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THE GENERALIZED SHIFTS AND
RATIONAL NUMBERS

SYMON SERBENYUK

45 Shchukina St., Vinnytsia 21012, UKRAINE

ABSTRACT. This paper is devoted to conditions defined in terms of the gener-
alized shift operator for a rational number to be representable by certain positive
generalizations of g-ary expansions.

1. Introduction

The problem on conditions for a rational number to be representable by the
following positive series was introduced by Georg Cantor in the paper [1] in 1869

i L A (1)
@1 q192 Q142 - - -9k
where @@ = (q) is a fixed sequence of positive integers, g > 1, and (Of) is a
sequence of the sets O, = {0,1,...,qr — 1}, as well as ¢;, € Oy.
Series of form (Il are called Cantor series. By Aggz‘.ﬁkm denote any num-
ber z € [0, 1] having expansion ({l). This notation is called the representation
of © € [0,1] by Cantor series ().

It is easy to see that Cantor series expansion () is the g-ary expansion

5 € €
S22 Rl
q q q
of real numbers from [0, 1], where ¢, € {0,1,...,¢ — 1}, whenever the condition

qr = const = ¢ holds for all k € N (N is the set of all positive integers), where
1<qgeN.
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A number of researches are devoted to investigations of Cantor expansions
from different points of view (a brief description is given in [12]) including study-
ing the problem on Cantor series expansions of rational numbers (for example,
see [IL2LZITHIBELIT] ). In [4], Prof. Janos Galambos calls the problem on repre-
sentations of rational numbers by Cantor series ({l) as the fourth open problem.

One can note that the notion of the shift operator is applicable to this problem
(for example, some descriptions are given in [12,[15]). This paper is devoted
to applications of the notion of the generalized shift operator to solving the
problem on representations of rational numbers by positive Cantor series. The
present research is the continuation of investigations presented in the papers [14]

[15].

2. The shift and generalized shift operators

The shift operator o of expansion () is a map of the following form

oo

€k Q
U(x) =0 (Aé‘Qlé‘Q&‘k) = z = qlAOEz‘.‘Ek.‘.'
iy 4243 - - - 4k

It is easy to see that
o"(x) = 0" (A2, .,.)

)

. 06n+16n+2....
kg1 InH19n+2 - - -Gk

One can note the partial case of this operator for ¢-ary expansions
oo

€k

n q _— — q

o (A5152---5k---) - § : qk—n _A€n+1€n+2---'
k=n+1

Suppose a number z € [0, 1] is represented by series ([dl). Then the generalized
shift operator o, is a map of the following form:

m—1 00

O-m(x) =0m (Asleg...sk...) = Z Eik =+ Z =t

g G o G2 w10t G

That is, any number from [0, 1] can be represented by two fixed sequences (g)
and (g) (Cantor series expansions). The generalized shift operator maps the
preimage into a number represented by the following two sequences

(Q17(J27 co o m—1,9m+1,qm+2, - - ) and (51752, e Em—1,Em4+1,Em42, - - - )

Properties of this operator are considered in more detail in [16].
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Denote by ¢, the sum Y ;" and by d,, the sum

k
q192---qk

€142G93 " qm t€2q3q4 " qm T+ + Em—1qm + Em-
Then

ETYL
O-m(x) e <qm 1)19m_1 q1492 - - Gm-—1 ' <2)
For the case of positive Cantor series, the notion of the generalized shift
operator is considered in more detail in [I6] (see also [I3], where the shift and
generalized shift operators are considered for the case of alternating Cantor
series).

Let us remark that the following statement is true.

LEMMA 1. For the generalized shift operator defined in terms of positive Cantor
series, the following relationships hold:

dm+1 qm+1 — @q Em+1 — €
° Omy1(x) = m+ Om () — dmtl  Amg - ——mAl o Em
dm dm 41492 * " *dm—14m
o Em =q1q2 " qmT — q1G2 " Gm—10m(T) — (gm — 1)0m—1.

