8-Queens completion problem. Also,
it is clarified that the paper is not related to the P vs NP Millennium Prize Problem.

A second section introduces the concept of subpanels when a chessboard is broken
down. A limited number of queens allowed in every subpanel are defined. An equation
representing the several cases is defined and a graphical example solution is shown.

The third section is an analysis of the method applied for any value of n. It takes
into account if n is even or odd. The different cases depend on the number of queens
in the first and last subpanels and the subcases depend on the number of queens to be
distributed in the central subpanels. The several alternatives will depend on the position
of the queens into subpanels. A graphical representation for helping to understand every
case is included. In this point we observe that when n is increased then the number of
cases, subcases and alternatives increase too, but when the number of queens preplaced is
increased then the number of alternatives, subcases and cases decrease. We can conclude
that the problem becomes easiest when the number of queens preplaced is increased. At
the end of this section, some pattern rules to extend solutions from smallest to largest
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40 AN ALTERNATIVE ALGORITHM FOR THE n—QUEENS PUZZLE

values of n are explained with two simple examples. We invite to the reader for finding
patterns rules from other solutions of the 8-Queens puzzle.

Finally, the appendix is a “time travel to 1850.” We don’t have a computer and
Someone is asking to find all solutions with two queens preplaced at position b4 and d5.
Fortunately, we have travelled with a complete analysis of the completion problem in
our knapsack.

1 Introduction

In September 2017, a lot of news regarding how to win one million dollars appeared
on the internet. The reason was a paper published about the complexity of the n—Queens
Completion Problem by researchers at the University of St. Andrews [GJN17]. Obviously,
curiosity led many uninitiated people to these complex problems (like me) trying to solve
it. It was about the millennium problem: P = NP? [CMA21], [Coo71], but focusing on
a chessboard.

In September 1848, a long time before, Max Bezzel published the 8-Queens puzzle
and two years later, Frank Nauck found the first solutions. The method used by Nauck
begun by placing a queen on the first column and placing the others queens on the lowest
unguarded squares [Sch15], similar to brute force and backtracking techniques used today
by programmers but in a time when there were no computers. Brute force is useful for
small domains, due to large overheads in sophisticated approaches. Backtracking is an
improvement of the brute force approach, which systematically searches for a solution to
a problem among all available options; i.e. backtracking checks each possibility until they
find the right one. It is a depth—first search of the whole of possible solutions. During the
searching, if an alternative is not allowed then it backtracks to the place which presented
several alternatives, and tries the next one. If the alternatives are exhausted, then it goes
back to the previous choice point and tries the next alternative. If there are no more
options, then the search fails [BSROg|, [BSR10], [ACP68].

Back to 1850, Nauck introduced the n—Queens Completion puzzle presenting a variant
of the 8-Queens puzzle in which some queens were already placed on the chessboard and
he asked how to place the rest of the queens [ACJ1S].

On one hand, the n—Queens puzzle is the problem to place n queens on an n by n
chessboard in such a way that none of the queens is attacking another queen and on the
other hand, the n—Queens Completion puzzle is the problem to place k < n queens on a
n by n chessboard in which (n — k) queens are already placed.

Let’s try to solve the 8-Queens puzzle. Can you place eight queens on a chessboard
in such a way that none of the queens is attacking another queen? It’s not so hard, is
it? You can try it and finally you will get a solution. To check that a given solution is
correct is easy because once the queens are placed, only one queen is allowed in every
row, column or diagonal. But, can you find all the solutions? Why not? If the chessboard
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DAVID LUQUE SACALUGA 41

is finite then it is only a patient and time question. What about when n is increased?
You will have more solutions and you will need more time to find them... but if you
have got a computer and a good algorithm then the problem is not so hard. Currently,
the algorithms used for solving this kind of problems are very efficient when the number
of queens is moderated but not too efficient with “monster” values of n. Up to date, the
27 x 27 chessboard is the higher value calculated with 234,907,967,154,122,528 solutions
[?].

There are several strategies for solving the n—Queens puzzle [AY89], [BS09], [BD75],
[BMO02], [Eng07], [ET92|, [Ber91]. For instance, there is a simple way to extend a solution
for dimension (n—1) x (n—1) to dimension n x n. Figure 1| shows a solution that exhibits
stair-stepped patterns for n = 8 to n = 9 by adding a queen in a corner square of the
chessboard.
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Figure 1: Example of extended solution for dimension n =8 ton =9

The problem becomes more difficult when several immovable queens are already
occupying established positions on the board, that is, “checking” becomes easier because
there are fewer options, but “solving” becomes more difficult because the immovable
queens preplaced don’t ensure the existence of a solution. For instance, Figure [2] shows
two queens preplaced on the chessboard. Can you place six queens? Now, no solution is
allowed.

= MW A U N ) 0

Figure 2: Example of 8-Queens completion puzzle.

The “alternative” algorithm presented in this paper could be a “sophisticated” back-
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42 AN ALTERNATIVE ALGORITHM FOR THE n—QUEENS PUZZLE

tracking algorithm to be used for speeding up the process because processing several
cases in any order and try the most constrained ones first to obtain a solution from a
current partial solution is allowed. Anyway, it is just an algorithm without the claim
that it works in polynomial time and it does not concern the P = NP problem. Never-
theless, if you find an algorithm to determine the existence of a solution of the n—Queens
completion puzzle, it could be applied for solving other NP—complete problems [GJ79],

7).

