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SOME FRACTAL PROPERTIES

OF SETS HAVING THE MORAN STRUCTURE

Symon Serbenyuk

Vinnytsia, UKRAINE

ABSTRACT. This article is devoted to sets having the Moran structure. The
main attention is given to topological, metric, and fractal properties of certain
sets whose elements have restrictions on using digits or combinations of digits
in own representations.

1. Introduction

In 1977, the notion “fractal” was considered by B. Mandelbrot in [15]. A frac-
tal in the wide sense is a set whose topological dimension does not coincide with
the Hausdorff dimension (the fractal dimension), and in the narrow sense, it is
a set that has the fractional fractal dimension.

Fractals are the most appropriate mathematical models of natural objects.
The importance of fractals lies in modeling of physical and biological processes,
and also, fractal is a strictly mathematical notion that unites various mathe-
matical objects, e.g., continuous nowhere differentiable functions, singular dis-
tributions, curves and surfaces that do not have the tangent at any point, etc.
(see [10,11,15]). Indeed, the following examples are natural examples of fractals:
the rings around planets (such fractals have the property of self-similarity), the
snow cover in a mountain region, linear lightning, cloud borders, forms of coast
lines or rivers. In fact, one can model coast lines and rivers by continuous nowhere
differentiable functions. One of the oldest mathematical examples of fractals is
the Cantor set

C =

{
x : x =

∞∑
n=1

αn

3n
, αn ∈ {0, 2}

}
.
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This set was intoduced by G. Cantor in 1883. The last fractal is the part of such
well-known fractals as the Sierpinski carpet, the Koch snowflake.

Fractal sets are widely applicated in computer design, algorithms of the com-
pression to information, quantum mechanics, solid-state physics, analysis and
categorizations of signals of various forms appearing in different areas (e.g., the
analysis of exchange rate fluctuations in economics), etc. However, for much
classes of fractals, the problem of the Hausdorff dimension calculation is diffi-
cult and the estimate of parameters on which the Hausdorff dimension of certain
classes of fractal sets depends is left out of consideration.

The aim of this survey is to give some local and fractal properties of cer-
tain Moran sets. One can note that Moran sets play an important role in mul-
tifractal analysis/formalism and especially the refined multifractal formalism
(for example, see the papers [1,42,43,45] and references therein).

The multifractal analysis is a natural framework to finely geometrically de-
scribe the heterogeneity in the distribution at small scales of the measures on a
metric space. The multifractal analysis was proved to be a very useful technique
in the analysis of measures, both in theory and applications. Also, the multi-
fractal and the fractal analysis allows one to perform a certain classification
of singular measures. One can note that it was proved that singular distribu-
tions of probabilities are dominant for many classes of random variables. Possible
applications in the spectral theory of self-adjoint operators serve as an addi-
tional stimulus for a further investigation of singularly continuous measures [6].
For example, one can note the following researches of singular measures: singu-
larity of Hewitt-Stromberg measures on Bedford-McMullen carpets [2], the mu-
tual singularity of certain measures (see [6, 8, 24, 46, 47] and references therein),
dimensions of measures [13,20,23].

Olsen [17] introduced a general form of multifractal formalism to interpret
the statistical scaling properties of singular measures where the total mass or
energy is spread over regions of phase space in an irregular way. The multi-
fractal formalism aims at expressing the dimensions (the Hausdorff and packing
dimensions) of the level sets in terms of the Legendre transform of some free
energy function in analogy with the usual thermodynamic theory ( [1, 23, 47]
and references therein).

The multifractal formalism has been proved rigorously for random and non-
random self-similar measures, for self-conformal measures, for self-affine and
for Moran measures (see [1, 7] and references therein). Certain researches are
devoted to new multifractal formalism for which the classical multifractal for-
malism does not hold. For example, the paper [1]] deals with a multifractal
formalism based on the Hewitt-Stromberg measures and that this formalism
is completely parallel to Olsen’s multifractal formalism which is based on the
Hausdorff and packing measures.
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Among fractal geometrical objects, Moran’s types play an important role
in explaining many situations, in pure mathematics as the general context
of Cantor’s, and in applied physics as a suitable context for studying scaling
laws. These sets may be understood as attractors for dynamical systems, elec-
trical circuits, and also smart cities where fractals are nowadays sophisticated
tools in their modeling. Fractals such as Cantor and Moran’s types in general are
also applied in understanding physical properties at different molecular levels,
such as nonmaterial composites, crystal growth, and structure, porous materi-
als, etc. [9]. Finally, one can note some investigations in multifractal analysis
of Moran sets: multifractal properties of homogeneous Moran fractals associated
with Fibonacci sequence [43], multifractal properties [42,44].

Consider space Rn. In [16], P. A. P. Moran introduced the following construc-
tion of sets and calculated the Hausdorff dimension of the limit set

E =

∞⋂
n=1

⋃
i1,...,in∈A0,p

Δi1i2...in . (1)

Here p is a fixed positive integer, A0,p = {1, 2, . . . , p}, and sets Δi1i2...in are basic
sets having the following properties:

• any set Δi1i2...in is closed and disjoint;

• for any i ∈ A0,p the condition Δi1i2...ini ⊂ Δi1i2...in holds;

• lim
n→∞

d (Δi1i2...in) = 0, where d(·) is the diameter of a set;

• each basic set is the closure of its interior;

• at each level the basic sets do not overlap (their interiors are disjoint);

• any basic set Δi1i2...ini is geometrically similar to Δi1i2...in ;

• d (Δi1i2...ini)

d (Δi1i2...in)
= σi, where σi ∈ (0, 1) for i = 1, p.

The Hausdorff-Besicovitch dimension α0 of the set E is the unique root of the
following equation

p∑
i=1

σα0
i = 1.

It is easy to see that set (1) is a Cantor-like set and a self-similar fractal.
The set E is called the Moran set.

Let us consider the second definition of the Moran set given by Hua et al. [12].
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���������� 1.1 (Definition of Hua et al. [40])� Let (nk) be a sequence of pos-
itive integers, J ∈ R

n be a compact set with nonempty interior, and (Φk) be a
sequence of positive real vectors with Φk = (σk,1, σk,2, . . . , σk,nk

), where k ∈ N

and nk∑
j=1

σk,j < 1.

A set of the form

E =

∞⋂
k=1

⋃
i1,...,ik∈A0,nk

Δi1i2...ik ,

where A0,nk
= {1, 2, . . . , nk}, is called the Moran set associated with the collec-

tion F. Here,

F =

∞⋃
k=0

Fk =

∞⋃
k=0

{
Jσ := Δi1i2...ik : k ∈ N, ik ∈ {1, 2, . . . , nk}

}
.

The collection F fulfills the Moran structure provided it satisfies the following
Moran Structure Conditions (MSC):

(1) J∅ = J .

(2) An arbitrary Jσ is geometrically similar to J .

(3) For any i, j ∈ {1, 2, . . . , nk+1} such that i �= j, the conditions

Δi1i2...iki ⊂ Δi1i2...ik , Δi1i2...iki ∩Δi1i2...ikj = ∅

hold.

(4) For any j ∈ {1, 2, . . . , nk+1},
d (Δi1i2...ikj)

d (Δi1i2...ik)
= σk+1,j .

The elements of Fk are called the basic elements of order k of the Moran set E,
and the elements of F are called the basic elements of the Moran set E.

Remark 1� Let us note that the main difference between definitions of Moran
and Hua is Property 4 in MSC.

Let M = M
(
J, (nk), (Φk)

)
be a class of Moran sets satisfying MSC 1–4.

It is known that one can define a sequence (αk), where αk satisfies the equation

k∏
i=1

ni∑
j=1

σαk
i,j = 1.

Also, suppose that

α∗ = lim infk→∞ αk, α∗ = lim supk→∞ αk;

c∗ = inf i,j σi,j, c∗ = supi,j σi,j.
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FRACTAL SETS

A lot of research has been devoted to Moran-like constructions and Cantor-
like sets (for example, see [4,5,12,14,18,19] and references therein). For example,
in [19], the one parameter family of Cantor sets

Λ(λ) =

{
x : x =

∞∑
k=1

ikλ
k, ik ∈ S ⊂ {0, 1, . . . , s− 1}, s ∈ N is a fixed number

}

is investigated.

	
����� 1.2 ([19])� Suppose that the condition s − 1 < (l − 1)2 holds. Here,
l is the cardinality of the set S= {s1, . . . , sl}, i.e., l= |S|. Then, for almost all
λ ∈ [

1
s ,

1
l

]
(with respect to Lebesgue measure) we have that

α0

(
Λ(λ)

)
=

log l

− logλ
.

It is easy to see that we obtain the case of classical s-adic representation (2)
whenever λ = 1

s . In this case, we get

α0

(
Λ(λ)

)
= logs l.

The following theorem generalizes the last result.

Let D = (dn) be a fixed sequence of positive integers such that dn > 1 for all
n ∈ N, εn ∈ Adn

= {0, 1, . . . , dn − 1}. Series of the form

∞∑
n=1

εn
d1d2 · · · dn

are Cantor series introduced by G. Cantor in [3]. These series are generalizations
of s-adic expansion (2), i.e., a Cantor series is the s-adic expansion whenever
dn = const = s for all n ∈ N.

	
����� 1.3 ( [14])� Suppose that D = (dn) is a fixed sequence of positive

integer numbers dn > 1, limn→∞ log dn

log d1···dn
= 0, Ij ⊆ {0, 1, . . . , dj −1}, I = (In).

Then,

α0

(RI(D)
)
= α0

({
x : x =

∞∑
n=1

εn
d1d2 · · · dn , εn ∈ In

})

= lim infn→∞
log

∏n
j=1 |Ij |

log
∏n

j=1 dj
.

The present survey is devoted to fractal sets whose elemens are defined
by expansions related with some cases of positive and alternating Cantor series
and their images under the action of certain singular distributions. The main
attention is given to topological and metric properties of these sets, and also
parameters on which the Hausdorff dimension of such sets depends. The sets
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considered in this paper are determined by certain restrictions on using combi-
nations of digits in representations of their elements. Also, the main attention is
given to results obtained in papers [28–30] published in Ukrainian.

Let us remark that in September 2011 and February 2012 the author pre-
sented the results of the papers [28, 29] in the reports “The main topological,
metric properties of one set of numbers such that it is defined by the s-adic
representation with restrictions” and “The main topological, metric properties
of one set defined by the nega-s-adic and s-adic representation with a parameter,
and using this set” at the seminar on fractal analysis of the Institute of Mathe-
matics of NAS of Ukraine and the National Pedagogical Dragomanov University
(archive of reports is available at

- http://www.imath.kiev.ua/events/index.php?seminarId=21&archiv=1).

In 2012, the results of the papers [28,29] were presented in conference abstracts
[25–27]. Also, the main results of these papers were published in English as
a preprint [32].