Proof. Let us prove the first relationship. Using ([2)), we get

Om (T —1 €
m( ) + dm ﬁm—l + m _
dm dm 4192 ' ' gm—19m
_ O'm+1<l'> + dm+1 — 119m Em+1 ’
gm+1 dm+1 4192 * ' dmGm+1
Am+1€
qm—i—lam(x) + qm—i-l(Qm - 1)19777,—1 + M
4142 * - gm—1
Em41
= 4nOm+1(2) + G (Gms1 — D) + ————.
q1q92 - - qm-—1
Since 9, = V1 + qlqi%qm, we obtain
Qm—i-lo'm(l') = Qm—i-l'l?m—l + ngm—i-l(l') - Qmﬁm—l
- Em + Em+1 )
4192 -~ qm-1 4142 qm-1
Hence
— £ — &
T () = quam(x) _Gm4+1 —Gm 9, 4 — m+1 m_
dm dm 4192 - " " gm—19m

Let us prove the second relationship. Using ([2), we have

QG2 Gr-10m(T) = q1q2 - gmT — Q192+ Gm—1(qm — 1)1 — €m.

The relationship follows from the last-mentioned equality. (]
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3. Rational numbers

THEOREM 1. A number x € [0, 1] represented by series ([Il) is a rational number

if and only if there exist non-negative integers my and ms such that my # mao
and the condition

{0192 @my—10m, (@)} = {0102 Gmy—10m, ()}

holds, where {a} is the fractional part of a, g—1 = qo = 1, and oo(z) = =.

Proof. Let us prove that the necessity is true. Let x be a rational number, i.e.,
r =%, where a € Zg =NU{0} and b € N, a < b, and (a,b) = 1.

Let us consider the sequence (q1q2 _ qk_lak(x)). Using ([2), we have

q1q2 - - (Ik:—lUk:(SU) =4q192 " qk—-14kT — €k
— (g — 1)(e192q3 - - - Q-1 + - - + Ek—2qk—1 + Ek—1)

a
=qi1q2 -+ ng + (619293 - Q-1+ -+ + €p—2qr—1 + €x—1)

— (616293 qi + - - + Er—1qr + €x)
_aqiq2 - qr + bdg_1 — biy,
— ; .

Since in our case

q192 - - - qra — boy,
o (x) = qige - qrr — (€192q3 - qx + -+ Eh—1qr +ER) = , ,

we obtain

q1q2 - - qra — bdy,

Qe Qe10k(x) = 01 + 0% (x) = 0p_q + >

It is easy to see that

k _AQ
{O'k<l‘)} _ g (x) - 17 whenever x = A5152~“8k—1[Ek—1][qk+1—l][qk+2_1]“‘

k Q
ok (z), whenever x # Aé‘lEQ-.-Ek—l[Ek_1][Qk+1_1][qk+2_1]'“.

Hence if x # A@

erez...ep—1[en—1qr+1—1][qr42—1]...

, then

[q1(J2 T Qk—lak(w)] = 0p—1

=€1G293 " qk—1 T €2G3q4 - - *qk—1 + - + Ek—2qk—1 T €k—1
and

{a1q2 - qu—10k(x)}

o (x).
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_ AQ
Ife= A5152---5k—1[Ek—1][Qk+1—1][Qk+2—1]---

192+ qe—10k(2)] = 1+0k—1
=1+€192q3 - qr-1+€293G4 " Qe—1+. . . FEp—2qK—1+EK-1

, then

and
{g1g2 - - qr—10i(x)} = 0.

Here [z] is the integer part of x and {x} is the fractional part of x.
By analogy to arguments described in [15], we get

R e e
{nge - a—10k(2)} = { b } = { b },

where b is a fixed positive integer, a; € {0,1,...,b— 1,b}, and there exist non-
negative integers m; and mg such that mi # mg and a,,, = am, as k — oo.

Let us prove the sufficiency. Suppose there exist non-negative integers m;q
and msy such that m; < ms and

{0162 @my—10m, (@)} = {0192 - - Gmy—10m, (2)} .