2 Method description on the 8-Queens puzzle

The method is based on breaking down a chessboard in several subpanels. Considering
the game’s rule that not two queens can share the same row, column, or diagonal, a
minimum and maximum number of queens allowed on every subpanel is defined. From
these data, an equation and a list of possible cases and subcases are defined. Depending
on the number and the position of queens on every subpanel, the reconstruction of the
chessboard can be performed. Solution appears when constraints are satisfied.

A 64-square chessboard can be broken down into four subpanels as shown in Figure[3]

8 e 8 W |
7 7 | | 7
GJ LTW 6L\ 6 6 ||
5 5 5 5 5
4 m Baalt| =R t 1t ]
31 = d e 3 3 3
2 \_‘Ju ¢ de f 2| 2"_'—*_[
1] becdefg |
abcdef gh a bcde f gh

Figure 3: Breaking down of a chessboard in four subpanels.

Let be S* the subpanel shaped by d4, d5, e4 and e5 squares. A minimum of zero
queens and a maximum of one queen for placing on subpanel S* will be allowed.

= .
d e d e

Figure 4: Example of minimum and maximum number of queens allowed on subpanel

s4.

Let be S12 the subpanel shaped by ¢3, ¢4, ¢5, ¢6, d3, d6, €3, 6, 3, 4, f5 and 6 squares.
A minimum of zero queens and a maximum of four queens for placing on subpanels S'2
will be allowed.
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Figure 5: Example of minimum and maximum number of queens allowed on subpanels

S12,

Let be 5?0 the subpanel shaped by b2, b3, b4, b5, b6, b7, ¢2, ¢7, d2, d7, €2, e7, {2,
7, g2, g3, g4, gb, g6 and g7 squares. A minimum of zero queens and a maximum of four
queens for placing on subpanels S2° will be allowed.

7 | 7 7 | 7 = 7|
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4, | 4| | 4 4] | 4
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2 | 2 | 2 [T | 2 W 2 [T
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Figure 6: Example of minimum and maximum number of queens allowed on subpanels
520,

Let be S?® the subpanel shaped by al, a2, a3, a4, a5, a6, a7, a8, bl, b8, cl, ¢8, dl,
d8, el, e8, {1, £8, g1, g8, hl, h2, h3, h4, h5, h6, h7 and h8 squares. A minimum of three
queens and a maximum of four queens for placing on subpanel S2® will be allowed.
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Figure 7: Example of minimum and maximum number of queens allowed on subpanel

528

Let be T%* a chessboard shaped by 64 squares. Namely 7%* is shaped by 4, S12, §20
and S?® subpanels. Considering the eight queens to be placed and the number of queens
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44 AN ALTERNATIVE ALGORITHM FOR THE n—QUEENS PUZZLE

allowed on every subpanel, the several cases allowed for the 8—Queens puzzle are defined
in Equation .

4 4
3 3
1 4
T64{8}:S4{0 +512 02 +5% 2 +S28{3 (1)
1 1
0 0

In any case, the total number of queens on the chessboard must be equal to eight
and the reconstruction of the chessboard depends on the position of the queens at every
subpanel. An example is showed in Figure
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Figure 8: Example of breaking down graphical representation of an 8-Queens puzzle
solution.

3 Method description on a n x n chessboard

The method can be used for solving the question about how to place n queens on
a n x n chessboard considering that several immovable queens are already occupying
established positions on the board, but it depends on m is even or odd. Also, some
pattern rules can be applied from lower values to higher values of n.

3.1 When n is even

Let n be an even integer number. The number of squares on a n x n chessboard is
equal to the sum of the number of squares on every subpanel:

n?=44124+20+28+4---4+n?—(n—2)

Let T"*" be a chessboard with n x n squares and let S*, §12, 520, §28 = (n-2)*
be the subpanels. If we assume n > 2, the several cases considering the number of queens
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allowed on every subpanel is defined in Equation .

4 4 4
1 3 3 3 \
" {n} =S4{0 +91289 +9009 19809 g3 g 4.y gt {3 (2)
1 1 1
Equation can be expressed as the Equation .
(4
N 3
1 A 4
R S S Rt o
i=1 1
0

In any case, the total n121mber of queens in the subpanels is equal to n. Since the

subpanels S* and 57 =(n=2)" have less choices, we will split the analysis into four cases
depending on the number of queens in these subpanels. They are defined in the Table

n—4

Cases | T"*" | g4 i 512+8(i—1) Snz—(n—2)2
=1

Case 1 n 1 n—>5 4
Case 2 n 0 n—4 4
Case 3 n 1 n—4 3
Case 4 n 0 n—3 3

Table 1: List of four possible cases when n is even.

Depending on the number of queens allowed on the subpanels S12+8(-1) there are
several possible subcases. It is represented in Equation 4.

s Casel:n—5
i S12+8(i_1) _ Case2:n—4 (4)
P Case3:n—4

Case4d:n—3

Now we proceed to analyze each case one by one.

Recreational Mathematics Magazine, pp. 39-72
DOI 10.2478 /rmm-2021-0003



46 AN ALTERNATIVE ALGORITHM FOR THE n—QUEENS PUZZLE

Case 1: The following constraints must be satisfied:

e There is one queen on subpanel S*.

e There are four queens on subpanel gri=(n=2)*, So, it is not allowed to place any
queen in the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S12+8(—1) js p — 5.
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Figure 9: Case 1 when n is even. Example of graphical representation.

