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ON ONE APPLICATION OF INFINITE SYSTEMS
OF FUNCTIONAL EQUATIONS
IN FUNCTION THEORY
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ABSTRACT. The paper presents the investigation of applications of infinite
systems of functional equations for modeling functions with complicated local
structure that are defined in terms of the nega-Q-representation. The infinite
systems of functional equations

f (@k(ﬂﬁ)) = Eik+1,k+1 + Dijyq k1S <¢k+1(w)) ,

where £ = 0,1,..., z = and ¢ is the shift operator of the

Azl?x)zg(z)zn(z)’
@-expamsion7 are investigated. It is proved that the system has a unique solution
in the class of determined and bounded on [0,1] functions. Its analytical pre-
sentation is founded. The continuity of the solution is studied. Conditions of its
monotonicity and nonmonotonicity, differential, and integral properties are stud-
ied. Conditions under which the solution of the system of functional equations is

a distribution function of the random variable n = Ag&m& with independent

e

@-symbols are founded.

1. Introduction

Nowadays, it is well-known that functional equations and systems of func-
tional equations are widely used in mathematics and other sciences. For exam-
ple, in the information theory, physics, economics, decision theory, etc. [TL2L5L7].
Modeling functions with complicated local structure by systems of functional
equations is a shining example of their applications in function theory.
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The class of functions with complicated local structure consists of singular (for
example, [13,22]2330,[31]), continuous nowhere monotonic [10], and nowhere
differentiable functions (for example, [3],14L21][25126/29,30]).

An example of a strictly increasing singular function is the following function,
that is called the Salem function

o] n—1
f(.%') = ﬁal(nr) + Z (Bocn(x) H Pa; (x))v

n=1 j=1

where
1= Ay =Y o an€ {01},
Q2 = {po,p1} is a fixed tuple of integers such that pg + p; = 1, and
0  whenever a,(z) =0
Ban(m) =

po  whenever a,(z) = 1.

Properties of the function (including the singularity) were studied by Salem
[13] and by other authors [61[830]. The Salem function is a distribution function
of a random variable with independent identically distributed binary digits and
a unique solution of the following system of functional equations in the class of
determined and bounded on [0, 1] functions:

/ (g) =pof(x), f (x;1> =po +p1f(x).

The system can be written as follows (for functions determined on the segment

0 1]): F (D) = Bt 0 (A2 )

In [9], the following generalization of the Salem function is investigated:

00 n—1
f(.%') = ﬁal(nr) + Z (Bocn(x) H Pa; (x))v
n=2 j=1

where
[e%s)
x:Azlazman.“ Ez_a an € {0,1,...,8—1},

2 < s is a fixed positive integer, and

0 whenever a,(z) =0
ﬂan(m) = 4§ an(z)-1

pi >0 whenever ay,(z) # 0.
i=0
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APPLICATION OF INFINITE SYSTEMS OF FUNCTIONAL EQUATIONS

The last-mentioned function is a unique solution of the following system of func-
tional equations in the class of determined and bounded on [0, 1] functions:

F(FE) = st narto)

where ¢ = 0,1,...,s — 1, p; is a real number from (—1,1), and pg + p1 + --- +
ps—1 = 1.
In [10], the following system of s functional equations is considered:

f(Agxlag...an...) = 51 +pif (Aanaz‘.‘an‘.‘) ) 1=0,5—1,

where max; p;| <1, po+p1+ - +ps—1 =1, o =0< B = Zf:_ol p;, and the
argument of f is represented in terms of the Q-representation [I1l p. 87]. The
Q-representation is a generalization of the s-adic representation A7 .. . .
That is,

0o n—1
Agla}.‘anm = ’yal + Z (ryan H qaj) =€ [07 1]7
n=2 j=1

where 1 < s is a fixed positive integer, @ = {qo,q1,...,qs—1} is a fixed tuple of
real numbers such that ¢; > 0 for all i = 0,s — 1 and Zf;é q; = 1. Also, here
Yo =0 and y, = Ej:é gj for k=1,2,...,s—1. The investigations from [10] are
generalization of the investigations from [9].

Introducing and investigations of generalizations of the Salem function are
new and unknown for real numbers representations As,s,. s, ... with the remov-
able alphabet. That is, when d,, € A} ={0,1,...,t,},t, € N,and |A} | # |A} |
for k # [, where | - | is the number of elements of the set. Representations of
real numbers by positive [4[12[15] and alternating [16,26] Cantor series, the
Q- 1, p. 87-91] and the nega-Q-representation [18.28] are these representa-
tions. For the first time, such investigations were carried out by the author of
the present paper for the case of positive Cantor series [I7,19] and presented
in April 2014 at the international mathematical conference “Differential equa-
tions, computational mathematics, function theory and mathematical methods
in mechanics” [17].