Let us prove the case when
Q
xr ¢ {A5152---57n171[5m.1_1][Q7n1+1_1][QT7L1+2_1]---7

Q
€1€2--Emo—1[Emo —U[@mo+1—1[gmo+2—1]... [ °
Since {z} = z — [z], we have
g gm—10m, ()} = 12 - Gy —10m, () — Oy —1,
{qﬂ]z  dmo—10my (96)} =4q142 " " qmy—10m, (96') - 5m2—17
and
41492 *4m,;—10m, (.%') - 5m1—1 =4q142 " " qmy—10m, (.%') - 5m2—1~

Using (2), we obtain
q1 " q9mq,—19m,; T — (qml - 1)67”1—1 —&my — 6m1—1 =

q1 " Qmo—19my X — <Qm2 - 1>5m2—1 —Emy — 5m2—1'

Hence
T = Qm15m1—1 - qm25m2—1 + Eml - 5m2

B QG2 Gmy — 4142 Gy

is a rational number.
The proof is analogues for the case when

xE{AQ

e1€2...€my —1[€mq —1[@mq +1—1][qm;+2—1]...0

Q }
€1€2.-Emg—1[Emo —[@mo+1—1[qmor2—1]... [ °
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O

One can note that certain numbers from [0, 1] have two different representa-
tions by Cantor series (), i.e.,

Q — AQ _ Si
A81€2~-€m—18m000m - A81€2.‘.8m_1[Em—l][qm+1—1][qm+2—l]‘.‘ - Z Q... :
=1

m

Such numbers are called @Q-rational. The other numbers in [0, 1] are called
Q-irrational.
Let ¢1,c¢a,..., ¢y be an ordered tuple of integers such that

c¢; €{0,1,...,q;, — 1} forall i=1,m.

Then a cylinder /\362.,.% of rank m with base cica .. .cy, is a set of the form
AgCQ‘.‘Cm = {l‘ L= ACQ162.‘.Cm€m+1€m+2.‘.€m+k‘.‘}'

THEOREM 2. Suppose a number x represented by series ([Il) and

x#AEQ for any m € N.

1--Em—1 [57n_1][Q7n+1_1][Qm,+2_1]---

Then x is a rational number ¢ (here a,b €N, a <b, and (a,b) = 1) if and only
if the condition

_ (@1 + Dq1q2 - gma = b(q1q2 - - @mOm+1(T) + Gy 10m)
Em+1 = b

holds for any m € N, where e; = [%ql], [x] is the integer part of x, and
Om = €192G3 ** qm + €2q3G4 * qm + = + Em—1Gm + Em-

Proof. Necessity. Let x be a rational number 7. Then for any m € N there

exists a cylinder A% _ such that z € A2_ _ . That is,
) Om +1
x € n__ )
9192 9m 4192 qm
Since
Q _ A@
51.‘.Em_lsm[qm+1—l][qm+2—1].‘. - A81€2.‘.8m_1[€m+1]000.‘.’ Where Em # qm - 1’

we do not use representations of the form AEQI nd

€2...Em [Em._l] [Q7n+1 _1] [Qm.+2_1]--- a
assume that

Om <z< Om +1

Gq2 - qm Qg2 Gm

a
5m§q1q2"'ng<5m+]—-
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Since " o
€k o™t (x)
O'm+1($) = Z + 5
iy 119279k Q192 Gm
0-m+1(x) =41 dmdm+1T — 5m+1>
and
5m+1 = Em+1 + Qm+15ma
we have

a a
0< pdd2 dm — g2 GmOm+1(x) + pda2 dmt1 — Gm+10m — Emy1 < 1,
a

Em41 < EQ1QQ t qm(Qm-l-l + 1) —q1q92 - - Q'mo—m-i-l(x) - Qm-l-l(sm < Ems1 T+ 1.

Hence
[ @mrr FD)qq2 - gma = b(q192 - - GmOm 1 (%) + Gy 10m)
Em+1 = b
= [Zm—i-l])
where €; = [%ql]. O

Sufficiency. If €41 = [Zm+1], then

omt(x)
41492 * - " dm4-1
Om1 N o™t (z)

4142 * - gm+1 41492 * ' dm+1

x:'&m—i-l"'

Em+1+ Qm+15m + O'm+1<l‘>
4142 * - gm+1 q142 -+ gm+1

_ [Zm+1] + @nt10m + Um-H(x)

4142 * - gm+1 41492 * * * dm+1

_ Zm+1 — {Zm—i-l} + Qm+15m + O'm-l_l(x)
q142 - - dm+1 41492 -+ gm4-1 4192 -+ gm4-1

= —q192 " ¢m+1 + Um(x) - {Zm-l-l}

SR

Sl S

because

{zm—i-l} - {Em-l-l + O—m(x)}v qiq2 - - - QWLJnL+1(x) - 5m + 0_m+1(x)’

and also
QG Gt — Om = 0" (). O
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