Case 2: The following constraints must be satisfied:

e There is not any queen on subpanel S*.

e There are four queens on subpanel gn*=(n=2), So, it is not allowed to place any
queen in the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S12T8(-1) ig p — 4.
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3 2 2
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0

Figure 10: Case 2 when n is even. Example of graphical representation.
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Case 3: The following constraints must be satisfied:
e There is one queen on subpanel S*.

e There are three queens on subpanel P =(n=2)* So, at least one queen must be
placed into one of the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S12+8(-1 ig p — 4.

I —T— N A
»2lk (| a0 n2R |

1
‘ ; ‘
3 3 3
2 2 2
2 I — i+ + 4
3 e 3 2
-4 i -4
_n
2] T T T O 2 tEl T E] 2] T TTTT) O
-n/2 43211 2 3 4 e n2 2 2 -ns2 4321 2 3 4 n/2
n-4 4
z
4 . 3 2_ (n-2)°
T nxn{n} — S {1} + 2 S 12+8(i-1) > + Ky n - (n-2) {3}
i—1 ;

Figure 11: Case 3 when n is even. Example of graphical representation

Case 4: The following constraints must be satisfied:
e There is not any queen on subpanel S*.

e There are three queens on subpanel P =(n=2)* So, at least one queen must be
placed into one of the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S12+8(-1 ig p — 3.
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3 3 3
2 2 3
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4 k< =B+ 1 L] + o
2 a1 2 2
-3 3 -3
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-5l []
w20 BT TTTTTTT)] O 2wy, -eaarzaao dig 2] BT TTTTT7T7T7T1 O
-n/2 - 43211 2 3 4 . n/2 2 2 —n/2 e 43211 2 3 4 . n?2
n-4 4
2
4 . 3 2 _ -2)?
Tnxn{n} _ S {0} T Z S 12+8(i-1) > n Sn (n-2) {3}
i=1 ;

Figure 12: Case 4 when n is even. Example of graphical representation.

Constraints will be configured according to the squares where some queens are already
placed but in any case the following restrictions can be configured:
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48 AN ALTERNATIVE ALGORITHM FOR THE n—QUEENS PUZZLE

e There are two alternatives on subpanel S*; there is one queen or there is not any
queen.

e There are two alternatives on subpanel §n*=(n—-2)*

are three queens:

; there are four queens or there

— If there are four queens then it is not allowed to select the corners square.

— If there are three queens then one corner square must be selected.

e It is not allowed to select more than two subpanels where a corner is selected.

e The total number of queens on the chessboard is equal to n.

3.2 When m is odd

Let m be an odd integer number. The number of squares on a m x m chessboard is
equal to the sum of the number of squares on every subpanel:

m?>=1+8+16+24+---+m? — (m—2)*

Let T™*™ be a chessboard with m xm square and let S*, S8, S16, 624 . gm?—(m=2)*
be the subpanels. If we assume m > 3, the several cases considering the number of queens
allowed on every subpanel are defined in Equation .

4 (4
2 3 3
T {m} = g1 {(1) +6801 48516090 162409 ... 4 SmQ—(m—2)2 {g (5)
0 1 1
0 0

In this case S' represents the first subpanel or the center of the chessboard and S®
represents the second subpanel. Equation can be expressed as the Equation @

4
1 2 = ’ 4
Tmam £, gl +S8 1 + 516+8(i71) 2 +Sm27(m72)2 6
=514, 5 1 S
0

In any case, the total numbeg of queens in the subpanels is equal to m. Since the
subpanels S', S® and gm*—(m=2) ,have less choices, we will split the analysis into seven
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m—>5
Cases | T™*m | g1 | g8 22: g16+8(i—1) SmZ—(m—2)2
i=1
Case 1 m 1|0 m—>5 4
Case 2 m 0| 2 m—6 4
Case 3 m 0|1 m—>5 4
Case 4 m 0|0 m—4 4
Case 5 m 0| 2 m—>5 3
Case 6 m 0 1 m—4 3
Case 7 m 0| 0 m—3 3

Table 2: List of seven possible cases when m is odd.

cases depending on the number of queens in these subpanels. They are defined in the
Table 2

Depending on the number of queens allowed on the subpanels S'6+80=1)  there are
several possible subcases. It is represented in Equation .

Casel:m—5

Case2:m—6
m=5 Case 3:m—5
Z S16+8G=1) — J Case 4 : m — 4 (7)
=1 Case 5:m —5

Case 6: m —4

Case 7:m — 3

Now we proceed to analyze each case one by one.

Case 1: The following constraints must be satisfied:

e There is one queen on subpanel S!. So, it is not allowed to place any queen in the
principal diagonals and central squares of the board.

e There is not any queen on subpanel S%.

2—(m—2)*

e There are four queens on subpanel S™

e The number of queens to be distributed on the subpanels S16+ 8G=1) ig m — 5.
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Figure 13: Case 1 when m is odd. Example of graphical representation.

Case 2: The following constraints must be satisfied:

e There is not any queen on subpanel S*.

e There are two queens on subpanel S®. So, at least one queen must be placed into
one of the corner squares of this subpanel.