In October 2014, the results of the present paper and of the similar research
for the case of positive and alternating Cantor series (the papers [17H20,24.[28])
were presented by the author in reports “Determination of a class of functions,
that are represented by Cantor series, by systems of functional equations” and
“Polybasic positive and alternating @—representations and their applications to
determination of functions by systems of functional equations” at the seminar on
fractal analysis of the Institute of Mathematics of NAS of Ukraine and of the Na-
tional Pedagogical Dragomanov University (the archive of reports is available at
http://www.imath.kiev.ua/events/index.php?seminarId=21&archiv=1).
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The present paper is devoted to study of one example of applications of sys-
tems of functional equations to modeling of functions with complicated local
structure. The following new and non-investigated at this moment system of
functional equations is studied:

f (")) = Bik+1,k+1 + Dip ot f (@5 (),

where k= 0,1,..., ¢ is the shift operator of the @—expansion, and

_AQ@ — AQ
T = Azl(m)zz(m)zn(m) - Ail(m)[mz—iz((ﬂ)]ig.‘.izk_l((E)[TIsz—izk((E)].‘..
The properties of the unique solution to the last-mentioned system in the class
of determined and bounded on [0,1] functions

00 k—1
F(z) = Bi,(x)1 + Z Biy (), H ﬁij(m),jl
k=2 j=1

are investigated.

2. @-representation, its partial cases and
the shift operator

Let Q = |gi.n|| be a fixed matrix, where i = 0,m,,, m, € N2 = NU {0, oo},
n = 1,2,..., and the following system of properties is true for elements g; ,
of the last-mentioned matrix

1°. Qin > 0;
20 foralln e N: Y " g, = 1;
3°. for any (in),i, € NU{0}: [[22, Gion = 0.

DEFINITION 1. An expansion of a number x from [0, 1) by the following positive

series 00 n—1
@iy (2),1 T Z Qi (x),n H qz‘j(m),j] ) (1)
n=2 j=1

where
in—1

> ¢in whenever i, # 0
A, n =0

0 whenever i,, = 0,

is called the @—empansion of a number z [I1], p. 89]. Defining an arbitrary number

x € [0,1) by expansion (] is denoted by = = Agi% ;.. and the last-mentioned

N
notation is called the Q-representation of x.
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APPLICATION OF INFINITE SYSTEMS OF FUNCTIONAL EQUATIONS

DEFINITION 2. A number z € [0,1) which has the period (0) in its own Q-
-representation is called Q-rational, i.e.,

Q

i in_1in(0)"

The other numbers in [0, 1] are called Q-irrational.

PROPOSITION 1. If the condition m, < oo holds for all n > no, where ng s a
fized integer, then each Q rational number has two different Q representations,

i.e.,

Q

7;17;2‘.‘1-”_17;”(0) = Ailiz‘.‘in_l [in—l]mn+17’7ln+2.‘. :

The @—representation of real numbers is:

the Q*-representation (or Q%-representation) when the equality m, =s—1
is true for all n €N, where N3 s=const > 1;

the Q-representation (or Qs-representation) when the equality m,, = s—1
is true for an arbitrary n € N, where N 3 s = const > 1 and ¢;,, = ¢; for
all n € N;

the @} -representation whenever the condition m, = oo holds for any
n € N;
the Qoo-representation whenever the conditions m, = co and ¢;, = ¢

hold for all n € N;

the representation by a positive Cantor series whenever the conditions
n=d, —1andqzn: ,i=0,d, — 1, hold for any n € N, where (d,,)

is a fixed sequence of pos1t1ve integers and d,, > 1;

the s-adic representation whenever the equalities m, = s — 1 and ¢; , =

q; = % are true for all n € N, where s > 1 is a fixed positive integer.

DEFINITION 3. The mapping defined by

6@ =2 (8%, 0.) =002 + Y
k=3

k—1
iy, k H Qi;,j
Jj=2

is called the shift operator ¢ of the @—expcmsion of a number x.

The following mapping

[ee) n—1
P (2) = Qi i1+ D lain,n 1T qz‘j,j]

n=k+2 j=k+1

is called the shift operator of rank k of the @—expansion of a number x.
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The last-mentioned and the following definitions of ¢* are equivalent.

DEFINITION 4. Let (@k) be a sequence of the following matrixes @k:

q0,k+1 40,k+2 cee q0,k+j
q1,k+1 q1,k+2 . q1,k+j
Qk = :
Amp1—1,k+1  Gmpyo—2k+2 -+ Qmyyj k+j
Gmyq,k+1 Amyyo—1,k+2
Amy o, k+2
where £k =0,1,2,...,j=1,2,3,...
Let (]—'g;’“l)) be a sequence of sets ]—'[g’“l) of all possible @k—representations (of

numbers from [0, 1)) generated by the matrix Qy, where Qo = Q.
The mapping w(@k(x, @)) such that

O [0, 1) xQ—[0, 1) x Qi ((i1y2, - iks )y Q) = (i1 ks ihtss - - - )y Q)
T [0, )xQe—[0,1); (2, Qx) > 2’
is called the shift operator ¥ of rank k of the é—representation of a number
z e [0,1).
Remark 1. For the compactness of the presentation of the paper, we will use
the notation ¢ instead of the notation 7 (¢"(x,Q)) in this paper.
Since x = aj, 1 + ¢i, 19(x), we have
xr — (17;171
dii 1
It is easy to see that the following expressions are true.
1 ~
@k _ AQ

T) = L .
(@) q0,190,2 - - - 90,k \_0"_/'0“““’“2“'

k

1 ~

ak—1 Ak Q

(p T) = a; ,k? + q ’kgo €Tr) = A P .
( ) Tk 1k ( ) q0,1q0,2'~'q0,k:—1 0---074k74k+1-'-

k—1

(2)

