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ABSTRACT. Let G be a group with identity e and let R be a G-graded ring.
A proper graded ideal P of R is called a graded primary ideal if whenever rysy, € P,
we have ry € Por sy € Gr(P), wherery, sq € h(R). The graded primary spectrum
p.Specg(R) is defined to be the set of all graded primary ideals of R. In this paper,
we define a topology on p.Specy(R), called Zariski topology, which is analogous
to that for Specy(R), and investigate several properties of the topology.

1. Introduction

The concept of graded prime ideal was introduced by M. Refai, M. Hailat
and S. Obiedat in [I0] and studied in [IL811].

Zariski topology on the graded prime spectrum of graded commutative rings
have been already studied in [7J8T0]. These results will be used in order to obtain
the main aims of this paper. The notion of primary spectrum was examined as
a generalization of prime spectrum in [6]. They showed that the set of primary
ideals can be endowed with a topology called the Zariski topology on primary
spectrum of R. Graded primary ideals of a commutative graded ring have been
introduced and studied by Refai and Al-Zoubi in [9]. These ideals are
generalizations of primary ideals in a graded ring. The set of all graded primary
ideals and the set of all primary ideals need not be equal in a graded ring
(see [9, Example 1.6]).
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In this paper, we rely on the graded primary ideals and then, we introduce
and study a topology on the graded primary spectrum similar to the one defined
in [0], and investigate several properties of the topology.

2. Preliminaries

CONVENTION. Throughout this paper, all the rings are commutative with iden-
tity. First, we recall some basic properties of graded rings which will be used
in the sequel. We refer to [3], [4] and [5] for these basic properties and more
information on graded rings. Let G be a group with identity e. A ring R is called
graded (or more precisely, G-graded) if there exists a family of subgroups {R,}
of R such that R = @4ecc Ry (as abelian groups) indexed by the elements g € G,
and Ry Ry C Ry, for all g,h € G. The summands R, are called homogeneous
components, and elements of these summands are called homogeneous elements.
If » € R, then r can be written uniquely r = deG rg, where 7, is the component
of rin R,. Also, we write h(R) = UgeqRy. Let

R= @ R; be a G-graded ring.
geG

An ideal I of R is said to be a graded ideal if
I=® ({UNR,):= & 1,
S INERy) = @ I

An ideal of a graded ring need not be graded.

Let R be a G-graded ring. A proper graded ideal I of R is said to be a graded
prime ideal if whenever rys;, € I, we have ry € I or s;, € I, where 7y, s, € h(R)
(see [10]).

Let Specy(R) denote the set of all graded prime ideals of R. For each graded
ideal I of R, the graded variety of I is the set V(1) = {P € Specy(R)|I C P}.
Then, the set £&9(R) = {VE(I)|] is a graded ideal of R} satisfying the axioms for
the closed sets of a topology on Specy(R) called the Zariski topology on Spec,(R)
(see [7LI8LIO]).

The graded radical of I, denoted by Gr([), is the set of all 7 =3° g € R
such that for each g € G there exists n, € N with ry? € I. Note that if r is
a homogeneous element, then r € Gr(I) if and only if ™ € I for some n € N
(see [10]). In [10], it is shown that Gr(I) is the intersection of all the graded
prime ideals of R containing I.

A graded ideal I of R is said to be a graded maximal ideal of R if I # R and
if J is a graded ideal of R such that I C J C R, then I = J or J = R.

A proper graded ideal I of a G-graded ring R is said to be a graded primary
ideal if whenever rys;, € I, we have ry € I or s, € Gr(I) where ry,s, € h(R)
(see [9]). Let p.Specy(R) denote the set of all graded primary ideals of R.
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3. Results

DEFINITION 3.1. Let R be a G-graded ring and p.Spec,(R) be the set of all
graded primary ideals of R. We define graded primary variety for any subset E
of R as p-VJ(E) = {q € p.Specy(R) : E C Gr(q)}.

LEMMA 3.2 ([9]). Let Q be a graded primary ideal of a G-graded ring R.
Then, P = Gr(Q) is a graded prime ideal of R, and we say that Q is a graded
G-P-primary.