2_(m—2)2

e There are four queens on subpanel S™ . So, it is not allowed to place any

queen in the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S16+8(—1 ig m — 6.

i : i
3 H :
: 3 :
1 1 1 1
i E%] =D+ m + 3 l:[ T
3 e P 2
i i 1 i
-4 H -4
m+3
el [ & e T R R R S s o e e I
2 ol 429000234 mel 2 2 2 bl A 2A0 1 234 med
2 2 2
"5 4
mxm 7 8 16+8G-1) ) 3 w’ - (m-2)
T™"m} = S} + S + S 2 + 4}
“ 1
i=1
0

Figure 14: Case 2 when m is odd. Example of graphical representation.

Case 3: The following constraints must be satisfied:

e There is not any queen on subpanel S*.
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e There is one queen on subpanel S®.

e There are four queens on subpanel gm=(m=2)* So, it is not allowed to place any
queen in the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S68(=1) i m — 5.

- [T 1777’ = [T 1rrm
i = win T oo F R =
1 | . H
; | Y SN i .
:2 " ) 101 2 :Z
3 3 -3
4 1
-mt3 ]
-mtl [ =] La— S2a01 23 m3 mH o M 11T 1171
2 ] e A3 2001234 med 2 2 2 ] w43 2001234«  med
2 2 2
"5 M
mxm 1 8 16+8G-1 )3 m’ - (m-2°
T {m} = S {0} + S} + Z S 2 4+ S )
= 1
i=1
/]

Figure 15: Case 3 when m is odd. Example of graphical representation.

Case 4: The following constraints must be satisfied:

e There is not any queen on subpanel S*.
e There is not any queen on subpanel S®.

e There are four queens on subpanel gm?=(m=2)*, So, it is not allowed to place any
queen in the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels $16+8(=1) ig m — 4.
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Figure 16: Case 4 when m is odd. Example of graphical representation
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Case 5: The following constraints must be satisfied:

e There is not any queen on subpanel S*.

e There are two queens on subpanel S&.

e There are three queens on subpanel gmP—(m=2)* So, at least one queen must be

placed into one of the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S16+8(0—1 ig m — 5.
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Figure 17: Case 5 when m is odd. Example of graphical representation.

Case 6: The following constraints must be satisfied:

e There is not any queen on subpanel S*.

e There is one queen on subpanel S%.

e There are three queens on subpanel gm?=(m=2)°, So, at least one queen must be

placed into one of the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S1680—1) ig m — 4.
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Figure 18: Case 6 when m is odd. Example of graphical representation.

Case 7: The following constraints must be satisfied:
e There is not any queen on subpanel S*.
e There is not any queen on subpanel 5%,

e There are three queens on subpanel gm?=(m=2)* So, at least one queen must be
placed into one of the corner squares of this subpanel.

e The number of queens to be distributed on the subpanels S68(—1) ig m — 3.
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Figure 19: Case 7 when m is odd. Example of graphical representation.

Constraints will be configured according to the squares where some queens are already
placed but in any case the following restrictions can be configured:

e There are two alternatives on subpanel S'; there is one queen or there is not any
queen. If there is one queen then it is not allowed to place any queen in the principal
diagonals of the board.
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e There are three alternatives on subpanel S®; there are two queens, there is one
queen or there is not any queen. If there are two queens on this subpanel then one
corner square must be selected.

e There are two alternatives on subpanel gm®—(m—2)?

are three queens:

; there are four queens or there

— If there are four queens then it is not allowed to select the corners square.

— If there are three queens then one corner square must be selected.

e It is not allowed to select more than two subpanels where a corner is selected.

The total number of queens on the chessboard is equal to m
Finally, the cases and sub-cases list will depend on:

e The number of queens pre-placed; in general, when the number of queens pre-placed
increase, the list of sub-cases decrease.

e The position of the queens preplaced; for example, if n is even and tthre is one
queen on subpanel S* and three or four queens on subpanel S7*=(n=2)" then the
list of sub-cases would decrease.

A complete analysis of a completion problem in a 8 x 8 chessboard is included in the
Appendix.

3.3 Pattern rules for extended solutions

This section shows how the method for breaking down an n by n chessboard could
be apply for finding repetitive patterns of solutions.

Let C > 0 be an even integer number. A solution of the n—Queens puzzle can be
extended to another solution of the n’~Queens puzzle with n’ = n+ C. The value of C is
a proportional relation between the number of subpanels of n and n’. The pattern rule
we propose is based on the sequence of the number of queens placed from the lowest
to the highest subpanels of the smallest chessboard and also on a repetitiveness in the
position of the queens on the chessboard for dimension n to dimension n'.

Now two example solutions for dimension n = 8 will be extended for higher dimension.

Example 1. In Figure[20 we show a solution of the 8—Queens puzzle where several colors
have been used for helping to the searching of the pattern.

According to the number of queens placed on subpanels and the position of the queens
on the chessboard, some hypothesis can be assumed:

Recreational Mathematics Magazine, pp. 39-72
DOI 10.2478 /rmm-2021-0003



DAvID LUQUE SACALUGA 55

a bcdef gh

— N Wk N J 0

Figure 20: Example of 8-Queen puzzle solution.

e There won’t be any queen on t121e first subpanel S* and there will be four queens
on the last subpanel $" ~("2)

e Two queens will be placed on the corners of the internal subpanels §12+8(i—1)
(marked in red color).

e The positions of the queens will keep some repetitiveness for dimension n to di-
mension n’

The value of n/can be found by testing C' > 0. Figure 21| shows a solution for n’ = 20
as an extended solution of n = 8.