Remark. Throughout the paper, we will consider that m,, < oo for all n € N.
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APPLICATION OF INFINITE SYSTEMS OF FUNCTIONAL EQUATIONS

3. Nega—@-representation of real numbers from [0, 1]

THEOREM 1 ([I824]). For an arbitrary x € [0,1), there exists a sequence (i),
n € N2, such that

My’

11—1

n—1
r = Z%l"‘z )" 15@‘71,711_[‘7@,3‘
j=1

00 2n—1
> (Ma) o

where

1 if n is even and i, = m,

> Gin ifnis even and i, # my,
=My —in

e 0 if n is odd and i, =0
i1
Y qin ifnis odd and i, # 0,
i=0

and the first sum in expression @) equals 0 whenever iy = 0.

DEFINITION 5. An expansion of a number = by series []) is called the nega-

~ . . -Q . L
Q-exzpansion of x and is denoted by A; i . . The last-mentioned notation is

called the nega-Q-representation of a number z ([I8]).

The numbers from a countable subset of [0,1] have two different nega—@—
-representations, i.e.,

Q —AQ -
Ahlz =18 Mp410Mp 4 30Mmp45... 7 Aili?.‘in_l[in—l]Omn+20mn+4‘." in 7é 0.
These numbers are called nega-Q-rational and the rest of the numbers from [0,1]
are called nega-Q-irrational.

DEFINITION 6. The set of all numbers from [0, 1] such that the first n dig-
its i1,42,...,4, of the nega-Q-representation of the numbers are equal to c1,

€2,y Cny respectlvely, is called @ cylinder AZ9
C1C3 . ..Cp. That is,

1., Of Tank n with the base

p={z:0132=A2 . . i ,e€N’ keN},

0102 C1C2...Cpln41ln4+2--Intk--- Motk

where ¢i,¢2,...,¢, is a fixed tuple of symbols from ND, NP .....NJ |
respectively.
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By ([18]), it follows that the following statements are true.

LEMMA 1. Cylinders Aclc ¢, have the following properties:

(1) a cylinder Aclcz ., 15 the following closed interval:

Q Q
chc?z |:ACICQ cCnMp410My 4 30mgpys...0 ACICQ Cnomn+20mn+40mn+6---i|
if n is odd,
Q Q -Q
ACl C2.. |:A01 Ca.. cn0mn+20mn+40mn+6‘." Cc1C2 ... cnmn+10mn+30mn+5‘.‘:|
if n is even;
(2) for anyn €N,
ACI% . C Aclgz oS
(3) for alln € N, _—
0162 U Aclcz CnC;
(4)
sup Aclcz . =inf AC_ oaon1[c41] if n is odd,
sup Aclcz enafet1] = = inf Ac_lcz P if nis even;
(5) for anyn € N, n
|A01 C2.. H ch 7]7
j=1
(6) for an arbitrary x € [0, 1],
ﬂ ACICZ =T = Ac_lccimcn

LEMMA 2. For the nega—Q—representation, the following identities are true:

Q g
A'leg...iﬂ... - Ail[mg—ig]...’ig}cfl[ka—’iQk]---’
Qo =A@
1192 dn.. — Tig[mao—ig]..dop—1[mor—izk]...
That is
— 00 n—1
_AQ _ = =
r=A00 . =it Wi || G5 |5
— i1
where
- i, n if n is odd ~ Qi if nis odd
ainyn = . . q";'n.an = . .
Qm, —i, n if mis even, Gm, —i,,n if M is even.
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4. The main object of the research is
an infinite system of functional equations

Let us have matrixes of the same dimension Q = ||g;.»| (properties of the
last-mentioned matrix were considered earlier) and P = ||p; ||, where i = 0, m,,,
m, € NU{0}, n = 1,2,..., and for elements p;,, of P the following system

of conditions is true:
1°. Pin € (*17 1);
2°. foralln € N: > " p; = 1;
3°. for any (in), i, € NU{0}: 122, |pi,.n| = 0;
4°. forall i, eN:0 < Yo pi, < 1.

Let us consider the infinite system of functional equations

F (&%) = Bipsr kst + Piryr bt f (@5 (), (4)
where k£ = 0,1,..., ¢ is the shift operator of the @—expansion,
= ll(x)lg(ﬁ)ln(ﬁ) = Ail(ﬁ)[mg—ig(ﬁ)]i3...i2k+1(ﬁ)[m2k+2—i2k+2(ﬂf)]...’
~ Pinn if n is odd
Pipmn =
DPm,,—in,n 1 1 is even,
in_l . .
3 S pin>0 ifi, #0 ~ Binn if n is odd
im0 - 1=0 i, =
0 if i,, =0, B, —i,m if nis even.

Since equality () is true, one can write system (@) as
£ (@i + T (@) = B+ i (25 (), (5)
where k =1,2,..., i€ N, .

LeEMMA 3. The function

00 k—1
F(z) = Bi,(x)1 + Z Biy (), H ﬁij(m),jl (6)
k=2 j=1

is a well-defined function at an arbitrary point from [0, 1].
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Proof. Letxzbea nega—@—irrational number. Series (@) is absolutely convergent.
The last-mentioned statement follows from conditions

ﬁik(:ﬂ),k S [07 ]-)7 |5ik(fﬂ),k| < 1,

and from the convergence of the series

00 k—1
Biy ()1 + Z Bir.(z),k H \17i_1(x),j|1 :
k=2 j=1

The convergence is proved analogously to the proof of the convergence of se-
ries (1) when p;, (»)x # 0 for all k € N.