2. Definitions

We begin with definitions of several representations of real numbers and cer-
tain series.

Let 1 < s be a fixed positive integer, A = {0, 1, . . . , s − 1} be an alphabet
of the s-adic or nega-s-adic numeral system, and A0 = A\{0} = {1, 2, . . . , s−1},
and

L = (A0)
∞ = (A0)× (A0)× (A0)× · · ·

be the space of one-sided sequences of elements of A0.

An expansion of a real number x ∈ [0, 1] in the form

x =
α1

s
+

α2

s2
+ · · ·+ αn

sn
+ · · · , (2)

where αn ∈ A, is called the s-adic expansion of x. By x = Δs
α1α2...αn...

denote the s-adic expansion of x. The notation Δs
α1α2...αn...

is called the s-adic
representation of x.

Obviously, the notation x = Δ−s
α1α2...αn...

is called the nega-s-adic representa-
tion of x. Here,

x = Δ−s
α1α2...αn...

= −α1

s
+

α2

s2
− α3

s3
+ · · ·+ (−1)nαn

sn
+ · · · , (3)

where αn ∈ A.

If (kn) is a certain fixed sequence of positive integers, then a series of the form
αk1

(−s)k1
+

αk2

(−s)k2
+ · · ·+ αkn

(−s)kn
+ · · · , αkn

∈ A,

is a nega-s-adic series.
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FRACTAL SETS

Suppose that m1 = k1, m2 = k2−k1, m3 = k3−k2, . . . , mn = kn−kn−1, . . .
Then, we obtain the following series

∞∑
n=1

αm1+m2+···+mn

(−s)m1+m2+···+mn
, (4)

where αm1+m2+···+mn
∈ A.

Numbers x ∈ [− s
s+1 ,

1
s+1

]
having a representation in the form (4) have the

following nega-s-adic representation

x =

∞∑
n=1

αm1+m2+···+mn

(−s)m1+m2+···+mn
= Δ−s

0 . . .0︸ ︷︷ ︸
m1−1

αm1
0 . . . 0︸ ︷︷ ︸
m2−1

αm1+m2
...0 . . .0︸ ︷︷ ︸

mn−1

αm1+m2+···+mn ...

Let (dn) be a fixed sequence of positive integers such that dn > 1 for all
n ∈ N, (An) be a sequence of the sets

An = {0, 1, 2, . . . , dn − 1}, and Ln = A1 ×A2 ×An × · · ·
A series of the form

− ε1
d1

+
ε2

d1d2
− ε3

d1d2d3
+ · · ·+ (−1)nεn

d1d2 · · · dn + · · · , (5)

where εn ∈ An, is called an alternating Cantor series.

In September 2013, see the presentation and the working paper available at:

- https://www.researchgate.net/publication/303720347,

- https://www.researchgate.net/publication/316787375,

respectively (in Ukrainian), the expansion of numbers by an alternating Can-
tor series was investigated as a numeral system and presented in the report
“Representations of real numbers by alternating Cantor series” at the semi-
nar on fractal analysis of the Institute of Mathematics of NAS of Ukraine and
the National Pedagogical Dragomanov University. These results were published
in [31].

An alternating Cantor series that is a nega-s-adic series is called a nega-s-adic
Cantor series. That is,

− ε1
sm1

+
ε2

sm1+m2
− ε3

sm1+m2+m3
+ · · ·+ (−1)nεn

sm1+m2+···+mn
+ · · · , εn ∈ A . (6)

It is easy to see that the following statement is true.

���� 2.1 ([30])� Nega-s-adic series (4) is an alternating Cantor series if and
only if for any n ∈ N a sequence (mn) is a sequence of odd positive integers and
εn = αn ∈ A as well.
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A series of the form

− α1

sk1
+

α2

sk2
− α3

sk3
+ · · ·+ (−1)nαn

skn
+ · · · , αn ∈ A

is called a mixed s-adic series. Trivially, the last series is an alternating Cantor
series.

We note that the case when sequences (αn) and (mn) are interdependent
s interesting, e.g., when mn = αn ∈ A0 for an arbitrary n ∈ N. In particular,
we shall describe properties of the set

S− =

{
x : x =

∞∑
n=1

(−1)nαn

sα1+α2+···+αn
, (αn) ∈ L, s > 2

}

in the present article. Also, here, the following set is considered

M(−D,s) =

⎧⎪⎨
⎪⎩x : x = Δ−s

0 . . .0︸ ︷︷ ︸
m1−1

αm1
0 . . .0︸ ︷︷ ︸
m2−1

αm1+m2
...0 . . .0︸ ︷︷ ︸

mn−1

αm1+m2+···+mn ...

⎫⎪⎬
⎪⎭ ,

where s > 1 is a fixed positive integer, αm1+m2+···+mn
�= 0 for all n ∈ N, and

mn ∈ {3, 5, 7, . . . , 2i+ 1, . . .}.

3. Fractal sets

Let us consider the Cantor set. Any element of the Cantor set has only digits
0 and 2 in own ternary representation. This set is an uncountable, perfect, and
nowhere dense set of zero Lebesgue measure. Also, this is a self-similar fractal
whose Hausdorff-Besicovitch dimension is equal to log3 2.

One can formulate a general theorem on values of the Hausdorff-Besicovitch
dimension of a set whose elements have restrictions on using combinations of dig-
its in own s-adic representation.

	
����� 3.1 ([29, 32])� Let E be a set whose elements are represented by a
finite number of fixed combinations σ1, σ2, . . . , σm of s-adic digits in the s-adic
numeral system. Then, the Hausdorff-Besicovitch dimension α0 of E satisfies
the following equation

N(σ1
m)

(
1

s

)α0

+ N(σ2
m)

(
1

s

)2α0

+ · · · +N(σk
m)

(
1

s

)kα0

= 1,

where N(σk
m) is a number of k-digit combinations σk

m from the set

{σ1, σ2, . . . , σm}, k ∈ N, and N(σ1
m) +N(σ2

m) + · · ·+N(σk
m) = m.
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This theorem is interesting since fractal properties of many sets of special
types follow from this theorem. For example, the following set whose elements
have a functional restriction on using digits in own s-adic representation was
studied in [28]

S =

{
x : x =

∞∑
n=1

αn

sα1+α2+···+αn
, (αn) ∈ L

}
,

where s > 2 is a fixed positive integer. The last-mentioned set is the set of all
numbers whose s-adic representations contain only the following combinations
of s-adic digits

1, 02, 003, . . . , 0 . . .0︸ ︷︷ ︸
i−1

i, . . . , 0 . . .0︸ ︷︷ ︸
s−2

[s− 1].

The Hausdorff-Besicovitch dimension α0 of the set S satisfies the equation(
1

s

)α0

+

(
1

s

)2α0

+

(
1

s

)3α0

+ · · · +
(
1

s

)(s−1)α0

= 1.

Assume that s > 2 is a fixed positive integer number.

Consider a class Υs of sets S(s,u) represented in the form

S(s,u) =

{
x : x =

u

s− 1
+

∞∑
n=1

αn − u

sα1+···+αn
, (αn) ∈ L, αn �= u, αn �= 0

}
,

where u = 0, s− 1, u and s are fixed for the set S(s,u). That is, the class Υs

contains the sets S(s,0), S(s,1), . . . , S(s,s−1). We say that Υ is a class of sets such
that it contains the classes Υ3,Υ4, . . . ,Υn, . . .

It is easy to see that the set S(s,u) can be defined by the s-adic representation
in the following form

S(s,u) =

⎧⎨
⎩x : x = Δs

u . . . u︸ ︷︷ ︸
α1−1

α1u . . . u︸ ︷︷ ︸
α2−1

α2...u . . . u︸ ︷︷ ︸
αn−1

αn...
, (αn) ∈ L, αn �= u, αn �= 0

⎫⎬
⎭ .

	
����� 3.2 ( [29,32])� For an arbitrary u ∈ A the set S(s,u) is an uncountable,
perfect, nowhere dense set of zero Lebesgue measure, and a self-similar fractal
whose Hausdorff-Besicovitch dimension α0(S(s,u)) satisfies the following equation∑

pi �=u,pi∈A0

(
1

s

)piα0

= 1.

To prove the last statement, the auxiliary notion “cylinder” is used. This
notion is useful for study of local properties of the considered sets (see the
following lemma).
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By x0 = Δ
(s,u)
c1...cn... denote the equality

x0 =
u

s− 1
+

∞∑
k=1

ck − u

sc1+···+ck
.

That is,

x0 = Δ(s,u)
c1...cn... = Δs

u . . . u︸ ︷︷ ︸
c1−1

c1 u . . . u︸ ︷︷ ︸
c2−1

c2...u . . . u︸ ︷︷ ︸
cn−1

cn...

���������� 3.3� A cylinder Δ
(s,u)
c1...cn of rank n with base c1c2 . . . cn is a set

of the following form

Δ(s,u)
c1...cn

=

{
x : x=

(
n∑

k=1

ck − u

sc1+···+ck

)
+

1

sc1+···+cn

( ∞∑
i=n+1

αi − u

sαn+1+···+αi

)
+

u

s− 1

}
,

where c1, c2, . . . , cn are fixed s-adic digits, cn �= 0, cn �= u, αn �= u, αn �= 0, and
2 < s ∈ N, n ∈ N.

���� 3.4 ([29,32])� Cylinders Δ
(s,u)
c1...cn... have the following properties:

(1)

inf Δ(s,u)
c1...cn...

=

⎧⎨
⎩τ + 1

sc1+···+cn

(
s−1−u
ss−1−1 + u

s−1

)
if u ∈ {0, 1},

τ + 1
sc1+···+cn

1
s−1 if u ∈ {2, 3, . . . , s− 1},

supΔ(s,u)
c1...cn... =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
τ + 1

sc1+···+cn

1
s−1 if u = 0,

τ + 1
sc1+···+cn

(
1

su+1−1
+ u

s−1

)
if u ∈ {1, 2, . . . , s− 2},

τ + 1
sc1+···+cn

(
1− 1

ss−2−1

)
if u = s− 1,

where

τ =

n∑
k=1

ck − u

sc1+···+ck
+

n∑
k=1

u

sk
.

(2) if d(·) is the diameter of a set, then

d(Δ(s,u)
c1...cn

) =
1

sc1+···+cn
d(S(s,u));

(3)
d(Δ

(s,u)
c1...cncn+1)

d(Δ
(s,u)
c1...cn)

=
1

scn+1
;

(4) Δ(s,u)
c1c2...cn

=

s−1⋃
i=1

Δ
(s,u)
c1c2...cni

∀cn ∈ A0, n ∈ N, i �= u.
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(5) The following relationships hold:

(a) if u ∈ {0, 1}, then

inf Δ(s,u)
c1...cnp > sup Δ

(s,u)
c1...cn[p+1];

(b) if u ∈ {2, 3, . . . , s− 3}, then⎧⎨
⎩
supΔ

(s,u)
c1...cnp < inf Δ

(s,u)
c1...cn[p+1] for all p+ 1 ≤ u,

inf Δ
(s,u)
c1...cnp > supΔ

(s,u)
c1...cn[p+1] for all u < p;

(c) if u ∈ {s− 2, s− 1}, then

supΔ(s,u)
c1...cnp < inf Δ

(s,u)
c1...cn[p+1] .

