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ABSTRACT. The main objective of this article is to show that generalized dif-
ferentiation can be understood as a process of comparing functions and their gen-
eralized continuity properties. We show it by working with generalized notions
of derivative and continuity. The article covers wide range of types of generalized
continuity.

1. Introduction

The fact that a differentiable function is continuous has more topological es-
sence than usually believed. We would like to show this in this article by working
with generalized notions of derivative and continuity. We examine generalized
differentiation from a topological point of view - as a possibility to compare
functions and their continuity properties. We work with the notion of S-con-
tinuity [I3] that covers many types of weak, generalized continuity.

Let us note that the generalized differentiation is currently developing by
several mathematicians in the frame of the theory of arbitrary metric spaces.
See, for example, [1], [3], [8], [20]. The differentiation theory in linear topological
spaces is a well-known part of analysis. Nonetheless, it seems that there were not
any attempts to introduce a differentiation in topological spaces without linear
or metric structures before [I1] was published.
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2. Generalized derivative

In this paper, when we say “a field”, we mean the spaces R or C equipped with
their natural topologies. But very often we could work with a general “topological
field”, a field on which the operations of addition, subtraction, multiplication
and division would be continuous. Let X be a topological space, Y be a set.
A function g: X — Y is discrete on A C X at a point a € X, if there is an open
neighborhood V' of a such that the statement

g(a) ¢ g <(V N4) \{a}) holds.

Now, we define the notion of generalized derivative.

DEFINITION 2.1 ([II]). Let X be a topological space, A C X and Y be a linear
topological space defined over a field F'. Let p be a limit point of Aand g : X — F
be discrete at p on A. A function f: X — Y has a g-derivative [ € Y at pon A
if for every net {x},er of points x, € A\{p} converging to p, the net

{f(xv) — f(p)

} converges to [.
9(@y) = 9P) J er

If [ is a g-derivative of f at p on A, then we write

o — i J@) = @)
l=g/a f (p) = %Zz g(x) —g(p)

and
of (p) =g/x ['(p) for A=X.

It is easy to see that, for Hausdorff spaces Y, a g-derivative , f'(p), if it exists,
is unique (see [11]).

Remark 2.2. In what follows, if we say “let /4 f'(a) exist”, we automatically
suppose that a is a limit point of A. Moreover, we see that if g/Af’(a) exists,
then ¢ is discrete on A at the point a. It is easy to see that our generalized
derivative is a linear operator. If we put

X=A=Y=F=R and g¢g(z) =z,

we obtain the well-known definition of the derivative of a real valued func-
tion. Functions differentiable in this generalized sense need not be continuous.
For example, if g: R — R is an injective noncontinous function and f = g then,
for every a from R, we have ,f'(a) = 1, so 4f'(a) exists. But f is not continuous.
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3. S-continuity

The notions defined below were studied, for example by Borsik [], [5],
Neubrunn [22], Njastad [23] and Piotrowski [25].

DEFINITION 3.1. Let (X,T') be topological space. We say that a set V' C X is
a-open, if and only if there exist an open set O € T' and a nowhere dense set S
such that V' = O\ S. The system of all a-open sets in (X, T) is denoted by Tj,.
It is known that T, defines a new topology on X.

Let (Y, 7) be a topological space. Let = be from X. We say that a function
[ (X, T) = (Y, 7)

is a-continuous at z if for each W € 7 such that f(z) € W there exists a V' € T,
such that z € V and f(V) C W is true.

Let X,Y be topological spaces. A function f: X — Y is said to be quasicon-
tinuous at x from X if and only if, for any open set V' such that f(z) € V and
any open set U such that x € U, there exists a nonempty open set O C U such
that f(O) C V.

Let X =R, let Y be a topological space. A function f: X — Y is said to be
left (right) hand sided quasicontinuous at a point z from R if for every § > 0
and for every open neighborhood V of f(x) there exists an open nonempty set
W C (x—0d,z) (W C (z,z+9)) such that f(W) C V. A function f is bilaterally
quasicontinuous at x if it is both left and right hand sided quasicontinuous at
this point.

The generalized type of continuity mentioned in the following definition was
called “A-continuity” in [13]. This definition has roots in some works of M. M a-
tejdes, see, e.g., [I8]. But since the name “A-continuity” was used in another
meaning in [I7], we prefer - and introduce it here - the name “S-continuity” for
this notion.

DEeFINITION 3.2 (according to [13]). Let X,Y be topological spaces. Let S be
a system of nonempty subsets of X. A function f: X — Y is said to be S-con-
tinuous at x from X if and only if, for any open set V such that f(z) € V and
any open set U such that x € U, there exists a set S from S such that S C U
and f(S) C V.