Let x be a nega—@—rational number. Consider the difference

A=F(a79

117;2-'-in—linmn+10mn+30mn+5“')7 ( i1i2---7;'n.71[i71_1]0mn+20mn+4---).

Let n be even. Then

n—1
j=1
&S] n+l—1
X (,anin,n _ﬁmnfin+1,n+ Pmy, —in,n (/8mn+1,n+1+z /8m71+l ,n+l |:7 H Pm; ,j:| ))

=2 j=n+1
n—1
= (H ﬁij,j> X (=Pmp—in.n + Pmy—in.n) = 0.

j=1

If n is odd, then

n—1 oo ntl—1
H ﬁi_,v,j> <5in,n—5in—1,n—mn—1,n <5mn+1,n+1 +Zﬁmn+z,n+l [ H Pm_,v,j] ))
j=1

=2 j=n+1

A

=0.

THEOREM 2. Infinite system [{l) of functional equations has a unique solution

f(.’IJ) = ﬁil(ac),l + Z
k=2

k—1
Bk 1] ﬁij(x),j]
j=1

in the class of determined and bounded on [0,1] functions.
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Proof. Really, for an arbitrary x = A ~from [0, 1], we have

;(x)iz(w)...ik(ﬂf)--
1) = By + P f ($(2))
= Bii(2),1 T Pir(a),1 (5m2—i2(x),2 +pm2—i2(x),2f(¢2($)))
= Biy(2),1 T Brma—is(),2Pir (2),1
+ Diy(2),1Pmay—is(x),2 (61‘3(1:),3 + Pig(a),3f (@3(9[5)))

== Bi (@)1 T Bis(x),2Pir (2),1 + Bis(2),3Pi1 (),1Dis (2),2

k—1 k
ot Bk H Dij(e)j T (H ﬁij(m),j> f(@k($)>~
j=1 j=1

Since @*(z) € [0,1], for arbitraries z € [0,1] and k € Zy, the function f is
determined at all points from [0, 1] and the function is bounded on the segment
[0,1] (i.e., there exists M > 0 such that for any = € [0,1]: |f(x)| < M) and the

condition k k
17w <I1Fwil—0 (k= o0)
j=1 j=1

holds, it follows that
k

f(Aflgzk) = klim Biy ()1 T Z
n=2

— 00

n—1
Bi,.(z),n H 5i_7(x),j]
j=1

+ (ﬁﬁq@),j) f(@k(x)>

k n—1
= lim | Bj, ()1 + Z Bi,. (z),n H 5i_7(x),j]
n=2 j=1

k—o0

= ﬁil(ac),l + Z

k=2

k—1
Bi (), k H ﬁij(x),j] :

Jj=1

O

So, by system (), one can model the class Ap of determined and bounded
on [0, 1] functions, where the fixed matrix P determines the unique function

y = F(x)
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such that
i1—1 o [ _ n—1 T 0o 2n—1
€T = Z Gi,1 + Z (‘1)n_15inm H ‘E.j:j + Z ( H @7‘:3‘)?
i=0 n=2 | j=1 1 n=1\j=1
i1—1 oo [ _ n—1 b 0o 2n—1
y=F@) =Y piat+y |0 Gn [P +D ( II 5)
i=0 n=2 L j=1 1 n=1\j=1
where
1 if n is even and 7,, = m,,

mTL
> pin if niseven and i, # m,

g‘;-’r” — T=Mp—in
0 if n is odd and i,, = 0
in—1
3 pin if nis odd and 4, # 0.
i=0

Remark 2. The argument of the function F' € Ap is determined by the nega-
@—representation, but an expansion of a value of the function has only “formal”
view of the nega- P-representation and is the last only if all elements p; ,, of the
matrix P are positive numbers.

5. Continuity and monotonicity conditions
of the solution of system () of functional equations

THEOREM 3. The function y = F(x) is a continuous function on [0, 1].

Proof. Let [0,1] 5 zp be a number. Let us consider the difference

0
F(x) — F(xo) = (H ﬁi_,v,j) (5in0+1(w),no+l - ﬁin()+1(w0),no+1>+
j=1

no 00 _ k—1
(Hﬁim)( > (@‘k(wm II Ez(m),l)—
j=1

k=no+2 l=no+1
0o - k—1
Z (ﬂik(ﬁo),k) H ﬁ’lﬁﬂxo),l))’
k:n0+2 l:no-‘rl
where
ino-l‘l(x) # ino-l‘l(x())’ Z](.’IJ) = 7;]‘(.'110), ] = 17n0~
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Let zg be a nega—@—irrational point. Since F' is bounded and the conditions
T — x9, ng — 00 are equivalent, it is easy to see that
) —o.

Pi; .5

lim |F(z) — F(zo)| = lim (1_01

Tr—xo ng—roo =1
Jj=

So, limy_,, F(z) = F(xo).