PROPOSITION 3.3. Let R be a G-graded ring and I and J be two graded ideals
of R. Then, the following hold:

(i) If I C J, then p-Vi(J) C p-VE(I).

(i) If E C R and I is the graded ideal of R generated by h(E), then p-V§(E) =
p-Via(I) = p-Viy(Gr(I)).

(iii) p-VZ(0) = p.Specy(R) and p-VE(R) = ¢.

(iv) Let {Eqs}aca be a family of subsets of R and I, be graded ideals of R, then
p-Vi(UacaEo) = Nacap-Vi(Ey). In particular, p-V(3" e p o) = Nacap-
Vi(La).

(v) For every pair I and J of graded ideals of R, we have p-VE(INJ) = p-
VA(LT) = p-VE(I) Up-VE(J).

Proof.

(i) Let I, J C Rwith I C J. If g € p-VJ(J), then J C Gr(q), and so I C Gr(q),

it follows that ¢ € p-VZ(I). Hence, p-Vi(J) C p-Vi(I).

(ii) Let E C R and I be the graded ideal of R generated by h(E) C p-V3(I) C

p-VE(E). If ¢ € p-VE(E), then E C Gr(g), and so h(E) C Gr(g), which im-

plies I C Gr(q), i.e., ¢ € p-VE(I), so p-VE(E) C p-VA(I). Thus, p-Vi(E) =

p-VE(I). Now, since I C Gr(I), by part (i), p-VZ(Gr(I)) C p-VE(I). Now,
let ¢ € p-V§(Gr(I)). Then, I C Gr(I) € Gr(q), which implies ¢ € p-VE(I),
so p-VE(Gr(I)) 2 p-VE(I). Hence, p-VE(Gr(I)) C p-VE(I). Thus, p-VE(E) =

VAT = pVE(GHD).

(iii) Since 0 € ¢ C Gr(q) for all graded primary ideals ¢ of R, we have p-

VE(0) = p.Specy(R) and p-VE(R) = ¢.

Let {E, : o € A} be any family of subsets of R. Clearly, Eg C UyenE, for

all 8 € A and hence, by Part (i), p-Vi(UacaEa) C p-VE(Ep) for all § € A.

Thus, p-Vi(UacaFEa) € Naca p-VE(Eq). Conversely, let ¢ € Naea p-VE(Eq).

Then, g € p-Vi(E,) for all & € A, it follows that E, C Gr(q) for all a € A.

S0, UseaEa C Gr(q), ie., ¢ € p-Vi(UaeaFEq). Hence, p-Vi(UacaEs) 2 Naca

p-Vi(Ey). Therefore, p-Vi(UacaE;) = Nacap-VE(Eq).
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Let I, J be any two graded ideals of R. Since IJ C INJ C Tand IJ CINJ C J,
by part (i), p-VA(I) C p-VE(INJ) and p-V{(J) C p-VE(INJ). Hence, p-V5 (1)U
p-VE(J) C p-VEI N J) C p-VE(IJ). Let ¢ € p-VZ(IJ). Then IJ C Gr(q).
By Lemma 3.1, Gr(q) is a graded prime ideal, hence by [10, Proposition 1.2],
I C Gr(q) or J C Gr(q). Hence q € p-Vi(I) or q € p-VE(J), it follows that
q € pVE(IHU p-V{(J). This implies that p-VZ(IJ) C p-VE(I)U p-VE(J).
Therefore, p-VI(INJ) = p-VE(IJ) = p-VE(I) Up-VE(J). O

DEFINITION 3.4. Let R be a G-graded ring. Since p-n9(R) = { p-Vi(I) | I
is a graded ideal of R} is closed under finite union, the family p-n?(R) satis-
fies the axioms of topological space for closed sets. So, there exists a topology
on p.Specy(M) called the Zariski topology and denoted by p-£9(R).

We note that, since any graded prime ideal is graded primary and equal to its
graded radical, the space Spec,(R) is in fact a subspace of p.Specy(R).