The number of queens placed on every subpanel with C = 12 and for n = 8 to
extended solutions is showed in Table [3l

Subpanels
n (4(12|120(28(36|44|52/60|68|76|84(92|/100(108|116(124|...
8102|214
2000000224124 |2]4
32(1000/0(0|02|2|4|2|4|2|4| 2| 4] 2|4
4410{0|0|0|0|O0O|0|2|2|4|2|4| 2| 4| 2| 4
./0]0|0|0|0]0O|O|O|0O]|2

Table 3: Representation of the number of queens on subpanels for Example

One approach is:

e There is not any queen on subpanel S?.
e There are four queens on subpanel S”Q_(”—Q)Z,
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Figure 21: Example of 20-Queens puzzle solution.

e The number of subpanels with zero queens for dimension n = 8 to higher dimen-
sions will follow the sequence 1-3-5-7 ...

e A subpanel with two queens will be fixed after the last subpanel with zero queens
and one queen must be placed on the top left corner square (red color).

e The number of subpanels with two queens for dimension n = 8 to higher dimensions
will follow the sequence 2-4-6-8 ...

e The number of subpanels with four queens for dimension n = 8 to higher dimen-
sions will follow the sequence 1-3-5-7 ...

The number of queens to be put on the subpanels is showed in the compact repre-
sentation.

n—=38 n—4 n—4
6 4 KN

Tnxn {n} _ Z G4+8i {O} + S%(n+1) {2} + Z §4+16i {2} + Z g 12+16i {4}
1=0 j=ntd j—nt4

12 =13

For instance, the equation to determine the number of queens to put on the subpanels
for n’ = 2000 is showed in the following compact representation.
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332 499 499
T4000000 {2000} — Z S4+8i {0} + 52668 {2} + Z S4+16i {2} + Z S 124162 {4}
=0 =167 =167

Example 2. In Figure[24 we show another solution of the 8-Queens puzzle where several
colors have been used for helping to the searching of the pattern.

— N W Rk N

a bcdef gh

Figure 22: Example of 8-Queens puzzle solution.

According to the number of queens placed on subpanels and the position of the queens
on the chessboard, some hypothesis can be assumed:

e There won’t be any queen on tkée first subpanel S* and there will be three queens
on the last subpanel Gn*=(n=2)",

e One queen will be placed on the corner of the internal subpanels S12+8(i—1) (marked
in orange color).

e The positions of the queens will keep some repetitiveness for dimension n to di-
mension n'.

The value of n/can be found by testing C > 0. Figure [23| shows a solution for n’ = 20
as an extended solution of n = 8.

The number of queens placed on every subpanel with C = 12 and for n = 8 to
extended solutions is showed in Table 4l

One approach is:

e There is not any queen on subpanel S*.
e There are three queens on subpanel S”Q_("—Q)Z,
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Figure 23: Example of 20-Queen puzzle solution.

Subpanels
n (4/12|20(28|36|44|52|60|68|76(84(92|100|108|116|124 ...
810121313
2000000232 |4]12|4]3
321000|0j0|0|2|3|2 |42 (4|2 4] 2| 4] 3
4410{010(0|0]|0O[0|2(3|2|4|2] 4| 2 | 4] 2
.10{0]0]0O|0O[0]0O]O]O]2|3|2]| 4

Table 4: Representation of the number of queens on subpanels for Example 2.

The number of subpanels with zero queens for dimension n = 8 to higher dimen-
sions will follow the sequence 1-3-5-7 ...

A subpanel with two queens will be fixed after the last subpanel with zero queens.

A subpanel with three queens will be fixed after the first subpanel with two queens
and one queen must be placed on the top left corner square (orange color).

The number of subpanels with two queens for dimension n = 8 to higher dimensions
will follow the sequence 1-3-5-7 ...
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e The number of subpanels with four queens for dimension n = 8 to higher dimen-
sions will follow the sequence 0-2-4-6 ...

The number of queens to be put on the subpanels is showed in the compact repre-
sentation.

n—38 n—=_8
6 4
Tnxn {n} _ Z §4+8i {0} + S%(n+1) {2} + S%(n+7) {3} + Z §l2+16i {2}+
i=0 i=mtd
n8
+ Z 520+16i {4} + SZS+4(n—8) {3}
_n+d

=13

In general, solutions of the n—Queens puzzle can be extended to higher dimensions
and it could be applied for solving n—Queens completion problems.
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Appendix: Complete analysis of a completion problem in a
8 x 8 chessboard

In this appendix we will give a complete example of how the algorithm presented in
this paper would be applied to solve the 8-Queens completion puzzle, in the instance
proposed by Nauck in 1850 [ACJIS], see Figure|l} Two queens are already placed on the
chessboard and the solver is asked for placing the other six queens.

— N W kR YD

a bcdef gh

Figure 1: Example of two queens preplaced on the chessboard.
According to our algorithm we have the following constraint on the subpanels:

e There is one queen placed on subpanel S* and it must be placed on d5 square.
e There is at least one queen on subpanel S?° and it must be placed on b4 square.

e The total number of queens in the subpanels S*, $12, $29 and S8 must be equal
to eight.