Let g be a nega—@—rational number. Let us denote

Lo = x(()l) = Ai_lg.‘.in_l[in—l]OnLn+20mn+4.‘.
= Azl?z I —1tnMp10my, 3.0 = x(()2) if n is Odd>
Lo = Azl?g An—1tnMnt10my 3.,
z‘_l?g...in,l[z‘n—1]0mn+20mn+4. = xéf) if n is even,
and consider the limits
lim F(x)= lim F(z), lim F(x)= lim F(z)
r—xo+0 x—mcgz rx—xo—0 x—mcgl

by considerations for the case of a nega—@—irrational number xg.
Therefore, F' is a continuous function on [0, 1]. O

LEMMA 4. A value of the increment

(Aclg2 ) ( sup AClCQ ) (mf Aclg )

of the function F on the cylinder A9 e, 18 calculated by the formula

cic2..

,uF( crea.. ) sz,,g (7)

Proof. From the definition and properties of cylinders A;CE it follows that

F(ace

c1C2.. C710m71+20mn+4--->

B if n is odd
HE (Ac_l% ) =

if n is even.

Q
7F(A0152.‘.cnmn+ 10mn43...

5102‘.‘cnmn+ 10mn+3.‘.)

cl 02 ciCn 0My 1 20Mmy 4 g...
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Therefore,
HE (Ac_lgz.‘.cn) = (ﬁmn+1,n+1 + ﬁmn+z,n+2pmn+1,n+1 +

n
ﬁmn+3,n+3pmn+1,n+1pmn+2,n+2 + - ) H 5ij g
j=1
Equality ([7) follows from the last-mentioned expression. O

THEOREM 4. The function y = F(x) is:

e a monotonic non-decreasing function whenever elements p; n of the matrix
P are non-negative, and a strictly increasing function whenever all elemets
of the matriz P are positive;

e a non-monotonic function that has at least one interval of monotonicity
on [0, 1] whenever the matriz P does not have zeros and there exists only
the finite tuple {p;n} of the elements p; , <0 of the matriz P;

e a function that does not have intervals of monotonicity on [0, 1] whenever
the matriz P does not have zeros and there exists an infinite subsequence
(ng) of positive integers such that for an arbitrary number k € N there
exists at least one element p; n, <0 of P, where i =0, my, ;

e a constant almost everywhere on [0,1] function whenever there exists an
infinite subsequence (ny) of positive integers such that for an arbitrary
number k € N there exists at least one element p; », = 0 of the matriz P,
where i = 0,m,, .

Proof. The first and the second statements follow from ([).
The third statement. Let us choose a number ng such that the number ng + 1
belongs to a subsequence (ny) of positive integers and the tuple c1,ca,. .., ¢,

such that the condition pp (A;%.-.cno) > 0 holds. It is easy to see that there
> 0.

exist nega-Q-symbols i,,+1 and i, such that p;, . n, <0, ﬁi’nowno

AR

6102‘.‘6,”(

In the case for
o

. ., ,
€1€2...Cnging+1 6102"‘0"0’.:”0+1>

since equation (7)), it follows that

-Q -Q
HE (ACICQ...CnDinD+1) <0< 13 (Aclcz.‘.cnoi;DJrl)'

Since the function F' is a monotonically increasing function on a some segment,
the function does not have intervals of increasing and decreasing on the segment
simultaneously. Therefore, the last-mentioned double inequality is a contradic-
tion. So, the function F' does not have intervals of monotonicity on [0, 1].
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Since equality (7)) holds and the value of the Lebesgue measure of the set
C [*Qv (Vnk )] {x T = Azlg i Iy ¢ Vnk} )

where (ny) is a fixed subsequence of positive integers and (V,,,
the subsets V,,, of the sets Nglnk of nega-Q-symbols such that

) is a sequence of

Vo ={i:i € Ny, i, = 0},
equals zero, the fourth statement is true.

PROPOSITION 2. Let us have the set
Cl@ s \Gh] ={zio =232, ine NS\ (i}

i5 € N?

Mmoot

where (i%) is a fized sequence of Q-symbols such that it € N?

n m1?

The following equality
A(o|@ wn \dinp]) =0
holds, where \(-) is the Lebesque measure of a set.
Proof. Let us denote by
Von = NgLn \ {in}

En = U Alﬂz n’
’1:175’111 3. 7'Ln7é7'n

and that
En — Lin41 U En—i—ly
C[Qa (Vb,n)] = ﬁ?zozlEna
where
E,i1CE, and Ey=[0,1].

From the property of continuity of the Lebesgue measure, we obtain that

3

A (C[@, (V()n)]) = lim \N(E,)= lim (1 —qir k) =0,
n—oo n—oo
because e
AMEni1) = Z (i1 Qi ns1) = AMEn) = giz, nt Z (Giy1 -+ ipn)
i17£17, 11747,
Z4n+1;’;i;-¢-1 Zn#;;
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and

1= Z (@i, 1Gin2 -+ inn)

ileNO -77;716N0

my0tT mn

= Z (Gir,1 - Ginn) + iz n Z(Qh,l e Qin_l,n—1)+' Qi agis,2 - - - Qinne
il#i>{7 il#i>{7

ceny ceny
'Ln;é"':b 7;7171#7;;_1

So, Proposition [2] is true. O

Since the relation between the @— and nega—@—representation is given, the
proofs of equalities

Moo W) =0, A(c|@.ws, \ b)) =0

are analogous.