PROPOSITION 3.5. Let R be a G-graded ring. For any homogeneous element r,
the set GXP = p.Specy(R)\p-Vi(r) is open in p.Specy(R) and the family
{GXP :r € h(R)} is the basis for the Zariski topology on p.Specy(R).

Proof. Assume that U is any open set in p.Spec,(R). Thus, U = p.Spec,(R)\p-
VE(I) for some graded ideal I of R. Notice that I = Ugegly, =< h(I) >

Hence, p-V3(I) = p-VE(Rh(I)) = Nyennp-VE(r). So, U = U,en(r (p-Specy(R)\p-
VE(r)) = Upen(nyGXP. This implies that {GX? : r € h(R)} is a basis for the
Zariski topology on p.Specy(R). O

PRrROPOSITION 3.6. Let R be a G-graded ring. Then the followings hold for any r,
s € h(R) and the open sets GXF and GXP.

(i) Gr(rR) = Gr(sR) if and only if GXP = GXP.

(i) GXP, = GXPNGXP.

(ill) GXP = ¢ if and only if r is a homogeneous nilpotent.
)

(iv) GXP is quasi compact.

Proof. (i) Suppose that GX? = GXP. Then, p-V{(rR) = p-Vi(sR). Let ¢
be a graded prime ideal of R such that rR C ¢. Since ¢ is a graded primary
and rR C ¢ C Gr(q), we get ¢ € p-Vi(rR) = p-Vi(sR). Then, sR C,Gr(q).
Since ¢ is graded prime ideal, by [9l Proposition 1.2(4)], we get Gr(q) =q. Thus,
sRCq. Hence, Gr(sR) C Gr(rR). Similarly we can show that Gr(rR) C Gr(sR).
Therefore, Gr(rR) = Gr(sR). Conversely, assume that Gr(rR) = Gr(sR). Let
q € p-VE(rR). Then, rR C Gr(q). Hence, sR C Gr(sR) = Gr(rR) C Gr(q)
by [9, Proposition 1.2]. Thus, ¢ € p-V§(sR), so p-V§(rR) C p-V§(sR) and hence
GXP? C GXP. Similarly, we can show that GX? C GXP. Thus, GX? = GX?.
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(ii) Let ¢ € GXP N GX? for the open sets GXP and GXP. Then, r ¢ Gr(q)
and s ¢ Gr(q). By Lemma 3.1, we get rs ¢ Gr(q). It follows that ¢ € GX?..
Thus, GX?NGXP C GXP,. For reverse inclusion, assume that ¢ € GX?Z,. Then,
rs ¢ Gr(q), namely r ¢ Gr(q) and s ¢ Gr(q). It follows that ¢ € GXP and
qg € GXPSo, GXP, C GXPNGXP.

(iii) Let 7 € h(R). Then, GXF = ¢ if and only if p-Vi(r) = p.Specy(R) if
and only if r € ¢ for all graded primary ideals ¢ of R if and only if r belongs
to the intersection of all graded primary ideals if and only if » belongs to the
intersection of all graded prime ideals if and only if r belongs to the graded
nilradical of R if and only if r is a homogeneous nilpotent.

(iv) Let r € h(R). Assume that {GX? :« € A} is an open cover of GX?, for
each o € A and s, € h(R). Then, GX? C UpenGXE = UaeA(p.Specg(R)\p—
Vlg(sa)) = p.Spng(R)\ NaeA p'VIg(Sa) = p~Specg(R)\p'VIg(Ua€A5a)a Le.,
p-Vi(Uaeasa) € p-Vi(r) = p-VE(Gr(rR)). So, Gr(rR) C Gr(Uaea{sa}). Thus,
™ € (Uper{Sa}) for some n € N. There exists a finite subset A C A such that
" =) icatisi, for any t; € h(R) and i € A. Thus, (rR)" C ({s; : i € A}), that
is, p-VE({si :i € A}) Cp-VE(r™) = p-VE(r). Hence, p-VE (X ,ca(si)) = Nicap-
VE(si) C p-VA(r). So, p.Specy(R) — p-Vi(r) C p.Specg(R) — Micap-Vi(si) =
Uiea (p-Specy(R) — p-VE(si)) = UieaGXP . Thus, GXP C UjeaGX? . Since A
is finite, GX? is a quasi compact. (]

COROLLARY 3.7. Let R be a G-graded ring. Then, p.Specy(R) is quasi-compact.