The fifth property of the last lemma means the following:

• for any positive integer n cylinders Δ
(s,u)
c1...cn are right-to-left situated in the

case of the set S(s,0) or S(s,1);

• let us have the sets S(s,2), S(s,3), . . . , S(s,s−3); then cylinders Δ
(s,u)
c1...cn

(u = 2, s− 3) are left-to-right situated for all cn ≤ 1, cn ≤ 2, . . . , cn ≤
s − 4, respectively, and cylinders Δ

(s,u)
c1...cn are right-to-left situated for all

cn > 2, cn > 3, . . . , cn > s− 3, respectively;

• for all positive integers n cylinders Δ
(s,u)
c1...cn are left-to-right situated in the

case of the set S(s,s−2) or S(s,s−1);

• for any S(s,u), n ∈ N, and cn �= s− 1 the following condition holds

Δ(s,u)
c1...cn−1cn ∩ Δ

(s,u)
c1...cn−1[cn+1] = ∅.

For proving the nowhere density of S(s,u), the last property is used.

Consider the set of all numbers whose s-adic representations contain only com-
binations of s-adic digits that are used in the s-adic representations of elements
of S(s,u).

By S̃ denote the set of all numbers whose s-adic representations contain only
combinations of s-adic digits from the set⎧⎪⎨

⎪⎩1, 02, 003, . . . , u . . . u︸ ︷︷ ︸
c−1

c, . . . , (s− 1) . . . (s− 1)︸ ︷︷ ︸
s−3

(s− 2)

⎫⎪⎬
⎪⎭ ,

where c ∈ A0, u ∈ A, c �= u.

11
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����� 3.5 ([29,32])� The set S̃ is:

• an uncountable, perfect, and nowhere dense set of zero Lebesgue measure;

• a self-similar fractal, and its Hausdorff-Besicovitch dimension α0 satisfies
the following equation(
1

s

)α0

+ (s− 1)

(
1

s

)2α0

+ (s− 1)

(
1

s

)3α0

+ · · ·+ (s− 1)

(
1

s

)(s−1)α0

= 1.

Let us prove the second item. The s-adic representation of an arbitrary ele-
ment from S̃ contains combinations of digits from the following tuple:

02, 003, . . . , 0 . . .00︸ ︷︷ ︸
s−2

(s− 1);

1, 12, 113, . . . , 1 . . .11︸ ︷︷ ︸
s−2

(s− 1);

223, 2224, . . . , 2 . . . 22︸ ︷︷ ︸
s−2

(s− 1);

· · · · · · · · · · · · · · · · · · · · ·
u2, uu3, . . . , u . . . uu︸ ︷︷ ︸

u−2

(u− 1), u . . . uu︸ ︷︷ ︸
u

(u+ 1), . . . , u . . . uu︸ ︷︷ ︸
s−2

(s− 1);

· · · · · · · · · · · · · · · · · · · · ·
(s− 1)2, (s− 1)(s− 1)3, . . . , (s− 1) . . . (s− 1)(s− 1)︸ ︷︷ ︸

s−3

(s− 2).

Here, s2 − 3s+ 3 combinations of s-adic digits, i.e., the unique 1-digit combina-
tion and s − 1 k-digit combinations for all k = 2, s− 1. Our statement follows
from Theorem 3.1.

Let us consider some fractal sets defined in terms of the nega-s-adic represen-
tation, a nega-s-adic Cantor series, and a mixed s-adic series.

Let s > 2 be a fixed positive integer.

	
����� 3.6 ([30])� The sets

S(−s,0) =

{
x : x =

∞∑
n=1

αn

(−s)α1+α2+···+αn
, (αn) ∈ L

}
,

S− =

{
x : x =

∞∑
n=1

(−1)nαn

sα1+α2+···+αn
, (αn) ∈ L

}
,

are:

• uncountable, perfect, nowhere dense sets of zero Lebesgue measure;

12
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• self-similar fractals whose Hausdorff-Besicovitch dimension α0 satisfies the
following equation

s−1∑
i=1

(
1

s

)iα0

= 1.

P r o o f. Let us prove that the sets S(−s,0) and S− are uncountable.

Let us prove that the sets S(−s,0) and C[−s, A0] are equivalent. That is,
let us consider the mapping

x =

∞∑
n=1

αn · (−1)α1+α2+···+αn

sα1+α2+···+αn

f−→
∞∑

n=1

αn

(−s)n
= f(x) = y

or, in other words,

x = Δ−s

0 . . . 0︸ ︷︷ ︸
α1 − 1

α1 0 . . .0︸ ︷︷ ︸
α2 − 1

α2... 0 . . .0︸ ︷︷ ︸
αn − 1

αn...

f−→ Δ−s
α1α2...αn... = f(x) = y.

Suppose x1 and x2 from S(−s,0) are such that x1 �= x2 and

x1 =Δ−s

0 . . .0︸ ︷︷ ︸
α1 − 1

α1 0 . . . 0︸ ︷︷ ︸
α2 − 1

α2... 0 . . .0︸ ︷︷ ︸
αn − 1

αn...
,

x2 =Δ−s

0 . . .0︸ ︷︷ ︸
β1 − 1

β1 0 . . .0︸ ︷︷ ︸
β2 − 1

β2... 0 . . .0︸ ︷︷ ︸
βn − 1

βn...

if f(x1) = f(x2) is nega-s-adic irrational (i.e., this number has the unique
representation), then αn = βn holds for all n ∈ N. That is, x1 = x2. It contradicts
the condition.

Assume that f(x1) = f(x2) is nega-s-adic rational. But this is not possible
because any number from C[−s, A0] does not have two expansions.

So, f is a bijection. Since C[−s, A0] is a uncountable set, we see that S(−s,0)

is an uncountable set. The proofs for S− are similar.

Statements of this theorem follow from properties of the following notions
of cylinders. The proofs are similar to those of Theorem 1 and Theorem 3 in [32]
(arXiv:1703.05262). �

���������� 3.7� A cylinder Δ
(−s,0)
c1c2...cn of rank n with base c1c2 . . . cn is a set

formed by all numbers of the set S(−s,0) with nega-s-representations in which
the first n non-zero digits coincide with c1, c2, . . . , cn, respectively.

13
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���������� 3.8� A cylinder Δ−
c1c2...cn

of rank n with base c1c2 . . . cn is a subset

of S− with elemets for which the following condition holds

α1 = c1, α2 = c2, . . . , αn = cn,

where c1, c2, . . . , cn is an ordered tuple of numbers.

���� 3.9 ([30])� Cylinders Δ
(−s,0)
c1c2...cn have the following properties:

(1)

inf Δ(−s,0)
c1c2...cn

=

⎧⎨
⎩
g
(−s)
n +

inf S(−s,0)

(−s)c1+c2+···+cn if c1 + · · ·+ cn is even,

g
(−s)
n +

sup S(−s,0)

(−s)c1+c2+···+cn
if c1 + · · ·+ cn is odd,

supΔ(−s,0)
c1c2...cn

=

⎧⎨
⎩
g
(−s)
n +

sup S(−s,0)

(−s)c1+c2+···+cn if c1 + · · ·+ cn is even,

g
(−s)
n +

inf S(−s,0)

(−s)c1+c2+···+cn if c1 + · · ·+ cn is odd,

where

g(−s)
n =

n∑
i=1

ci(−1)i

sc1+c2+···+ci
.

(2) Suppose d(·) is the diameter of a set. Then,

d
(
Δ(−s,0)

c1c2...cn

)
=

d
(
S(−s,0)

)
sc1+c2+···+cn

.

(3) The main metric relationship is as follows

d
(
Δ

(−s,0)
c1c2...cncn+1

)
d
(
Δ

(−s,0)
c1c2...cn

) =
1

scn+1
.

(4) For any n ∈ N the following condition holds

Δ(−s,0)
c1c2...cn

=

s−1⋃
i=1

Δ
(−s,0)
c1c2...cni

.

(5) For cylinders Δ
(−s,0)
c1c2...cncn+1 of rank (n+1) with base c1c2 . . . cncn+1 the fol-

lowing relationships hold:

inf Δ(−s,0)
c1c2...cnp

>supΔ
(−s,0)
c1c2...cn[p+1] whenever c1 + c2 + · · ·+ cn + p is even,

inf Δ
(−s,0)
c1c2...cn[p+1] > supΔ(−s,0)

c1c2...cnp
whenever c1 + c2 + · · ·+ cn + p is odd.

14
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(6) Let T
(−s,0)
c1c2...cnp be an interval of the form

T (−s,0)
c1c2...cnp =

⎧⎪⎨
⎪⎩
(
supΔ

(−s,0)
c1c2...cn[p+1], inf Δ

(−s,0)
c1c2...cnp

)
if c1 + · · ·+ cn + p is even,(

supΔ
(−s,0)
c1c2...cnp, inf Δ

(−s,0)
c1c2...cn[p+1]

)
if c1 + · · ·+ cn + p is odd,

where 1 ≤ p < s− 1 is a positive integer. Then,

T (−s,0)
c1c2...cnp

∩ S(−s,0) = ∅.

(7) For any p ∈ {1, 2, . . . , s− 2} the following condition holds

Δ(−s,0)
c1c2...cnp ∩Δ

(−s,0)
c1c2...cn[p+1] = ∅.

(8) If x0 ∈ S(−s,0), then
x0 =

∞⋂
n=1

Δ(−s,0)
c1c2...cn

.

P r o o f. Properties 1–4 follow from the definitions of Δ
(−s,0)
c1c2...cn and S(−s,0).

Let us prove Property 5. Suppose Δ
(−s,0)
c1c2...cnp,Δ

(−s,0)
c1c2...cn(p+1) are cylinders,

where 1 ≤ p < s− 1, and

g(−s)
n =

n∑
i=1

ci
(−s)c1+c2+···+ci

; �n = c1 + c2 + · · ·+ cn.

¿From the definition of Δ
(−s,0)
c1c2...cn , it follows that

Δ(−s,0)
c1c2...cnp ⊂

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
g
(−s)
n + p

(−s)�n+p + −(s2+1)
s(s2−1)(−s)�n+p ;

g
(−s)
n + p

(−s)�n+p + 2
(s2−1)(−s)�n+p

]
,[

g
(−s)
n + p

(−s)�n+p + 2
(s2−1)(−s)�n+p ;

g
(−s)
n + p

(−s)�n+p + −(s2+1)
s(s2−1)(−s)�n+p

]
,

where �n + p is even for the first case, and �n + p is odd for the second case.