O

COROLLARY 1. The function F is a bijective mapping on [0,1] whenever all
elements of the matriz P are positive numbers.

6. Integral properties

THEOREM 5. The Lebesgue integral of the function F can be calculated by the
following formula 1

/F(x)dx =21+ Z (Zn 1:[ Uk:)a
0 n=2 k=1

where
2 = BonGont+Brndint -+ B mmnmn = Bondon+Brndint +Bmynlm,.n,
On = P0,n40,n+tD1,nd1,nt" +DPmynGm,,n = P0,nd0,n+TP1,0d1,n+"  +Pm, nGm,,n-
Proof. From equality (@), it follows that

A($"(2)) = Gonami2d (@7 (7))

By the definition of the function and the additive property of the Lebesgue
integral, we obtain that
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1 a1 az 1 1
/F(x)dx = / F(x)de + / F(z)de + -+ / Fz)dz
0 0 a1 Amq,1
a1 az 1
/po 1F(p(x))da +/[51,1 +pLaF(¢(x))] dz
0 a1
1
+"'+/[6m1,1 +pm171F(Lﬁ(.’IJ))] dx
1 Amq,1
= 0,140, 1/F x) + Biiqi
0

1
+P1,1q11 /F(sﬁ(:v))d(ﬁ(w)) + o+ By 1Gma 1
0

+pm1,1Qm1,1/F(¢(x))d(¢(x))

0

= (80,1901 +Biaqia + -+ By 1@mi 1) )

+ (0,191 +P1,1q1,1 + -+ Py 1Gmy 1 /F z))d(p(x))
0

— st /F(¢(x>)d(¢(x))
=2z1+ 01 (/ ﬁm2,2 +ﬁm2,2F(¢2(x))>d(¢(x))

+ .- /(ﬁonrpo 2 F(¢* (@ )))d(nﬁ(x)))

am2,2

=z1t+ 01 (50,2(10,2 + B12q12 + By, 2Gm, 2
1

+naoa + -+ + Psatm) [ F(20)d(2(0))
1 0

~ ~

=21 + 2201 + 0102 [ F(¢2(2))d(92(z))
0
= - =21+ 2001 + 230109 + ++ -+ 2,0109 ... 0p_1
1
+o0102.. O'n/F(g?An(x))d((pn(x)) — ...

0
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Continuing the process indefinitely, we obtain that

1
F(x dx—zl+z<anak> O

\

0

7. Modeling singular distribution functions

LEMMA 5. If the function F has a derivative F'(xo) at a nega-Q-irrational
point xq, then

/ T s jgij(ﬂﬁo):j o - ﬁin(x()):n
F'(zo) = lim (H ~7> = 1—[1~7

j=1 qu(l'O)v] — qln(fﬂo),n

Proof. The statement is true, because the Property 6 of cylinders AZ9 s

c1C2..
true and the conditions z — xg,n — oo are equivalent. O

THEOREM 6. If, for all n € N and i = 0,m,, i is true that p;,, > 0, then
the unique solution of functional equations system ([l is a continuous function
of probabilities distribution on [0, 1].

Proof. It is easy to see that

F(0) = (A0£20m4 Omgk...> = Poa +Z
n=2

n—1
Bo,n H po,jl =0
j=1

o0
F(l) = F(A;L?OTIL:,'.‘.OTI’LQ;V_L.‘) = Brnl71 +Z
n=2

n—1
ﬂmn,n Hanj,j] =1
j=1

_AQ

i1(z1)ia(@1).in(@1). .

and 29 = A9

i1(x2)iz(z2)...in(22)...

be some numbers from [0, 1] such that x1 < 5. Therefore, there exists a number
no such that i;(z1) = ij(z2) for all j = 1,n9 — 1 and iy, (z1) < in,(r2) whenever
no is odd, or i, (x1) > in,(x2) whenever ng is even.
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Whence,

TLQ—l
F(xg) — F(xq) = ( H @j(zz),j> . (5% (@2)m0 — Bing (z1),m0
j=1

0 _ k—1
+ (ﬁi"o+k(m2)vn0+k H pin()+j(m2)7n0+j>

k=1 =0

) k—1
ﬁino+k($1)7no+k H pino+j(301)7no+j>

k=1 3=0

TLQ—l
Z ( H 5ij(m2)7j> ’ (ﬁino(m2)7n0 - ﬁino(ml)fn‘O
j=1
00 _ k—1
- (ﬁi710+k(x1),no+k H 5i710+_7(x1),n0+j>> = R,
=1

k j=0
where for odd ng

no—l
K2 ( H @j(mz),j> (Pz'nom),no + Digy (@) +1mo T 77
j=1

. + pino (,7:2)—1,7’7,() - pi"O (x1)7n0 Iél[%)i] F no )
no 1
= ( H Z3/1-]'(%2)7]‘) (pin()(-'ﬂ1)+l,no + - +pzn0(m2) 1 no) > 0.
j=1

Let ng be even. Then

no—l
K Z ( H ﬁz](m2)7]> (prnn()_in() (m1)7n0 +pmn0 _in() (m1)+17n0 + e
j=1

-t Py —ing (x2)—1,n0 — Pmyg—ing (#1),m0 xrg[%)i] F((f?no (.7}1)))

no— 1
( H p’L?(‘tQ ) pmno 'Lno (z1)+1,n0 + +pm"0_in0 (x2)_1’n0) Z 0.