Proof. It can be seen directly from Proposition 3.6(iv). g

DEFINITION 3.8. Let R be a G-graded ring. A family of graded ideals { P, }aea
satisfies condition (A) if for each 7, € h(R), there is n € N such that for all
a €A, ifry € Gr(P,), then ry € P,.

LEMMA 3.9. Let R be a G-graded ring. Then, the following statements are equiv-
alent:

(i) A family {Pa}aca of graded ideals in R satisfies condition (A).
(ii) For each (countable) subset A C A, Gr(NacaPa) = NacaGr(Py,).

Proof.

(i)=(ii) Assume that {P,}.ca satisfies condition (A) and 74 € NpeaGr(Py) N
h(R), then there exists n € N such that rj € P, for each a € A. So, 1y €
Gr(Naea Py). This yields that NaeaGr(Py) € Gr(Naea Py). The other inclusion
always holds.

(ii)=(i) Given ry € h(R), let A ={a € A : 1y € Gr(P,)}. Then, the displayed
equation says that there is n such that r}! € P, for all @« € A. Finally, we

g
note that if the displayed equation fails for some subset A C A, then it fails

11
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for a countable subset of A. Indeed, if 7y ¢ Gr(NaeaPa), then for each n there
exists o, € A such that 7 ¢ Py, , hence ry ¢ Gr(N;L, P, )- O

LeMMA 3.10 ([5]). Let R be a G-graded ring and M a graded R-module. Then,
R has at least one graded mazximal ideal. In particular, if I is a proper graded
ideal of R, then there exists a graded mazimal ideal Q of R with I C Q.

Recall that the dimension of a graded ring R denoted by dim,(R) is defined
to be : sup{n € {0,1,2,...} : there exists a strict chain of graded prime ideals
of R of the length n }.

LeMMmA 3.11. Let R be a G-graded ring. Then, the following statements are
equivalent:

(i) dimg(R) = 0.
(ii) Rry +UpZ1(0:rry) = R for every vy € h(R).
(iii) For every ry € h(R), there exists n € N such that Rr = Rrp*+t.

Proof.

()= (ii) Assume that dimy(R) = 0 and Rry+Up2 (0 :g ry) is a proper graded
ideal of R. Then, it is contained in a graded prime ideal P of R by Lemma 3.10.
Look at the multiplicative system U = {rys; : n =0,1,2,...and s;, € h(R)\P}.
Now, 0 ¢ U because s, ¢ P and U;21(0 :g 7)) € P. So, there is a graded prime
ideal P’ of R that misses U. Since U 2 h(R)\P, we have P’ C P. Moreover,
ry € P\P’,so P’ # P. Thus, P’ is not graded maximal, i.e., dimy(R) # 0, which
is a contradiction.

(ii)= (i) We prove the contrapositive of the statement. Suppose there exist
distinct graded prime ideals P’ C P in R and let r, € P N h(R)\P’. Then,
Up21(0 :g ry) C P and Rry C P. So, Rry +Up2 (0 :g ry) C P, ie., Rry+
Up21(0:g 1y) is a proper graded ideal of R.

(ii)=(iii) If r, satisfies (i), then ¢, 7 + s\ = 1 where syry = 0 and tp,, s) € h(R).

So, tri Tt = . This yields that Rr" = Rritt.

(ili)=(ii) If r, satisfies (iii), then there exists t, € h(R) such that 7' = t;ry ™+,

hence (1 — t57y) = 0. It follows that 1 — #5ry € (0 : ry) and hence 1 €

Rrg+ U2 (05 Tg). Thus, R = Rry + U (0 :x Tg)- -
ProOPOSITION 3.12. Let R be a G-graded ring. Then, the following statements

are equivalent:
(i) dimg(R)=0.
(ii) Condition (A) holds for the family of all graded ideals of R.
(iii) Condition (A) holds for the family of all graded primary ideals of R.
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Proof.