We can specify Equation putting only the cases allowed by the position of the
queens which are already on the board:

4
3 4

TH{8) = ST {1} 487 12 +8% 90 +828{3 (1)
1

The fact that the subpanel S* has only one possibility reduces the cases. It is rep-
resented in Table [Il
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T8x8 84 812 SQO 828
Case 1| 8 1] - -1 4
Case2| 8 |1| -] -3

Table 1: List of two possible cases for the example.

Case 1: There is one queen on subpanel S*, there are four queens on subpanel $28
and there is at least one queen on subpanel S?0. It is represented in Equation .

3
+5% 02 + 5% (4} (2)
1

T4 {8} = §* {1} + S*2

S = N W

In this case, the number of queens to be distributed on subpanels S'? and S?° must
be equal to 3. It is represented in Equation ([3)).

2 3
S§281 +5%0¢2 =3 (3)
0 1

Case 2: There is one queen on subpanel S*, there are three queens on subpanel 523
and there is at least one queen on subpanel S?°. It is represented in Equation .

TO {8} = S {1} + 51297 +500° 4523} (4)

S~ N W
— N W

In this case, the number of queens to be distributed on subpanels S'? and S2° must
be equal to 4. It is represented in Equation .

5112 + 5120

[ )
=N W

Subcases allowed are listed in Table [2] and represented in Figure

Now we proceed to analyze each subcase one by one. The solutions will be found
depending on subcases constraints.
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Sub-cases | T%4|S%[S12[S20[ 828
Sub-case 1.1{ 8 |1 | 0| 3 | 4
Sub-case 1.2 8 |1 | 1| 2 | 4
Sub-case 1.3| 8 |1| 2| 1| 4
Sub-case 2.1 8 |[1| 0| 4 | 3
Sub-case 22| 8 |1 | 1| 3| 3
Sub-case 2.3| 8 |1 2| 2| 3
Sub-case 24| 8 |1 |3 | 1] 3

Table 2: List of sub-cases allowed for cases 1 and 2.

8 8
7 7 7
6 6 1] 6| 6
5 Wl 5 il 3 5 5
4 -'4[ + g I + 4 iy T
3 d e 3 3 3
2 cde f 2 2 -
1 [ | bedefg 1
abcdef gh abcdef gh
3 4
T8} = sw o+ s"32 - s s={4
0 1

Figure 2: Graphical representation of subcases allowed.

Sub-case 1.1: There is no queen on subpanel S'? and there are three queens on
subpanel S2°. (See Table
The following constraints can be configured:

There is one queen on subpanel S* and it must be placed in d5 square.

There is not any queen on subpanel S*'2.

There are three queens on subpanel S?° and one must be placed in b4 square.

There are four queens on subpanel S?8. So, it is not allowed to place any queen in
al, a8, hl and h8 squares.

Chessboard reconstruction from subpanel S* is represented in Figure [3| The squares
allowed for placing a queen on subpanel S?° are ¢2, €2, {2, g3, g6, g7 and cT.

To satisfy the constraints for placing three queens on subpanel S?°; the alternatives
are {b4, c2, g3}, {b4, c2, g7}, {b4, 2, g3}, {b4, €2, gb}, {b4, €2, g7}, {b4, €2, cT}, {b4,
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[ T R A=) |

bcdef g

Figure 3: Sub-case 1.1. Squares allowed on sub-panel S%.

7
6
5 4"
4
3 X
4 2
becdef g bede f g bedef g
S*1bd, €2, g3} 5{bd, c2, g7} S*{bd, €2, g6}

¢ de f

b becdecf g
$*(bd, 2, 27} S (b4, 2, ¢7} S (b4, g6, ¢7}

S*(b4, €2, ¢7}

Figure 4: Sub-case 1.1. Graphical representation of the several alternatives for placing
three queens on subpanel S2°.

2, g6}, {b4, {2, g7}, {b4, {2, c7} and {b4, gb, c7} squares. Figures andrepresent the

several alternatives.

o If {b4, c2, g3} squares are selected then the squares allowed on subpanel S 28 are a7,
a6, f1, h6 and e8. The squares al and h8 are not allowed because of the constraint
to put four queens on subpanel S%%, and not for the constraints of the queens
selected on subpanel S?°. To satisfy the constraints for placing four queens on
subpanel S, the alternatives are {a6, f1, h6, e8} and {a7, f1, h6, e8}. If {a6, f1,
h6, e8} is selected no solution is possible because a queen placed in a6 square would
be attacking to a queen placed in fl or h6 squares. If {a7, f1, h6, e8} is selected
there is a solution because none of the queens is attacking another queen.

o If {b4, 2, g7} squares are selected then the squares allowed on subpanel S?® are
a6, f1, h3 and e8. No solution is possible because a queen placed in f1 square would
be attacking to a queen placed in a6 or h3 square.
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If {b4, €2, g3} squares are selected then the squares allowed on subpanel 5?8 are
a7, cl, h6, h7 and c8. No solution is possible because a queen placed in cl square
would be attacking to a queen placed in ¢8 square.

If {b4, 2, g6} squares are selected then the squares allowed on subpanel S?® are
a7, cl, h3 and c8. No solution is possible because a queen placed in c1 square would
be attacking to a queen placed in ¢8 square.

If {b4, €2, g7} squares are selected then the squares allowed on subpanel 528 are
cl, h3 and c8. No solution is possible because it is not allowed to put four queens
on subpanel S%8.