By analogy, we obtain

Δ
(−s,0)
c1c2...cn(p+1) ⊂

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
g
(−s)
n + p+1

(−s)�n+p+1 + −(s2+1)
s(s2−1)(−s)�n+p+1 ;

g
(−s)
n + p+1

(−s)�n+p+1 + 2
(s2−1)(−s)�n+p+1

]
,[

g
(−s)
n + p+1

(−s)�n+p+1 + 2
(s2−1)(−s)�n+p+1 ;

g
(−s)
n + p+1

(−s)�n+p+1 + −(s2+1)
s(s2−1)(−s)�n+p+1

]
,

where (�n + p+ 1) is even for the first case and is odd for the second case.

Let us prove the mentioned inequalities.
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Let �n + p = c1 + c2 + · · ·+ cn + p be an even number. Then,

inf Δ(−s,0)
c1c2...cnp − supΔ

(−s,0)
c1c2...cn(p+1)

= g(−s)
n +

p

(−s)�n+p
+

−(s2 + 1)

s(s2 − 1)(−s)�n+p

− g(−s)
n − p+ 1

(−s)�n+p+1
− −(s2 + 1)

s(s2 − 1)(−s)�n+p+1

=
1

s�n+p

(
ps+ p+ 1− s3 + s2 + s+ 1

s(s2 − 1)

)
> 0,

because s3 + s2 + s+ 1

s(s2 − 1)
= 1 +

(s+ 1)2

s(s2 − 1)
= 1 +

s+ 1

s(s− 1)
< 2.

Let �n + p = c1 + c2 + · · ·+ cn + p be an odd number. Then,

inf Δ
(−s,0)
c1c2...cn(p+1) − supΔ(−s,0)

c1c2...cnp

= g(−s)
n +

p+ 1

(−s)�n+p+1
+

−(s2 + 1)

s(s2 − 1)(−s)�n+p+1

− g(−s)
n − p

(−s)�n+p
− −(s2 + 1)

s(s2 − 1)(−s)�n+p

=
1

s�n+p+1

(
ps+ p+ 1− s3 + s2 + s+ 1

s(s2 − 1)

)
> 0.

To prove Property 6, it suffices to prove the following inequalities:

• under the condition that c1 + c2 + · · ·+ cn + p is an even number⎧⎨
⎩

supΔ
(−s,0)
c1c1...cn(p+1)cn+2

− supΔ
(−s,0)
c1c1...cn(p+1) < 0,

inf Δ
(−s,0)
c1c1...cnpcn+2 − inf Δ

(−s,0)
c1c1...cnp > 0;

• under the condition that c1 + c2 + · · ·+ cn + p is an odd number⎧⎨
⎩

supΔ
(−s,0)
c1c1...cnpcn+2 − supΔ

(−s,0)
c1c1...cnp < 0,

inf Δ
(−s,0)
c1c1...cn(p+1)cn+2

− inf Δ
(−s,0)
c1c1...cn(p+1) > 0.

Suppose

l0(c1, c2, . . . , cn, p) =

{ − s2+1
s(s2−1) whenever c1 + c2 + · · ·+ cn + p is even,

2
s2−1

whenever c1 + c2 + · · ·+ cn + p is odd,

l(c1, c2, . . . , cn, p) =

⎧⎨
⎩

2
s2−1 whenever c1 + c2 + · · ·+ cn + p is even,

− s2+1
s(s2−1) whenever c1 + c2 + · · ·+ cn + p is odd.
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Let c1 + c2 + · · ·+ cn + p be an even number. Then,

supΔ
(−s,0)
c1c1...cn(p+1)cn+2

− supΔ
(−s,0)
c1c1...cn(p+1)

= g(−s)
n +

p+ 1

(−s)c1+···+cn+p+1
+

cn+2

(−s)c1+···+cn+p+1+cn+2

+
l(c1, c2, . . . , cn, p+ 1, cn+2)

(−s)c1+···+cn+p+1+cn+2
− g(−s)

n − p+ 1

(−s)c1+···+cn+p+1

− l(c1, c2, . . . , cn, p+ 1)

(−s)c1+···+cn+p+1

= − 1

sc1+···+cn+p+1

(
cn+2

(−s)cn+2

+
l(c1, c2, . . . , cn, p+ 1, cn+2)

(−s)cn+2

+
s2 + 1

s(s2 − 1)

)

=

⎧⎨
⎩
− 1

sc1+···+cn+p+1

(
cn+2

scn+2 − s2+1
s(s2−1)scn+2 + s2+1

s(s2−1)

)
< 0 if cn+2 is even,

− 1
sc1+···+cn+p+1

(
− cn+2

scn+2 − 2
(s2−1)scn+2 + s2+1

s(s2−1)

)
< 0 if cn+2 is odd,

because

− cn+2

scn+2
− 2

(s2 − 1)scn+2
+

s2 + 1

s(s2 − 1)
=

(s2 + 1)scn+2 + scn+2 − (s2cn+2 + 2)s

(s2 − 1)s1+cn+2
≥ 0.

By analogy, we have

inf Δ(−s,0)
c1c1...cnpcn+2

−inf Δ(−s,0)
c1c1...cnp

=
cn+2

(−s)c1+···+cn+p+cn+2
+
l0(c1, c2, . . . , cn, p, cn+2)

(−s)c1+···+cn+p+cn+2
− l0(c1, c2, . . . , cn, p)

(−s)c1+···+cn+p

=

⎧⎨
⎩

1
sc1+···+cn+p

(
cn+2

scn+2 − s2+1
s(s2−1)scn+2 + s2+1

s(s2−1)

)
> 0 if cn+2 is even,

1
sc1+···+cn+p

(
− cn+2

scn+2 − 2
(s2−1)scn+2 + s2+1

s(s2−1)

)
> 0 if cn+2 is odd.

Let c1 + c2 + · · ·+ cn + p be an odd number. Then,

supΔ(−s,0)
c1c1...cnpcn+2

− supΔ(−s,0)
c1c1...cnp

=
cn+2

(−s)c1+···+cn+p+cn+2
+

l(c1, c2, . . . , cn, p, cn+2)

(−s)c1+···+cn+p+cn+2
− l(c1, c2, . . . , cn, p)

(−s)c1+···+cn+p

=

⎧⎪⎨
⎪⎩
− 1

sc1+···+cn+p

(
cn+2

scn+2 − s2+1
s(s2−1)scn+2 + s2+1

s(s2−1)

)
< 0 if cn+2 is even,

− 1
sc1+···+cn+p

(
− cn+2

scn+2 − 2
(s2−1)scn+2 + s2+1

s(s2−1)

)
< 0 if cn+2 is odd.
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Also,
inf Δ

(−s,0)
c1c1...cn(p+1)cn+2

− inf Δ
(−s,0)
c1c1...cn(p+1)

=
cn+2

(−s)c1+···+cn+p+1+cn+2
+

l0(c1, c2, . . . , cn, p+ 1, cn+2)

(−s)c1+···+cn+p+1+cn+2

− l0(c1, c2, . . . , cn, p+ 1)

(−s)c1+···+cn+p+1

=

⎧⎪⎨
⎪⎩

1
sc1+···+cn+p

(
cn+2

scn+2 − s2+1
s(s2−1)scn+2 + s2+1

s(s2−1)

)
> 0 if cn+2 is even,

1
sc1+···+cn+p

(
− cn+2

scn+2 − 2
(s2−1)scn+2 + s2+1

s(s2−1)

)
> 0 if cn+2 is odd.

Property 7 follows from Property 6.

Property 8. From properties of cylinders of S(−s,0), it follows the following:
if x0 ∈ S(−s,0), then

x0 ∈ Δ(−s,0)
α1

∩Δ(−s,0)
α1α2

∩ . . . ∩Δ(−s,0)
α1α2...αn

∩ . . . ,
where

x0 = Δ−s

0 . . .0︸ ︷︷ ︸
α1 − 1

α1 0 . . .0︸ ︷︷ ︸
α2 − 1

α2... 0 . . . 0︸ ︷︷ ︸
αn − 1

.αn...

Also,

x0 ∈
[
inf Δ(−s,0)

α1
; supΔ(−s,0)

α1

]
∩
[
inf Δ(−s,0)

α1α2
; supΔ(−s,0)

α1α2

]
∩ . . .

. . . ∩
[
inf Δ(−s,0)

α1α2...αn
; supΔ(−s,0)

α1α2...αn

]
∩ . . .

So, x0 belongs to the following system of closed intervals:[
inf Δ(−s,0)

α1
; supΔ(−s,0)

α1

]
⊃

[
inf Δ(−s,0)

α1α2
; supΔ(−s,0)

α1α2

]
⊃ · · ·

· · · ⊃
[
inf Δ(−s,0)

α1α2...αn
; supΔ(−s,0)

α1α2...αn

]
⊃ · · ·

Therefore,

x0 =

∞⋂
n=1

Δ(−s,0)
c1c2...cn . �

���� 3.10 ([30])� Cylinders Δ−
c1c2...cn have the following properties:

(1)

Δ−
c1c2...cn

⊂

⎧⎪⎨
⎪⎩

[
σ2k +

inf S−

sc1+c2+···+c2k
, σ2k +

supS−

sc1+c2+···+c2k

]
if n=2k,[

σ2k+1− supS−

sc1+c2+···+c2k+1
, σ2k+1− inf S−

sc1+c2+···+c2k+1

]
if n=2k + 1,

where k ∈ N,

σn =

n∑
i=1

ci
sc1+c2+···+ci

, inf S− =
−ss−1 + s− 1

ss − 1
, supS− =

−s2 + s+ 1

ss − 1
.
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(2) d(Δ−
c1c2...cn

) =
ss−1 − s2 + 2

(ss − 1)sc1+c2+···+cn
.

(3) Δ−
c1c2...cncn+1

Δ−
c1c2...cn

=
1

scn+1
.

(4) Δ−
c1c2...cncn+1

⊂ Δ−
c1c2...cn

∀cn ∈ A0, n ∈ N.

(5) Cylinders Δ−
c1c2...cn−11

,Δ−
c1c2...cn−12

, . . . ,Δ−
c1c2...cn−1[s−1] are:

• right-to-left situated whenever n is even, i.e.,

∀k ∈ N : supΔ−
c1c2...c2k−1[c2k+1] < inf Δ−

c1c2...c2k−1c2k
;

• left-to-right situated whenever n is odd, i.e.,

∀k ∈ N : supΔ−
c1c2...c2kc2k+1

< inf Δ−
c1c2...c2k[c2k+1+1].

P r o o f. The first, the second, and the third properties follow from the definition
of a cylinder Δ−

c1c2...cn
.