(i)= (ii) Suppose that dimy(R) = 0 and 74 € h(R). By Lemma 3.11, there exists
n € N such that Rry = Rr;‘“. If I is any graded ideal and r, € Gr(I), then
ryt € I for some m, hence ry € I also. Thus, (A) holds for the family of all
graded ideals of R.

(ii)= (iii) Clear.

(iii)= (i) Suppose that dimg(R) > 0. Let I be a graded prime ideal of R that
is not graded maximal. The graded primary ideals of R/I are in one-to-one
correspondence with the graded primary ideals of R that contain I, and this
correspondence respects intersections and graded radicals, so we may assume
that R is a graded integral domain. Let r, be a nonzero nonunit of A(R) and let
P be a graded minimal prime of the graded ideal Rr,. For each positive integer n,
let P;, = Rpry N R = {r € R: spr € Rry for some s;, € h(R)\P}. Each P}, is
graded P-primary, hence N2, Gr(P;) = P. To show that r, ¢ Gr(NyZ,P,,),
it suffices to show that r;’_l ¢ P!/. Suppose, by way of contradiction, that
ri—t € P). Then, spry~" € Rry for some s, € h(R)\P,s0 s, € Rry C P because
R is a graded integral domain, a contradiction. Thus, r, ¢ Gr(N3Z,P),). This
yields that Gr(N;2, P)) # Gr(NgZ,P}). By Lemma 3.9, we get a contradiction.
Therefore, dimy(R) = 0. O

Let R be a G-graded ring and let p.Specy(R) be endowed with the Zariski-
topology. Let W be a subset of p.Specy(R). We will denote Npey P by (W)
and the closure of W in p.Specy(R) by Cl(W).

PROPOSITION 3.13. Let R be a G-graded ring with dimg(R) = 0 and Y C
p.Specy(R). Then, p-VE(S(W)) = CU(W). Hence, W is closed if and only if
pViE(S(W)) =W.

Proof. Let g € W. Then, S(W) C ¢ C Gr(q), it follows that g € p-V3(S(W)).
Thus, Y C p-V§(S(W)). This yields that CI(W) C p-V5(S(W)). For the
reverse inclusion, let p-VZ(I) be a closed subset of p.Specy(R) including W.
Hence, I C Gr(q) for all ¢ € W. Then, I C GT(S(W)) by Proposition 3.12. Let
q € p-VE(S(W)). It follows that S(W) C Gr(¢'). Hence, I C Gr(S(W)) C
Gr(q'), and so ¢' € p-VE(I), that is, p-V} (%(W)) is the smallest closed subset
of p.Specy(R) which includes W. O

PROPOSITION 3.14. Let R be a G-graded ring and q € p.Specy(R). Then, the
followings hold:

(1) Ci({a}) = p-Vi(0)-
(ii) I € Cli({q}) if and only if ¢ C Gr(I) for any I € p.Specy(R).

13
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Proof.
(i) Let W = {q}. Then Cl({q}) = p-Vj(q) by Proposition 3.13.
(ii) Tt is an immediate consequence of (i). O

PROPOSITION 3.15. Let R be a G-graded ring. Then, p.Specy(R) is a Ty-space
if and only if for any two graded ideals q; and q2 in p.Specy(R), p-Vi(q1) = p-
Vi (q2) implies that ¢1 = go.

Proof. Let g1, g2 € p.Specy(R). By Proposition 3.14, Cl({q1}) = Cl({g2}) if
and only if p-VZ(q1) = p-Vi(g2) if and only if g1 = g2. Now, by the fact that
a topological space is a Ty-space if and only if the closures of distinct points
are distinct, we conclude that for any graded R-module M, p.Specy(R) is a
To-space. O

LEMMA 3.16. Let R be a G-graded ring. If every graded prime ideal is graded
mazimal, that is, dimg(R) = 0, then Specy(R) is a Ts-space.