If all elements p; ,, of the matrix P are positive, then the inequality
F(.’Ijz) — F(.’Ifl) >0
holds.
Since the function F'is a continuous function at all points from [0, 1], it follows

that the function is a continuous function of probabilities distribution on [0, 1].
g

135



SYMON SERBENYUK

Let n be a random variable defined by the following form

_ AQ
=46t
where
in if n is odd
&n = .
my — i, if n is even,

n=1,2,3,..., the digits &, are random and taking the values 0,1, ..., m, with
probabilities po n, P1ns - - - » P, n- LThat is, &, are independent and P{¢,, = i,} =
pin,nv Zn S NBL”-

THEOREM 7. The distribution function ﬁn of the random wvariable n can be
represented by

0, z <0y
[e'e] - n—1
Fy(x) = S Biyya + 2 |Bin@)n 11 pij(m),j]a 0<z<I1;
n=2 =1
1, x> 1.

Proof. Let k € N. The statement follows from the equalities

{T] < l‘} = {61 < 11<I)}U{£1 = Z'1<l‘),£2 < Mo — ZQ(CE)} U...
s U{fl = 7;1(.’1}),52 = Mo — ig(.’I}), .. -7£2k—1 < igk_l(l')}
U{& =i1(x), & = ma — ia(x),. .., §op—1 = d2x—1(2),

Eor < Moy —iop(z)U. ..,

P{& =i1(x), & =ma —ia(x), ..., Lap—1 < dop—1(2)}
2k—2

= Bisp_1(2),2k—1 H Di;(2),js

j=1
P{& =i1(x), & = mo —ia(x), ..., {on < maop, — i2k(x)}
2k—1

= Bmgk—izk(l‘),2k) H 517($),j

Jj=1

and the definition of a distribution function. O
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One can formulate the following conclusions by the statements in [I1], p. 170].

LEMMA 6. Let the inequality p; , > 0 holds for any n € N and ¢ = 0, m,,.
The function F is a singular function of Cantor type if and only if

(1)

7'51n>0
or

4:Pi,n=0

8. Modeling functions that does not have the derivative at
any nega-()-rational point

THEOREM 8. If the following properties of the matriz P hold, then the unique
solution to system @) of functional equations does not have a finite or an infinite
derivative at any nega-Q-rational point from the segment [0, 1]:

o forallneN, i, € N}, ={1,2,...,my}
Pinn* Pin—1,n < 05

e the conditions

hmﬁzﬂ;éo, limﬁM#O

n—oo n—00
k=1 QO,k: k=1 qu,k

hold simultaneously.

Proof. Let zg be a nega—@—rational point. That is

_AQ _A-Q .
To = Ailiz~-in—1inmn+10mn+30mn+5m - Ailizmin_l[in—l]Omn_*_ZOmn_*_él‘." in 7é 0.
In the case of odd n, let us denote
_ () A-Q
xo - ‘IO - Ailiz‘.‘in_11‘TLTILTL+1OTILTL+307’7LTL+5‘.‘
_AQ@ _ .2
- Ailiz‘.‘in_l[in—l]OTan+2077Ln+4—‘.‘ - xO .
If n is even, then let us denote
_ (1) A-Q
Lo = xO - Ailiz...infl[i71—1]0m71+20m71+4---
_A-Q _ (2
- Ai1i2---7;71.71i71m71+10mn+30mn+5--- - :I:O :
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. 1 ”
Let us consider the sequences (z}.), (x; ) such that =) — xg, z,, — zg as k — oo
q k) (L k » U
and for an odd number n

—Q . .
"I,'/ _ Ail-‘~in_1inmn+10mn+30‘.‘mn+k_11mn+k+10mn+k+3,“ lf k 1S even
k= ~
—-Q . .
e if ki
Azl.‘.zn_lznmn+10‘.‘mn+k_20[mn+k—1]0mn+k+20mn+k+4‘.‘ k 5 Odd’
) e
f]j// o Ail.‘.in_l[in—l]omn_'.zo‘.‘mn+)€_100mn+)€+20mn+)€+4.‘. lf k 18 Odd
k= ~

A9 if k is even,

i1t —1 [t —1]0Mp 20 oM 410 14 30Mp 4 g5

and for the case of even n

Q. if k£ is an odd
x/ o 11.‘.zn_l[zn—1]0mn+20mn+40‘.‘mn+k_11mn+k+10mn+k+3‘.‘
k— ~
-Q . .
e if ki n
Azl.‘.zn_l[zn—l](]mn_'_z(]‘.‘mn+k_20[mn+k—1]Omn+k+20mn+k+4.‘. k s eve ?

- = Al Zn—llnmn+10mn+3 OMmppkmMp4k+10Mp k43 if k is odd
=
Az i1 0ee g k100 4 k4 20M 4 40y e if k is even.