Let us prove the fourth property.

1. Suppose n = 2k, k ∈ N. Then, the equality inf Δ−
c1c2...cncn+1

≥ inf Δ−
c1c2...cn

can be written in the form

2k∑
m=1

(−1)mcm
sc1+c2+···+cm

− c2k+1

sc1+c2+···+c2k+1
− supS−

sc1+c2+···+c2k+1

≥
2k∑

m=1

(−1)mcm
sc1+c2+···+cm

+
inf S−

sc1+c2+···+c2k

or
−c2k+1 − supS− ≥ sc2k+1 inf S−,

(s2 − s− 1) + sc2k+1(ss−1 − s+ 1)− c2k+1(s
s − 1)

ss − 1
≥ 0.

It is easy to see that the last inequality is an equality under the condition

c2k+1 = 1.

In addition, for an even number n, let us consider the inequality

supΔ−
c1c2...cncn+1

≤ supΔ−
c1c2...cn .
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We have

2k∑
m=1

(−1)mcm
sc1+c2+···+cm

− c2k+1

sc1+c2+···+c2k+1
− inf S−

sc1+c2+···+c2k+1
≤

2k∑
m=1

(−1)mcm
sc1+c2+···+cm

+
supS−

sc1+c2+···+c2k
,

−c2k+1 − inf S− ≤ sc2k+1 supS−

or
(1 + c2k+1 + s2+c2k+1 + ss−1)− s− s1+c2k+1 − c2k+1s

s − sc2k+1 ≤ 0.

The last inequality is an equality when c2k+1 = s− 1 holds.

2. Suppose n = 2k + 1, k ∈ N. Then,

inf Δ−
c1c2...cncn+1

≥ inf Δ−
c1c2...cnand

2k+1∑
m=1

(−1)mcm
sc1+c2+···+cm

+
c2k+2

sc1+c2+···+c2k+2
+

inf S−

sc1+c2+···+c2k+2
≥

2k+1∑
m=1

(−1)mcm
sc1+c2+···+cm

− supS−

sc1+c2+···+c2k+1

are equivalent. Hence,

(s− 1− c2k+2)− sc2k+2(s2 − s− 1) + ss−1(sc2k+2 − 1) ≥ 0.

If c2k+2 = s− 1, then the last inequality is an equality.

By analogy, for

supΔ−
c1c2...cncn+1

≤ supΔ−
c1c2...cn

,

we get

2k+1∑
m=1

(−1)mcm
sc1+c2+···+cm

+
c2k+2

sc1+c2+···+c2k+2
+

supS−

sc1+c2+···+c2k+2
≤

2k+1∑
m=1

(−1)mcm
sc1+c2+···+cm

− inf S−

sc1+c2+···+c2k+1
,

supS− + c2k+2(s
s − 1) ≤ −sc2k+2 inf S−,

and
(s− s2) + (1− c2k+2) + (s− 1)sc2k+2 + ss−1(sc2k+2 − sc2k+2) ≤ 0.

It is true for all values of c2k+2 and s > 2, and is an equality when c2k+2 = 1.

20



FRACTAL SETS

Let us prove Property 5.
•

∀k ∈ N : supΔ−
c1c2...c2k−1[c2k+1] − inf Δ−

c1c2...c2k−1c2k

=
c2k + 1

sc1+c2+···+c2k+1
+

supS−

sc1+c2+···+c2k+1

− c2k
sc1+c2+···+c2k

− inf S−

sc1+c2+···+c2k

=
1

sc1+c2+···+c2k

(
1− s

s
c2k + 2

ss − s2 + s

s(ss − 1)

)

=
ss(2 + c2k − sc2k) + s(c2k + 2− 2s)− c2k

s(ss − 1)sc1+c2+···+c2k
< 0.

•
∀k ∈ N : supΔ−

c1c2...c2kc2k+1
− inf Δ−

c1c2...c2k[c2k+1+1]

=
c2k+1

sc1+c2+···+c2k+c2k+1
− inf S−

sc1+c2+···+c2k+c2k+1

− 1 + c2k+1

s1+c1+c2+···+c2k+c2k+1
+

supS−

s1+c1+c2+···+c2k+c2k+1

=
1

s1+c1+c2+···+c2k+c2k+1

(
ss − 2s2 + 2s+ 1

ss − 1
− ss+1c2k+1 − sc2k+1

ss − 1

+
ssc2k+1 − c2k+1

ss − 1
+

ss − 1

ss − 1

)

=
ss(2 + c2k+1 − sc2k+1) + s(2− 2s− c2k+1)− c2k+1

(ss − 1)s1+c1+c2+···+c2k+c2k+1
< 0. �

It follows from the last-mentioned lemma that the following statements are
true.

��������� 3.11� For all cn ∈ {1, 2, . . . , s− 2} the condition

Δ−
c1c2...cn−1cn

∩Δ−
c1c2...cn−1[cn+1] = ∅

holds.

��������� 3.12� Intervals of the form(
supΔ−

c1c2...c2k−1
, inf Δ−

c1c2...c2k−2[c2k−1+1]

)
and (

supΔ−
c1c2...c2k−1[c2k+1], inf Δ

−
c1c2...c2k−1c2k

)
,

where k ∈ N, have the empty intersection with the set S−.
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��������� 3.13� For an arbitrary x0 ∈ S− the following condition holds:

x0 =

∞⋂
n=1

Δ−
c1c2...cn .

Let u be a fixed positive integer from A.

By S(−s,u) denote the set (a subset of the segment
[− s

s+1 ,
1

s+1

]
) of all num-

bers x represented by the nega-s-adic expansion such that they are of the form

x =

∞∑
n=1

(
αn − u

(−s)
α1+α2+···+αn

)
− u

s+ 1
, where (αn) ∈ L.

This set is the following set

S(−s,u) =

⎧⎨
⎩x : x = Δ−s

u . . . u︸ ︷︷ ︸
α1−1

α1 u . . . u︸ ︷︷ ︸
α2−1

α2...u . . . u︸ ︷︷ ︸
αn−1

αn...

⎫⎬
⎭ ,

where (αn) ∈ L, u �= αn for all n ∈ N, and u is a fixed number.

It was shown in [30] that the following statement is true.

	
����� 3.14� Let {σ1, σ2, . . . , σm} be a fixed finite set of combinations (tu-
ples) of nega-s-adic digits, E be a set whose elements have in own nega-s-adic
representation only combinations of digits from the set {σ1, σ2, . . . , σm}. Then,
the Hausdorff-Besicovitch dimension α0(E) of the set E satisfies the equation

N(σ1
m)

(
1

s

)α0

+N(σ2
m)

(
1

s

)2α0

+ · · ·+N(σk
m)

(
1

s

)kα0

= 1,

where N(σk
m) is a number of k-digit combinations from {σ1, σ2, . . . , σm}, k ∈ N,

and N(σ1
m) +N(σ2

m) + · · ·+N(σk
m) = m.

P r o o f. Let {σ1, σ2, . . . , σm} be a set of fixed combinations of nega-s-adic digits,
and let the nega-s-adic representation of any number from E (E is a Cantor-like
set) contain only such combinations of digits. There exist digit combinations
e1e2 . . . er, ι1ι2 . . . ιt, where r, t ∈ N (they can be represented as one or several
combinations from {σ1, σ2, . . . , σm}) such that

inf E = Δ−s
(e1e2...er)(e1e2...er)...

and supE = Δ−s
(ι1ι2...ιt)(ι1ι2...ιt)...

.

Also, here,

d(E) = supE − inf E, where d(·) is the diameter of the set.

A cylinder Δ
(−s,E)
τ1τ2...τn of rank n with the base τ1τ2 . . . τn is a set formed by all

the numbers of E with nega-s-adic representations in which the first n combi-
nations of digits are fixed and are from {σ1, σ2, . . . , σm}. It is easy to see that

d
(
Δ(−s,E)

τ1τ2...τn

)
=

d(E)

sN(τ1+τ2+···+τn)
,
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where N(τ1+τ2+ · · ·+τn) is the number of digits in the combination τ1τ2 . . . τn.

Since

E = C[−s, {σ1, σ2, . . . , σm}], E ⊂ [inf E; supE] , and

Δ
(−s,E)
τ1τ2...τnτn+1

Δ
(−s,E)
τ1τ2...τn

=
1

sN(τn+1)
,

we have

E = [Iτ1 ∩ E] ∪ [Iτ2 ∩E] ∩ . . . ∩ [Iτm ∩ E] ,

where
Iτi =

[
inf Δ(−s,E)

τi
; supΔ(−s,E)

τi

]
, i = 1,m.

So, [
Iτ1

1
∩ E

]
s−1

∼ E,
[
Iτ1

2
∩ E

]
s−1

∼ E, . . . ,
[
Iτ1

n1
∩ E

]
s−1

∼ E;

[
Iτ2

1
∩ E

]
s−2

∼ E,
[
Iτ2

2
∩ E

]
s−2

∼ E, . . . ,
[
Iτ2

n2
∩ E

]
s−2

∼ E;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .[
Iτk

1
∩ E

]
s−k

∼ E,
[
Iτk

2
∩ E

]
s−k

∼ E, . . . ,
[
Iτk

nk
∩ E

]
s−k

∼ E,

where τkj is some k-digit combination from {σ1, σ2, . . . , σm} (j = 1, nk), and nk

s the number of k-digit combinations from {σ1, σ2, . . . , σm}.
Hence, the set E is a self-similar fractal whose Hausdorff dimension satisfies

the equation

N(σ1
m)

(
1

s

)α0

+ N(σ2
m)

(
1

s

)2α0

+ · · ·+ N(σk
m)

(
1

s

)kα0

= 1. �

The following statements follow from the last-mentioned theorem.

	
����� 3.15 ( [30])� The set S(−s,u) is:

• an uncountable, perfect, nowhere dense sets of zero Lebesgue measure;

• a self-similar fractal, and its Hausdorff-Besicovitch dimension α0(S(−s,u)),
satisfies the equation

∑
i∈Au

(
1

s

)iα0

= 1, where Au = {1, 2, . . . , s− 1} \ {u}.

Let us consider fractal sets whose elemets are represented by nega-s-adic
Cantor series.
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����� 3.16 ( [30] )� Let s > 1 be a fixed positive integer, αm1+m2+···+mn
�= 0

for all n ∈ N, and mn ∈ {3, 5, 7, . . . , 2i+ 1, . . . }. Then, the set M(−D,s)

M(−D,s) =

⎧⎪⎨
⎪⎩x : x = Δ−s

0 . . .0︸ ︷︷ ︸
m1−1

αm1
0 . . . 0︸ ︷︷ ︸
m2−1

αm1+m2
...0 . . .0︸ ︷︷ ︸

mn−1

αm1+m2+···+mn ...