Proof. If | Specy(R) |= 1 or | Specy(R) |= 2, then Specy(R) is a Th-space.
Now, assume that | Specy(R) |> 2. Then, we can take three distinct elements
in Specy(R), say p1, p2, and ps. Since every graded prime ideal is graded maximal,

ng(p1) ={p1}, Vj%(p:a) = {ps},
Vi(pips) = VE(p1) U Vi (ps) = {p1,ps} = Specy(R) — Vi (p2),
Vi(pap3) = Vi(p2) U VE(p3) = {p2,p3} = Specy(R) — Vi (p1)

and
Vz% (p2) = {p2} = Specy(R) — ng(plp:a)

are open sets in Spec,(R). This implies that

p1€VE(pips) and  pa€VE(p2).

Moreover,
Viz(p1ps) N Vig(p2) =¢. O

ProOPOSITION 3.17. Let R be a G-graded ring. Then, the following statements
are equivalent:

(i) Every graded primary ideal is a graded mazimal ideal in R.
(ii

) p.Specy(R) is a Ta-space.
(ili) p.Specy(R) is a Ti-space.
)

(iv) p.Specy(R) is a Ty-space.

14
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Proof.

(i)= (ii) Assume that every graded primary ideal is a graded maximal ideal in
R. Since every graded maximal ideal is graded prime, we get Specy(R) coincides
with p.Specy(R). Since, R is a graded zero dimensional ring. By Lemma 3.16,
Specy(R) is a Tr-space, and so is p.Specy(R).

(ii)=(iii)=(iv) Clear.

(iv)=(i) Let p.Specy(R) be a Ty- space and g € p.Specy(R). Then, we have

Cl({a}) = p-Viz(a) = p-Vi§(Gr(q)) = CL({Gr(q)}). Then, ¢ = Gr(q) by Propo-
sition 3.15. Hence ¢ is a graded prime ideal by Lemma 3.1. O

DEFINITION 3.18. Let R be a G-graded ring. The graded Zariski primary radical
of a graded ideal I of R, denoted by Zp-Gr(I), is the intersection of all members
of p-Vi(I) for the Zariski topology, that is, Zp-Gr(I) = Ngep-ve()d = N{q €
p.Specg(R) | I C Gr(q)}. We say, a graded ideal I is a Zp-radical ideal if
I =Zp-Gr(I).

A topological space X is said to be Noetherian if the open subsets of X satisfy
the ascending chain condition (or if every descending chain of closed subsets is
stationary (see [2]).

PROPOSITION 3.19. Let R be a G-graded ring with dimgy(R) = 0. Then, R
has Noetherian graded primary spectrum if and only if the ACC for the graded
Zariski primary radical ideals of R holds.

Proof. Suppose the ACC holds for the graded Zariski primary radical ideals
of R.Let p-Vi(I1) 2 p-Vi(I2) 2 ... be a descending chain of closed subsets p-
VE(I;) of p.Specy(R), where I; is a graded ideal of R. Then, S(p-V§(11)) = Zp-
Gr(I1) C S(p-VE(L2)) = Zp-Gr(I3) C ... is an ascending chain of graded Zariski
primary radical ideals of R. So, by assumption, there exists n € N such that for
all i € N, Zp-Gr(I,) = Zp-Gr(I,+i). Now, by Proposition 3.13, p-V3(I,) = p-
VE(Zp-Gr(l,)) = VE(Zp-Gr(Insi)) = p-Vi(Inti). Thus, R has Noetherian
graded primary spectrum. Conversely, suppose that R has a Noetherian graded
primary spectrum. Let I; C I C ... be an ascending chain of the graded Zariski
primary radical ideals of R.Thus, p-V5(I1) 2 p-Vi(I1) 2 ... is a descending
chain of closed subsets p-VJ(I;) of p.Specy(R). By assumption, there is n € N
such that for all ¢ € N, p-VE(I,,) = p-V{(L,+). Therefore, I,, = Zp-Gr(I,,) =
S(p-VE(In)) = S(p-VE(Inti)) = Zp-Gr(Inyi) = Inyi. Therefore, the ACC for
the graded Zariski primary radical ideals of R holds. O
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