Remark 3.3. Because of the generality of S-continuity, we have just charac-
terized a wide range of systems of functions. Concretely, if X,Y are topological
spaces, S a system of nonempty subsets of X, and if a function

f: X =Y is S-continuous at a point z,
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then it is
(1) continuous at z if S = {U;Uis open in X and = € U},
(2) a-continuous at x if S = {0;0 is a-open in X and z € O},
(3) quasicontinuous at z if S = {U;U is open in X}.
Suppose, moreover, that X = R. Then, f is
(4) left (right) hand sided quasicontinuous at x if

S={V;V=(a,b) and a<b<uz}
(S ={V;V =(a,b) and z <a <b}),
(5) bilaterally quasicontinuous at z if
S={V;V=(a,b)U(c,d) and a<b<z<c<d}.

Now, we introduce two notions of similarity of functions (defined in [12]).
Here, we are using the terminology used in [13].

DEFINITION 3.4. Let X,Y, Z be topological spaces, let g: X =Y, f: X — Z
be functions. Let x be from X. We say that f is g-continuous at z if, for every
net {z,}er of elements from X converging to z, the following holds.

(*) If the net
{g(xv)}wer converges in Y,

then the net
{f<l‘7)}'y€l—‘ converges in Z.

Let A be a subset of X. We say that f is g-continuous on A if, for ev-
ery x from A, f is g-continuous at x. If A = X, we say that f is g-continuous.
(The g-continuity of f does not guarantee that f will automatically have all nice

properties of g. It must be always examined, whether a property of g is inherited
also by f.)

4. Generalized derivative and
topological properties of functions

In what follows, we will use the following theorem proved in [I3].

THEOREM 4.1. Let X,Y,Z be Hausdorff topological spaces. Let g: X — Y,
f: X — Z be functions. Let x be a point from X. Let S be a system of nonempty
subsets of X and let g be S-continuous at x. If f is g-continuous at x, then f is

S-continuous at x, too.
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The following theorem works with the notions and results presented above and
it shows how the properties of general differentiability and general continuity are
connected.

THEOREM 4.2. Let X be a Hausdorff topological space. Let F be a field and Y
be a linear topological space defined over the field F. Let f: X — Y, g: X — F
be functions. Let p € X, let g be S-continuous at p. If f has a g-derivative at p,
then f is S-continuous at p, too.

Proof. Let {4} er be a net of elements from X converging to p such that the
net {g(z)}yer converges in F. Then for each v € I" the following holds

flay) = (f(xy) = f(p) + f(p)

) )
= S —glp) W) — @) + f@). )
Since the net
flay) = fp)

o(o2) = o) converges to ,f’(p)

and the net
g(x,) converges to an element z € F,

then (because of (1)) the net
[F@)}. o comvergesto /() (= — 9(p) + £()

We have just proved that f is g-continuous at p. Since g is S-continuous at p,
according to the preceding theorem, we have just proved that f is S-continuous
at p, too. O

As the previous theorem showed, the existence of the generalized deriva-
tive ,f'(p) implies that f is g-continuous at p. We will use this fact and
obtain some new results concerning the functions from the first Baire class
(see, e.g., [15]) and the functions from the classes B} and Bi* (see [21], [24])).
We say that a function f: R — R belongs to the class B if for every closed
set C' there is an open interval

I=(ab) with I[)C#0

such that the restriction fc is continuous on I ([2I]). We say that a function
f: X =Y (where X and Y are topological spaces) belongs to the class Bi*
if either D(f) = 0 or fp(y) is a continuous function - where D(f) denotes the set
of all discontinuity points of f [24].

In what follows, we will use the assertions of the following two theorems
proven in [14].
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THEOREM 4.3. Let X,Y, Z be complete separable metric spaces, let g: X —'Y,
f: X — Z be functions. If g is of the first Baire class and f is g-continuous
on X, then f is of the first Baire class, too.

THEOREM 4.4. Let XY, Z be topological spaces. Let g: X — Y belong to the
class BY* (let g: R — R belong to the class BY) andlet f: X - Z (f: R —=>R)
be g-continuous on X. Then, f belongs to the class BY* (then f belongs to the
class By ), too.

Our final two theorems show how the topological property “being from certain
class” is transferred from a function to a function, if these functions are connected
by the existence of a generalized derivative.

THEOREM 4.5. Let X be a Hausdorff topological space, Y be a Banach space.
Let f: X =Y, g: X — R be functions. Let g be of the first Baire class. If for
each x from X there exists a generalized derivative ,f'(x), then f is of the first
Baire class.

Proof. This is a direct consequence of Theorem 3] and of the fact that f is
g-continuous (see the proof of Theorem [£.2)). O

In a similar way, when we combine Theorem [£4] and a part of the proof
of Theorem [4.2] we obtain this assertion concerning the classes B} and Bj*:
THEOREM 4.6.

(a) Let X be a Hausdorff topological space. Let F be a field and Y be a linear
topological space defined over the field F. Let f: X — Y, g¢g: X — F
be functions. Let g be of the class BY*. If f has a g-derivative at each x
from R, then f belongs to the class BT*, too.

(b) Let f: R =R, g:R— R be functions, let g be of the class BY. If f has
a g-derivative at each x from R, then f belongs to the class B, too.
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