⎫⎪⎬
⎪⎭

is a self-similar fractal whose Hausdorff-Besicovitch dimension α0

(
M(−D,s)

)
is

equal to

logs

⎛
⎝ 3

√
s− 1

2
+

1

6

√
27(s− 1)2 − 4

3
+

3

√
s− 1

2
− 1

6

√
27(s− 1)2 − 4

3

⎞
⎠.

P r o o f. From (6) and Theorem 3.14, it follows that the Hausdorff-Besicovitch
dimension of the set M(−D,s) under

mn ∈ {3, 5, 7, . . . , 2i+ 1, . . .}, αm1+m2+···+mn
�= 0,

and under fixed s > 1, satisfies the equation

(s− 1)

(
1

s

)3α0

+ (s− 1)

(
1

s

)5α0

+ (s− 1)

(
1

s

)7α0

+ · · ·+

(s− 1)

(
1

s

)(2i+1)α0

+ · · · = 1, i = 1, 2, . . .

The last equation is equivalent to the equation

s3α0 − sα0 − (s− 1) = 0.

Using Cardano’s formula, we get the result. �

��������� 3.17� If a sequence (mn) of odd positive integers is a fixed purely

periodic sequence with the period (m1m2 . . .mt), then the set M
′
(−D,s,t) of all

numbers represented by nega-s-adic Cantor series (6) with the corresponding
sequence (mn) is a self-similar fractal and

α0

(
M

′
(−D,s,t)

)
=

t

m1 +m2 + · · ·+mt
.

P r o o f. Since elements of this set have periodic nega-s-adic representation, i.e.,

M
′
(−D,s,t) � x = Δ−s⎛

⎜⎝0 . . .0︸ ︷︷ ︸
m1−1

αm1
0 . . .0︸ ︷︷ ︸
m2−1

αm1+m2
...0 . . .0︸ ︷︷ ︸

mt−1

αm1+m2+···+mt

⎞
⎟⎠
,

where {m1,m2, . . . ,mt} is a fixed set of odd numbers and αm1
, αm1+m2

, . . .
. . . αm1+···+mt

are numbers from the set A, from Theorem 3.14, it follows that
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Hausdorff-Besicovitch dimension satisfies the equation

st
(
1

s

)(m1+m2+···+mt)α0

= 1.

The statement follows from the last equation. �

Finally, let us remark that restrictions on using elements of sets S(±s,u) are
new (they occur for the first time).

So, we considered topological, metric, and fractal properties of certain sets
whose elements have restrictions on using digits in own expansions. For consid-
ered sets, the case of functional restrictions is equivalent to the case of restric-
tions on using combinations of digits. The simple methods for the calculation
of the Hausdorff-Besicovitch dimension of such sets are described. In the case
of the s-adic or nega-s-adic representations, the Hausdorff-Besicovitch dimen-
sion of a set whose elements have in own representations only combinations
of digits from some fixed set of combinations of digits, depends on parameters
as a number of k-digit combinations and numbers k. In addition, note that the
considered sets have the Moran structure. Similar investigations did not study
the case of generalizations of the s-adic or nega-s-adic representation. These in-
vestigations will be discussed by the author of the present article in a further
paper.

4. Properties of images

In this section, the main attention is given to images of sets S(s,u) and S(−s,u)

under the Salem type functions (see [34, 35, 38], the Salem function was intro-
duced in [21]).

Let s > 1 be a fixed positive integer and αn ∈ A = {0, 1, . . . , s− 1}. Let
P = {p0, p1, . . . , ps−1}

be a fixed set whose elements satisfy the following properties

p0 + p1 + · · ·+ ps−1 = 1 and pi > 0 for all i = 0, s− 1.

Then, let us consider the following distribution functions.

Let ζ be a random variable defined by the s-adic representation

ζ =
ι1
s
+

ι2
s2

ι3
s3

+ · · ·+ ιk
sk

+ · · · = Δs
ι1ι2...ιk...,

where digits ιk (k=1, 2, 3, . . . ) are random and taking the values 0, 1, . . . , s−1
with positive probabilities p0, p1, . . . , ps−1. That is, ιk are independent and
P{ιk = αk} = pαk

, αk ∈ A.
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Let ς be a random variable defined by the s-adic representation

ς = Δs
π1π2...πk...

=

∞∑
k=1

πk

sk
,

where

πk =

{
αk if k is odd,

s− 1− αk if k is even,

and digits πk (k = 1, 2, 3, . . . ) are random and taking the values 0, 1, . . . , s − 1
with positive probabilities p0, p1, . . . , ps−1. That is, πk are independent and
P{πk = αk} = pαk

, P{πk = s− 1− αk} = ps−1−αk
, where αk ∈ A.

Let us consider the distribution function fζ of the random variable ζ and the

distribution function F̃ς of the random variable ς :

fζ(x) =

⎧⎪⎪⎨
⎪⎪⎩
0 whenever x < 0,

βα1(x) +
∑∞

k=2

(
βαk(x)

∏k−1
j=1 pαj(x)

)
whenever 0 ≤ x < 1,

1 whenever x ≥ 1,

where pαj(x)
> 0 and

βαk
=

{∑αk(x)−1
i=0 pi(x) whenever αk(x) > 0

0 whenever αk(x) = 0,

also,

F̃ς(x) =

⎧⎪⎪⎨
⎪⎪⎩
0 whenever x < 0,

β̃α1(x) +
∑∞

k=2

(
β̃αk(x)

∏k−1
j=1 p̃αj(x)

)
whenever 0 ≤ x < 1,

1 whenever x ≥ 1,

where pαj(x)
> 0,

x = Δs
α̃1α̃2...α̃k... =

1

s+ 1
−Δ−s

α1α2...αk...

≡ 1

s+ 1
−

∞∑
k=1

(−1)kαk

sk
=

∞∑
k=1

α2k−1

s2k−1
+

∞∑
k=1

s− 1− α2k

s2k
,

and

p̃αk
=

{
pαk

if k is odd,

ps−1−αk
if k is even,

β̃αk
=

{
βαk

if k is odd,

βs−1−αk
if k is even.
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One can note that the function

F̃ (x) = βα1(x) +

∞∑
n=2

⎛
⎝β̃αn(x)

n−1∏
j=1

p̃αj(x)

⎞
⎠

is a partial case of the function investigated in [38].

Let x ∈ S(s,u). Let us consider the properties of the following images of S(−s,u)

and S(s,u):
S(P,u) = {y : y = fξ(x), x ∈ S(s,u)}

and

S(−P,u) =
{
ỹ : ỹ = F̃ ◦ fl ◦ f+(x), x ∈ S(s,u)

}
= {z : z = F̃ ◦ fl(x), x ∈ S(−s,u)}.

Here,
ỹ = F̃ ◦ fl ◦ f+(x),

where
f+ : x = Δs

α1α2...αn... → Δ−s
α1α2...αn... = y

is not monotonic on the domain and is a nowhere differentiable function ( [33]),

fl(y) =
1

s+1 − y, and F̃ is the last-mentioned distribution function.

Let us describe properties of the set S(P,u).

	
����� 4.1 ([39])� The set S(P,u) is an uncountable, perfect, and nowhere
dense set of zero Lebesgue measure and also is a self-similar fractal whose Haus-
dorff dimension α0

(
S(P,u)

)
satisfies the following equation∑
i∈A0\{u}

(
pip

i−1
u

)α0
= 1.

Let c1, c2, . . . , cn be an ordered tuple of integers such that ci ∈ {0, 1, . . . , s−1}
for i = 1, n.

���������� 4.2� A cylinder of rank n with base c1c2 . . . cn is a set Δ
(P,u)
c1c2...cn

of the form

Δ(P,u)
c1c2...cn

=

⎧⎪⎨
⎪⎩x : x = ΔP

u . . . u︸ ︷︷ ︸
c1−1

c1u . . . u︸ ︷︷ ︸
c2−1

c2...u . . . u︸ ︷︷ ︸
cn−1

cnu . . . u︸ ︷︷ ︸
αn+1−1

αn+1u . . . u︸ ︷︷ ︸
αn+2−1

αn+2...
,

αj = cj, j = 1, n

⎫⎬
⎭ .

By (a1a2 . . . ak) denote the period a1a2 . . . ak in the representation of a peri-
odic number.

The following lemma describes local properties of the set S(P,u).
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���� 4.3 ([39])� Cylinders Δ
(P,u)
c1...cn have the following properties:

(1)

inf Δ(P,u)
c1...cn

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔP
0 . . .0︸ ︷︷ ︸
c1−1

c10 . . . 0︸ ︷︷ ︸
c2−1

c2...0 . . . 0︸ ︷︷ ︸
cn−1

cn(0 . . . 0︸ ︷︷ ︸
s−2

[s−1])

if u = 0,

ΔP
1 . . .1︸ ︷︷ ︸
c1−1

c11 . . . 1︸ ︷︷ ︸
c2−1

c2...1 . . . 1︸ ︷︷ ︸
cn−1

cn(1 . . . 1︸ ︷︷ ︸
s−2

[s−1])

if u = 1,

ΔP
u . . . u︸ ︷︷ ︸

c1−1

c1u . . . u︸ ︷︷ ︸
c2−1

c2...u . . . u︸ ︷︷ ︸
cn−1

cn(1)

if u ∈ {2, 3, . . . , s− 1},

supΔ(P,u)
c1...cn...

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔP

[s−1] . . . [s−1]︸ ︷︷ ︸
c1−1

c1...[s−1] . . . [s−1]︸ ︷︷ ︸
cn−1

cn

(
[s−1] . . . [s−1]︸ ︷︷ ︸

s−3

[s−2]
)

if u = s− 1,

ΔP
u . . . u︸ ︷︷ ︸

c1−1

c1u . . . u︸ ︷︷ ︸
c2−1

c2...u . . . u︸ ︷︷ ︸
cn−1

cn(u . . . u︸ ︷︷ ︸
u

[u+1])

if u ∈ {1, . . . , s− 2},
ΔP
0 . . .0︸ ︷︷ ︸
c1−1

c10 . . .0︸ ︷︷ ︸
c2−1

c2...0 . . . 0︸ ︷︷ ︸
cn−1

cn(1)

if u = 0.

(2) If d(·) is the diameter of a set, then

d(Δ(P,u)
c1...cn) = d(S(Ps,u))p

c1+c2+···+cn−n
u

n∏
j=1

pcj .

(3)
d(Δ

(P,u)
c1...cncn+1)

d(Δ
(P,u)
c1...cn)

= pcn+1
pcn+1−1
u .

(4) Δ(P,u)
c1c2...cn

=

s−1⋃
i=1

Δ
(P,u)
c1c2...cni

∀cn ∈ A0, n ∈ N, i �= u.