Therefore, if n is odd, then

r (1) _AQ
xk xo - A’Ll[mg—ig]ig [m4—1,4]zn 0 PR 0 1(0) Azl[m2_742]1n(0)

k—1
n n+k—1
=0a1,n+k Haij,j H qo,t |
j=1 t=n+1
n+k—1 n n+k
/ (1) — =
F(%) ( ) Btk HPzJ,J H pot | = Hpi_,,j H Pot |
t=n+1 j=1 t=n+l

xéf) — x;; = Aé

7;1['rnQ_i2]---["ﬂn*1 _infl][i71_1]m71+1mn+2---

i1 [m2_i2]---[mn71 _infl][7;71._1]mn+1mn+2---mn+k(0)

n—1 n+k
=qi,—1,n H(Yij,j H At |5
j=1 t=n+1
—1
@ , n N n+k
Flxy” ) = Flzy )=pi,—1n sz‘j,j H Pmy .t
j=1 t=n-+1
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If n is even, then

(1) AQ
Tk =20 = 24 ma—is]oin_1[mn—in+1]0...01(0)

=~ k—1

i1[ma—iz]...in—1[mn—in+1](0)

n—1 nt+k—1
= a1n+k Hqij,j H qo.t |9m, —i,+1,n
=1 t=n+1
n—1 n+k
= H dij,j H qo,t |9m, —i,+1,n,
j=1 t=n+1
n—1 n+k—1
/ (1) ~
F(m) — F(xo ) = B1n+k Hpij,j H Do,t |Pm,—in+1,n
j=1 t=n+1
n—1 n+k
= H Dij,j H Po,t | Pm,, —in+1,n5
Jj=1 t=n+1
(2) _ " B A
xo xk - 7;1[mz—iz]‘.‘in_l[mn—in]ﬁln+1ﬁLn+2.‘.
Q
t1[mao—ia]..ip_1[Mp—in]Mpyp1mpto...mpy4k(0)
n n+k
= HQij,j H Qmy,t |
Jj=1 t=n-+1
n n+k
Flz@) —F(2)) = 5
Lo Ty ) = bi;.j Pmy t
Jj=1 t=n-+1
So,
Pip.n n—1 ﬁg,j)( n+k p()_t) . .
= = 2280 if nis odd
o F(z}) — F(zo) Qi ,n (Hj:l dij.j t=n+1 qoq
k= . = _
X, —X i —1 Pij,j +k . .
k 0 Pmp—in+l,n n Piji n Do, ¢
dmp—in+1,n (H_j:l qij,j)( t=n-+1 do.t if n 1s even,
Pip—1,n ( n—1 @]1)( n+k pmt’t> . .
7 P = _ et ) if i is odd
g = Fxo) = Flag) _ | @n-tm =1 70 U li=n 0
k — 17 - -
o — Ty Pmp—ip,n n—1 Pij.j n+k  Pmgt) s .
Ampy —in,n H_j:l aij,j t=n+1 qp, . if n is even.
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Let us denote
n+k n+k
Dot

pmt,t
s —_—.
qo,t

bmkvk =
dm t

m=n-+1

bO,k =
t=n+1

Since the conditions

n—1

H pz,,g/%, J) = COnSt Pi, nPi,—1,n < 07 Pmy,—in+1,nPm, —in,n <0

hold and the sequences (bo k), (bm, k) do not converge to 0 simultaneously, the
inequality

lim Bj, # lim B}

k—o00 k—o00

holds for all cases. Therefore, F' does not have a finite or an infinite derivative
at an arbitrary nega-@-rational point from the segment [0, 1]. (]

9. A graph of the continuous unique solution
to system ({4

THEOREM 9. Let the elements p; ,, of the matriz P do not equal 0.
_A—Q

Let x = Ail(x)ig(x)...in(x)...
corresponding to its sequence of affine transformations of space R?:

=i (@)n F i () 0@
wzn(x : ;o ~
Yy = an (xz),n + Pi, (z),nY>

be a fixed number and the sequence (mn(x),n) be a

where i, € N%n
Then the graph T'r of the function F is the following set in space R?:

Tr= |J (- o%i@mo  °Uiw).20%i@.1(F)).

z€[0,1]

Proof. Since the function F' is the continuous unique solution to system (@),

it is clear that
x' =i, 1T+ a1
i { ' '

Y = Biy 1+ piy Y,

!
d} €r = ng—i2,2l' + amz—i2,2
7;27 Vi
y - Bmg—iz,Z +pm2—i2,2y7

ete.,
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whence, . _

r = (i, nT + A, .n

lbinyn : / Y ~

Yy = 5in,n + Di,, .nY-

Therefore,
U (- 0ti (@) O © Yig@)2 0 Viy()1 (L)) =G CTg,
z€[0,1]
because
F(l‘/) = F(azn,n + ain,nl') = 5in,n +ﬁin,ny = y/'
Let
T (w0, F(x0)) € 'z,
Lo = A;?Zzn

be a fixed point from [0, 1]. Let x,, be a point from [0, 1] such that z,, = @"(z0).
Since iy € Np, , iz € NJ, ..., in € N and system (@) is true and the
condition
T(#"(w0), F(¢"(x0))) € Tz
holds, it follows that
Vinm o 0ot 001(T) =Ty(zo, F(z0)) €ETp, iy € Ny, n— 0.
Whence, I'e C G. So,

I'p = U (- 0 Yin(@)n © 0 Viy(a),2 © Yiy (@)1 (TF)).

z€[0,1]
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