If {b4, 2, c7} squares are selected then the squares allowed on subpanel $?® are
g1, h3 and h6. No solution is possible because it is not allowed to put four queens
on subpanel S%.

If {b4, {2, g6} squares are selected then the squares allowed on subpanel S are
cl, h3 and c8. No solution is possible because it is not allowed to put four queens
on subpanel S%.

If {b4, f2, g7} squares are selected then the squares allowed on subpanel $?® are
ab, cl, h3, e8 and ¢8. To satisfy the constraints for placing four queens on subpanel
S% the alternatives are {a6, c1, h3, c8}, {a6, cl, h3, e8} and {a6, h3, 8, c8}.
If {a6, cl1, h3, c8} is selected there is not solution because a queen placed in c8
square would be attacking to a queen placed in a6 or cl squares. If {a6, c1, h3,
e8} is selected there is a solution because none of the queens is attacking another
queen. If {a6, h3, e8, c8} is selected no solution is possible because a queen placed
in e8 square would be attacking to a queen placed in c8.

If {b4, £2, 7} squares are selected then the squares allowed on subpanel S 28 are a6,
h3, h6 and e8. No solution is possible because it is not allowed to put four queens
on subpanel S%8.

If {b4, g6, c7} squares are selected then the squares allowed on subpanel S?® are
f1 and h3. No solution is possible because it is not allowed to put four queens on
subpanel $28.

Sub-case 1.2: There is one queen on subpanel S'? and there are two queens on sub-

panel S?°. (See Table

The following constraints can be configured:

e There is one queen on subpanel S* and it must be placed in d5 square.

e There is one queen on subpanel S'2.
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8 Wy 8 8 8 8
7 7 7 7 7
6 <] 6 <] 6 6 6
5 Ll 5 w 5 Wy 5 5
4 4 4 4 4
3 3 3 3 3
2 2 W 2 2 2
1 1 1 1 1

abecdef gh abocdef gh abecdef gh abcdef gh

38 8|+ 8 8 8
7 7 7 7[5 7
6 6 6 . . [ 6
5 5 W 5 W 5 5
4 4 4 4 4
3 3 3 3 3
2 2 2 2 2
1 1 1 1 1
abcdef gh abcecdef gh a bcdef gh abecdef gh a bcdef gh

$%{a6, cl, h3, e8}

Figure 5: Subcase 1.1. Graphical representation of the several alternatives for placing
four queens on subpanel S%2.

e There are two queens on subpanel S?° and one must be placed in b4 square.

e There are four queens on subpanel S?8. So, it is not allowed to place any queen in
al, a8, h1l and h8 squares.

Chessboard reconstruction from subpanel S is represented in Figure @ The squares
allowed on subpanel S'2 are e3 and f6, and the squares allowed on subpanel S%° are
c2, €2, f2, g3, g6, g7 and c7.

NS O L= AT |

Figure 6: Sub-case 1.2. Squares allowed on sub-panels S'? y §%0.

To satisfy the constraints for placing one queen on subpanel S'2, the alternatives are
e3 or f6 squares. Figure [7] represents the two alternatives.

e If e3 square is selected on subpanel S'2, then the squares allowed on subpanel
5?0 are ¢2, g6, g7 and c7. To satisfy the constraint for placing two queens on
subpanel S| the alternatives are {b4, c2}, {b4, g6}, {b4, g7} or {b4, c7} squares.
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7 > : 7 X
6 ) 6 Nl
5 W 5 Wy
4 4@
3 3
2 2
bcdef g bcde f g
S"{e3} S"*{f6}

Figure 7: Sub-case 1.2. Graphical representation of two alternatives for placing one
queen on subpanel S'2,

Since b4 is selected by our constraints, two queens must be placed in a6 and c8
squares. No solution is possible because it is not allowed to put four queens on
subpanel S$28. Figure (left hand) represents this alternative.

e If 6 square is selected on subpanel S'2, then the squares allowed on subpanel
5?0 are ¢2, €2, g3 and c7. To satisfy the constraint for placing two queens on
subpanel S?°, the alternatives are {b4, c2}, {b4, 2}, {b4, g3} and {b4, c7} squares.
Since b4 is selected by our constraints, one queen must be placed in a7 square and
this would force to place a queen in cl square that would force again to place a
queen in e8 square. So, {b4, g3} squares is the only one alternative. No solution
is possible because it is not allowed to put four queens on subpanel S?8. Figure
(right hand) represents this alternative.

8 8 "

7 7 A
6 6 '

5 iy 5 W

4 Ny 4 Ny

3 3

2 2

1 1

abcde f gh a bcde f gh

Figure 8: Sub-case 1.2. Graphical representation of two alternatives. Left hand if e3
square is selected and right hand if f6 square is selected on subpanel S'2.

Sub-case 1.3: There are two queens on subpanel S'? and there is one queen on sub-
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panel S?V. (See Table
The following constraints can be considered:

e There is one queen on subpanel S* and it must be placed in d5 square.
e There are two queens on subpanel S'2.

There is one queen on subpanel S2° and it must be placed in b4 square.

There are four queens on subpanel S?8. So, it is not allowed to place any queen in
al, a8, hl and h8 squares.

Chessboard reconstruction from subpanel S is represented in Figure @ No solution
is possible because e3 and f6 squares allowed on subpanel S'? must be selected and it
is not allowed to put four queens on subpanel S%.

i

N
1]

— N Wk L N

abcdef gh

Figure 9: Sub-case 1.3. Graphical representation.