(5) The following relationships are satisfied:

(a) if u ∈ {0, 1}, then
inf Δ(P,u)

c1...cnp
> supΔ

(P,u)
c1...cn[p+1];
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(b) if u ∈ {2, 3, . . . , s− 3}, then⎧⎨
⎩
supΔ

(P,u)
c1...cnp < inf Δ

(P,u)
c1...cn[p+1] for all p+ 1 ≤ u,

inf Δ
(P,u)
c1...cnp > supΔ

(P,u)
c1...cn[p+1], for all u < p;

(c) if u ∈ {s− 2, s− 1}, then

supΔ(P,u)
c1...cnp

< inf Δ
(P,u)
c1...cn[p+1] (in this case, the condition p �= s− 1 holds).

We considered the properties of S(s,u) and its image S(P,u) under the Salem
function. So, the Salem function preserves the self-similarity, but, in the general
case, it does not preserve the Hausdorff dimension. This map also preserves
the structure of S(s,u), but the numerical values change.

Finally, one can note the following theorem.

	
����� 4.4 ([39])� Let S be a set whose elements are represented in terms
of the s-adic representation by a finite number of fixed combinations τ1, τ2, . . . , τm
of digits from the alphabet A.

Let E be an image of the set S under the Salem function fξ. Then, the Haus-
dorff dimension α0 of E satisfies the following equation:

m∑
j=1

(
s−1∏
i=0

p
Ni(τj)
i

)α0

= 1,

where

Ni(τk) (k=1,m) is a number of the digit i in τk from the set {τ1, τ2, . . . , τm}.

Now, we describe the properties of S(−P,u).

Suppose d(·) is the diameter of a set and a cylinder Δ
(−P,u)
c1c2...cn is a set whose

elements are elements of S(−P,u) and for these elements the condition αi = ci
holds for all i = 1, n (here c1, c2, · · · , cn is a fixed tuple).

	
����� 4.5 ([40])� An arbitrary set S(−P,u) is an uncountable, perfect, and
nowhere dense set of zero Lebesgue measure.

	
����� 4.6 ([40])� In the general case, the set S(−P,u) is not a self-similar
fractal, the Hausdorff dimension α0(S(−P,u)) of which can be calculated by the
formula

α0 = lim inf
k→∞

αk,
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where (αk) is a sequence of numbers satisfying the equation⎛
⎜⎜⎝ ∑

c1is odd
c1∈A

(ω2,c1)
α1 +

∑
c1is even
c1∈A

(ω4,c1)
α1

⎞
⎟⎟⎠×

k∏
i=2

⎛
⎜⎜⎝ ∑

ciis odd
ci∈A

N1,ci (ω1,ci)
αi +

∑
ciis odd
ci∈A

N2,ci (ω2,ci)
αi +

∑
ciis even
ci∈A

N3,ci (ω3,ci)
αi +

∑
ciis even
ci∈A

N4,ci (ω4,ci)
αi

⎞
⎟⎟⎠ = 1.

Here, Nj,ci (j = 1, 4, 1 < i ∈ N) is the number of cylinders Δ
(−P,u)
c1c2...ci for which

d
(
Δ

(−P,u)
c1c2...ci−1ci

)
d
(
Δ

(−P,u)
c1c2...ci−1

) = ωj,ci .

Also,

ω1,ci = ps−1−upu . . . ps−1−upu︸ ︷︷ ︸
ci−1

ps−1−ci

d(S(P,u))
d
(
S(P,u)

) for an odd number ci,

ω2,ci = pups−1−u . . . pups−1−u︸ ︷︷ ︸
ci−1

pci
d
(
S(P,u)

)

d(S(P,u))
for an odd number ci,

ω3,ci = ps−1−upu . . . ps−1−upups−1−u︸ ︷︷ ︸
ci−1

pci for an even number ci,

ω4,ci = pups−1−u . . . pups−1−upu︸ ︷︷ ︸
ci−1

ps−1−ci for an even number ci.

In addition,

N1,ci +N2,ci = l(m+ l)i−1 and N3,ci +N4,ci = m(m+ l)i−1,

where l is the number of odd numbers in the set A = A \ {0, u} and m is the
number of even numbers in A.

Auxiliary values can be calculated from the following lemma.

30



FRACTAL SETS

���� 4.7 ([40])� For the sets S(P,u) and S(P,u), the following equalities hold:

inf S(P,u) =

⎧⎪⎪⎨
⎪⎪⎩
ΔP

[s−2](0[s−3]) if u = 0,

ΔP
[s−2]1[s−4](1[s−3]) if u = 1,

ΔP
([s−1−u]2) if u ∈ {2, 3, . . . , s− 1},

and

sup S(P,u) =

⎧⎨
⎩ΔP

([s−1−u]2) if u ∈ {0, 1},
ΔP

[s−2](u[s−3]) if u ∈ {2, 3, . . . , s− 1},

inf S(P,u) =

⎧⎨
⎩ΔP

(u[s−3]) if u ∈ {0, 1},
ΔP

1([s−1−u]2) if u ∈ {2, 3, . . . , s− 1},
and

sup S(P,u) =

⎧⎪⎪⎨
⎪⎪⎩
ΔP

1([s−1]2) if u = 0,

ΔP
1[s−2]3([s−2]2) if u = 1,

ΔP
(u[s−3]) if u ∈ {2, 3, . . . , s− 1}.

Finally, let us consider the local properties of S(−P,u).

Assume

α̃n =

{
αn whenever n is odd,

s− 1− αn whenever n is even
and

ũ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
u

whenever u is situated at an odd position in the representation,

s− 1− u

whenever u is situated at an even position in the representation.

���� 4.8� Cylinders Δ
(−P,u)
c1...cn have the following properties:

(1)

inf Δ(−P,u)
c1...cn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τn +
(∏n

j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1

i/∈Cn−1

p̃u,i

)
inf S(P,u)

if c1 + · · ·+ cn is even,

τn +
(∏n

j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1

i/∈Cn−1

p̃u,i

)
inf S(P,u)

if c1 + · · ·+ cn is odd,
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supΔ(−P,u)
c1...cn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τn+
(∏n

j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1

i/∈Cn−1

p̃u,i

)
sup S(P,u)

if c1 + · · ·+ cn is even,

τn+
(∏n

j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1

i/∈Cn−1

p̃u,i

)
sup S(P,u)

if c1 + · · ·+ cn is odd,
where

τn = ΔP
ũ . . . ũ︸ ︷︷ ︸

c1−1

c̃1ũ . . . ũ︸ ︷︷ ︸
c2−1

c̃2...ũ . . . ũ︸ ︷︷ ︸
cn−1

c̃n(0)
.

(2) If d(·) is the diameter of a set, then

d
(
Δ(−P,u)

c1...cn

)
=⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(∏n
j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1i/∈Cn−1

p̃u,i

)
d
(
S(P,u)

)
if c1 + · · ·+ cn is evend

(
S(P,u)

)
,(∏n

j=1 p̃cj ,c1+···+cj

)(∏
i=1,c1+···+cn−1i/∈Cn−1

p̃u,i

)
d
(
S(P,u)

)
d
(
S(P,u)

)
if c1 + · · ·+ cn is odd.d

(
S(P,u)

)
.

(3)

d(Δ
(−P,u)
c1...cncn+1)

d(Δ
(−P,u)
c1...cn )

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ps−1−cn+1

(∏c1+···+cn+1−1
i=c1+c2+···+cn+1 p̃u,i

)
if c1 + · · ·+ cn, cn+1 are even,

pcn+1

(∏c1+···+cn+1−1
i=c1+c2+···+cn+1 p̃u,i

)
if c1 + · · ·+ cn is odd, cn+1 is even,

ps−1−cn+1

(∏c1+···+cn+1−1
i=c1+c2+···+cn+1 p̃u,i

)(
S(P,u)/S(P,u)

)
if c1 + · · ·+ cn, cn+1 are odd,

pcn+1

(∏c1+···+cn+1−1
i=c1+c2+···+cn+1 p̃u,i

)(
S(P,u)/S(P,u)

)
if c1 + · · ·+ cn is even, cn+1 is odd.

(4) Δ(−P,u)
c1c2...cn

=
⋃
c∈A

Δ(−P,u)
c1c2...cnc

∀cn ∈ A, n ∈ N.
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(5) The following relationships are satisfied:

(a) if u ∈ {0, 1}, then⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

inf Δ
(−P,u)
c1...cn[c+1] > supΔ

(−P,u)
c1...cnc

whenever c1 + · · ·+ cn + c is even,

inf Δ
(−P,u)
c1...cnc > supΔ

(−P,u)
c1...cn[c+1]

whenever c1 + · · ·+ cn + c is odd,

(c �= s− 1);

(b) if u ∈ {2, 3, . . . , s− 3}, then for an odd c1 + · · ·+ cn + c⎧⎨
⎩
supΔ

(−P,u)
c1...cnc < inf Δ

(P,u)
c1...cn[c+1] for all c+ 1 ≤ u,

inf Δ
(−P,u)
c1...cnc > supΔ

(−P,u)
c1...cn[c+1] for all u < c;

if u ∈ {2, 3, . . . , s− 3}, then for an even c1 + · · ·+ cn + c⎧⎨
⎩
inf Δ

(−P,u)
c1...cn[c+1] > supΔ

(−P,u)
c1...cnc for all u < c,

inf Δ
(−P,u)
c1...cnc > supΔ

(−P,u)
c1...cn[c+1] for all c+ 1 ≤ u;

(c) if u ∈ {s− 2, s− 1}, then⎧⎪⎨
⎪⎩
inf Δ

(−P,u)
c1...cn[c+1] > supΔ

(−P,u)
c1...cnc whenever c1 + · · ·+ cn + c is odd,

inf Δ
(−P,u)
c1...cnc > supΔ

(−P,u)
c1...cn[c+1] whenever c1 + · · ·+ cn + c is even.

Remark 2� One can note that if for S(−s,u) and S(s,u), topological, metric, and
fractal properties (without some properties of cylinders) are similar, then fractal
and some local properties of S(−P,u) and S(P,u) are different. For example, S(P,u)

is a self-similar fractal (i.e., this is a Moran set by Moran’s definition, [16]) but
S(−P,u) is a non-self-similar set having the Moran structure (i.e., this is a Moran
set by the definition of Hua et al. (see the definition in [12])).

5. Certain examples

Let us consider the case of the sets S(P3,0) and S(−P3 ,0). That is, the set S(P3,0)

is a set of the form

S(P3,0) :=

{
x : x = ΔP3

0 . . .0︸ ︷︷ ︸
α1−1

α10 . . . 0︸ ︷︷ ︸
α2−1

α2...0 . . .0︸ ︷︷ ︸
αn−1

αn...
, αn ∈ {1, 2}, n = 1, 2, 3, . . .

}
.
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In the other words, our set is the image of a certain set under the Salem func-
tion fξ, and this certain set is the set whose elements are represented in terms
of the 3-adic (ternary) representation by using combinations of ternary digits
only from {1, 02}. So, applying Theorem 4.1, we obtain that the Hausdorff di-
mension of S(P3,0) satisfies the equation

(p1)
α0 + (p0p2)

α0 = 1. (7)

Let us consider the set S(−P3,0). That is,

S(−P3 ,0) :=

⎧⎪⎨
⎪⎩x : x = Δ−P3

0 . . .0︸ ︷︷ ︸
α1−1

α10 . . .0︸ ︷︷ ︸
α2−1

α2...0 . . . 0︸ ︷︷ ︸
αn−1

αn...
, αn ∈ {1, 2}, n = 1, 2, 3, . . .

⎫⎪⎬
⎪⎭ .

Since ([40,41])

ΔP3
α1α2...αn... ≡ Δ−P3

α1[2−α2]α3...α2k−1[2−α2k]...
and

Δ−P3
α1α2...αn... ≡ ΔP3

α1[2−α2]α3...α2k−1[2−α2k]...
,

we have that this set is a subset of the set{
x : x = ΔP3

δ1δ2...δn...
, δn ∈ {00, 1, 22}

}
.

Actually it is a subset, because, for example,

1 = ΔP3
2222222... /∈ S(−P3 ,0).

Using Lemma 4.7, we have

inf S(−P3,0) = inf S(P3,0) = Δ−P3
020202... = ΔP3

0000000... = 0,

sup S(−P3 ,0) = sup S(P3,0) = Δ−P3
1020202... = ΔP3

12222222... = p0 + p1

and
inf S(P3,0) = ΔP3

1000000... = β1 = p0,

sup S(P3,0) = ΔP3
2222222... = 1.

Hence, using Theorem 4.6 and Lemma 4.8, we obtain

(here d(·) = sup(·)− inf(·)),

d(S(P3,0)) = β2 = p0 + p1,

d(S(P3,0)) = 1− β1 = 1− p0,

as well as

ω1 = p1
p0 + p1
p1 + p2

, ω2 = p1
p1 + p2
p0 + p1

, ω3 = p22, ω4 = p20.
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In addition, for any step k ∈ N, the following relationships hold:

N1,ci+ N2,ci+ N3,ci+ N4,ci = 2k

and
N1,ci =N2,ci =N3,ci =N4,ci = 2k−2.

The local structure of our set can be characterized by the following scheme:

I0
↙ ↘
ω2 ω4

ω1

↙ ↘
ω2 ω4

ω2

↙ ↘
ω1 ω3

ω3

↙ ↘
ω1 ω3

ω4

↙ ↘
ω2 ω4

.

Here,

I0 = [inf S(−P3,0), sup S(−P3 ,0)].

So, the Hausdorff dimension dimH(S(−P3 ,0)) of S(−P3 ,0) is equal to

α∗ = lim inf
k→∞

γk,

where (γk) is a sequence of numbers satisfying the equation(
(ω2)

γ1 + (ω4)
γ1

) k∏
i=2

(
2i−2

(
(ω1)

γi + (ω2)
γi + (ω3)

γi + (ω4)
γi

))
= 1.

Example. Suppose
p0 =

1

6
, p1 =

2

6
=

1

3
, and p2 =

3

6
=

1

2
.

Then, the set S(P3,0) is a self-similar fractal whose Hausdorff dimension is
approximately equal to 0.408985; but the set S(−P3,0) is not a self-similar fractal,
its Hausdorff dimension is approximately equal to 0.422592.

Example. Suppose
p0 = p2 = 0.25 and p1 = 0.5.

Then, the sets S(P3,0) and S(−P3 ,0) are self-similar fractals and their Hausdorff
dimensions are approximately equal 0.46496.
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[3] CANTOR, G.: Üeber die einfachen Zahlensysteme, Z. Math. Phys. 14 (1869), 121–128.
(In German)

[4] DIMARTINO, R.—URBINA, W. O.: On Cantor-like sets and Cantor-Lebesgue singular

functions, https://arxiv.org/pdf/1403.6554.pdf

35

https://arxiv.org/pdf/1403.6554.pdf


SYMON SERBENYUK

[5] DIMARTINO, R.—URBINA, W. O.: Excursions on Cantor-like Sets,

https://arxiv.org/pdf/1411.7110.pdf

[6] DOUZI, Z.—SELMI, B.: On the mutual singularity of multifractal measures, Electron.
Res. Arch. 28 (2020), 423–432.

[7] DOUZI, Z. ET AL.: Another example of the mutual singularity of multifractal measures,
Proyecciones 40 (2021), 17–33.

[8] DOUZI, Z.—SELMI, B.: On the mutual singularity of Hewitt-Stromberg mea-
sures for which the multifractal functions do not necessarily coincide, Ric. Mat.
https://doi.org/10.1007/s11587-021-00572-6

[9] DOUZI, Z.—SELMI, B.—MABROUK, A. B.: The refined multifractal formalism of some
homogeneous Moran measures, Eur. Phys. J. Spec. Top.
https://doi.org/10.1140/epjs/s11734-021-00318-3

[10] FALCONER, K.: Techniques in Fractal Geometry, John Wiley & Sons, Ltd., Chi-
chester, 1997.

[11] FALCONER, K.: Fractal Geometry: Mathematical Foundations and Applications. Second
edition. John Wiley & Sons, Inc., Hoboken, NJ, 2003.

[12] HUA, S.—RAO, H.—WEN, Z. ET AL.: On the structures and dimensions of Moran sets,

Sci. China Ser. A-Math. 43 (2000), no. 8, 836–852. DOI:10.1007/BF02884183.

[13] HUANG, L.—LIU, Q.—WANG, G.: Multifractal analysis of Bernoulli measures on a
class of homogeneous Cantor sets, J. Math. Anal. Appl. 491 (2020), no. 2, 124362, 15 pp.

[14] MANCE, B.: Number theoretic applications of a class of Cantor series fractal functions I,
https://arxiv.org/pdf/1310.2377.pdf

[15] MANDELBROT, B. B.: Fractals: Form, Chance and Dimension. Freeman, San Francisco,

1977.

[16] MORAN, P. A. P.: Additive functions of intervals and Hausdorff measure, Math. Proc.
Cambridge Philos. Soc. 42 (1946), no. 1, 15–23. DOI:10.1017/S0305004100022684.

[17] OLSEN, L.: A multifractal formalism, Adv. Math. 116 (1995), 82–196.

[18] PESIN, Y. — WEISS, H.: On the Dimension of Deterministic and Random Cantor-

like Sets, Symbolic Dynamics, and the Eckmann-Ruelle Conjecture, Commun. Math.
Phys 182 (1996), 105–153. DOI:10.1007/BF02506387.

[19] POLLICOTT, M.—SIMON, K.: The Hausdorff dimension of λ-expansions with deleted
digits, Trans. Amer. Math. Soc. 347 (1995), 967–983.
https://doi.org/10.1090/S0002-9947-1995-1290729-0

[20] ROYCHOWDHURY, M. K.—BILEL SELMI, B.: Local dimensions and quantization
dimensions in dynamical systems, J. Geom. Anal. 31 (2021), 6387–6409.

[21] SALEM, R.: , On some singular monotonic functions which are stricly increasing, Trans.
Amer. Math. Soc. 53 (1943), 423–439.

[22] SELMI, B.: The relative multifractal analysis, review and examples, Acta Sci. Math.
(Szeged) 86 (2020), 635–666.

[23] SELMI, B.: A review on multifractal analysis of Hewitt-Stromberg measures, J. Geom.
Anal. 32 (2022), no. 1, 1–44.

[24] SELMI, B.: The mutual singularity of multifractal measures for some non-regularity
Moran fractals, Bulletin Polish Acad. Sci. Math. 69 (2021), 21–35.

36

https://arxiv.org/pdf/1411.7110.pdf
https://doi.org/10.1007/s11587-021-00572-6
https://doi.org/10.1140/epjs/s11734-021-00318-3
https://arxiv.org/pdf/1310.2377.pdf
https://doi.org/10.1090/S0002-9947-1995-1290729-0


FRACTAL SETS

[25] SERBENYUK, S. O.: Topological, metric and fractal properties of one set defined by using

the s-adic representation, In: XIV International Scientific Kravchuk Conference: Confer-
ence materials II, Kyiv: National Technical University of Ukraine “KPI” 2012. p. 220.
(In Ukrainian)
https://www.researchgate.net/publication/311665455

[26] SERBENYUK, S. O.: Topological, metric and fractal properties of sets of class generated
by one set with using the s-adic representation, In: International Conference Dynami-

cal Systems and their Applications Abstracts, Kyiv: Institute of Mathematics of NAS
of Ukraine, 2012. p. 42. (In Ukrainian)
https://www.researchgate.net/publication/311415778

[27] SERBENYUK, S. O.: Topological, metric and fractal properties of the set with param-
eter, that the set defined by s-adic representation of numbers, In: International Confer-

ence Modern Stochastics: Theory and Applications III, (Dedicated to 100th anniversary
of B. V. Gnedenko and 80th anniversary of M. I. Yadrenko:) Abstracts, Kyiv: Taras
Shevchenko National University of Kyiv, 2012. p. 13,
https://www.researchgate.net/publication/311415501

[28] SERBENYUK, S. O.: Topological, metric, and fractal properties of one set of real num-
bers such that it defined in terms of the s-adic representation, Naukovyi Chasopys NPU

im. M. P. Dragomanova. Seria 1. Phizyko-matematychni Nauky, [Trans. Natl. Pedagog.
Mykhailo Dragomanov University. Ser. 1. Phys. Math.] 11 (2010), 241–250. (In Ukrainian)
https://www.researchgate.net/publication/292606441

[29] SERBENYUK, S. O.: Topological, metric properties and using one generalizad set
determined by the s-adic representation with a parameter, Naukovyi Chasopys NPU
im. M. P. Dragomanova. Seria 1Phizyko-matematychni Nauky [Trans. Natl. Pedagog.

Mykhailo Dragomanov University. Ser. 1. Phys. Math.] 12 (2011), 66–75. (In Ukrainian)
https://www.researchgate.net/publication/292970196

[30] SERBENYUK, S. O.: On some sets of real numbers such that defined by nega-s-adic and
Cantor nega-s-adic representations, Trans. Natl. Pedagog. Mykhailo Dragomanov Univ.
Ser. 1. Phys. Math. 15 (2013), 168–187. (In Ukrainian)

https://www.researchgate.net/publication/292970280

[31] SERBENYUK, S.: Representation of real numbers by the alternating Cantor series,
Integers 17 (2017), Paper no. A 15, 27 pp.

[32] SERBENYUK, S.: One one class of fractal sets, https://arxiv.org/pdf/1703.05262.pdf

[33] SERBENYUK, S.: On one class of functions with complicated local structure, Šiauliai
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