’

Sub-case 2.1: There is not any queen on subpanel S'? and there are four queens on
subpanel S?°. (See Table
The following constraints can be considered:

e There is one queen on subpanel S* and it must be placed in d5 square.
e There is not any queen on subpanel S'2.

e There are four queens on subpanel S?° and one must be placed in b4 square. So, it
is not allowed to place any queen in b2, b7, g2 and g7 squares. (g7 is not allowed
by the constraint to have exactly 4 queens on S2°).
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e There are three queens on subpanelS?®. So, at least a queen must be placed in al,
a8, hl or h8 squares.

Chessboard reconstruction from subpanel S* is represented in Figure The squares
allowed on subpanel S?° are c2, 2, £2, g3, g6 and c7. To satisfy the constraint for placing
four queens on subpanel S?°, the placing of ¢7 and g6 already prevents us from finding
a solution. Indeed no solution is possible because it is not allowed to put three queens
on subpanel S%.

o P
e

8
8

a bcdef gh

— N W R L N 0

Figure 10: Sub-case 2.1. There is not solution.
Sub-case 2.2: There is one queen on subpanel S'? and there are three queens on
subpanel S2°. (See Table

The following constraints can be considered:

There is one queen on subpanel S and must be placed in d5 square.

There is one queen on the subpanel S'2.

There are three queens on subpanel S?° and one must be placed in b4 square.

e There are three queens on subpanel S?8. So, at least a queen must be placed in al,
a8, hl or h8 squares.

Chessboard reconstruction from subpanel S* is represented in Figure The squares
allowed on subpanel S'? are e3 and f6, and the squares allowed on subpanel S2° are
c2, €2, 2, g3, g6, g7 and c7.

To satisfy the constraints for placing one queen in the subpanel S'2, the alternatives
are e3 or {6 squares. Figure [[2 represents these two alternatives.
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[ R R A= N |

7 7
6 6
50 5
4 Nl 4
3 3
2 2
bcde f g bcdef g

S {e3} S {fe}

Figure 12: Sub-case 2.2. Graphical representation of subpanel S? alternatives.

e If e3 square is selected on subpanel S'2, then the squares allowed on subpanel
5?0 are ¢2, g6, g7 and c¢7. To satisfy the constraint for placing three queens on
subpanel S?°, the alternatives are {b4, c2, g7} and {b4, g6, c7} squares.

o If {b4, c2, g7} squares are selected then the squares allowed on subpanel 5?8 are
f1 and a6. No solution is possible because it is not allowed to put three queens on
subpanel S28.

e If {b4, g6, c7} squares are selected then the squares allowed on subpanel S2® are
al, f1 and h8. No solution is possible because it is not allowed to put three queens
on subpanel S%.

Figure [13| represents these alternatives.

e If f6 square is selected on subpanel S'2 then the squares allowed on subpanel S%°
are c2, e2, g3 and c7. No solution is possible because it is not allowed to put three

queens on subpanel S28. Figure [14] represents this alternative.

Sub-case 2.3. There are two queens on subpanel S'? and there are two queens on
subpanel $2°. (See Table
The following constraints can be configured:
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a bcdef gh a bcdef gh
S*{b4, c2, g7} S* (b4, g6, 7}
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Figure 13: Sub-case 2.2. Graphical representation of subpanel S?° and subpanel 2%
alternatives when e3 square is selected in subpanel S'2.
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abcdef gh

Figure 14: Sub-case 2.2. Graphical representation of subpanel S2° and subpanel 28
when f6 square is selected in subpanel S12.

There is one queen on subpanel S* and must be placed in d5 square.

There are two queens on subpanel S*'2.

There are two queens on subpanel S?° and one must be placed in b4 square.

There are three queens on subpanel S?2. So, at least a queen must be placed in al,
a8, hl or h8 squares.

Chessboard reconstruction from subpanel S* is represented in Figure The squares
allowed on subpanel S'? are e3 and f6. The placing of d5 blocks a8 and hl and the
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mandatory choice of f6 in S'? blocks the other two corners. Indeed no solution is possible
because it is not allowed to put three queens on subpanel S2.

iy
-
Wy

W

— W R N

abcdef gh

Figure 15: Sub-case 2.3. Graphical representation of subpanel S$2%. It is not allowed to
place at least one queen in al, hl, a8 or h8 squares.

Sub-case 2.4. There are three queens on subpanel S'2 and there is one queen on
subpanel $2°. (See Table
The following constraints can be considered:

e There is one queen on subpanel S* and must be placed in d5 square.
e There are three queens on subpanel S12.
e There is one queen on subpanel S?° and must be placed in b4 square.

e There are three queens in the subpanel S2. So, at least a queen must be placed in
al, a8, hl or h8 squares.

Chessboard reconstruction from subpanel S* is represented in Figure The squares
allowed on subpanel S'? are ¢3, €3, f4 and f6. No solution is possible because it is not
allowed to put three queens on subpanel S'2.

51
4
3

¢c de f

Figure 16: Sub-case 2.4. There is not solution.

Finally, two solutions have been found. They are represented in Figure [I7]
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8 W 8 "

7 Ny 7 Wiy
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I Wy I )" |
abcdef gh a bcde f gh

Figure 17: Solutions of the 8-Queens completion puzzle.
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